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1
Introduction

"May I then conclude that the electron itself, spinning like a tiny gyroscope, is probably
the ultimate magnetic particle"

A.H Compton 1921

1.1 Motivation

Everything digital is currently stored in data centres on magnetic hard disk drives
which are accessed at will using a magnetic read head. The spinning disks and
moving read heads in the hard disks imply slow access time and high power con-
sumption making data centres giant sponges for electricity. At the same time, semi-
conductor based storage suffers from thermal dissipation with miniaturization on
top of data leakage and high cost. The ideal memory for data storage would be
cost-effective, non-volatile, fast and consume less power, combining desirable fea-
tures of both magnetic and semiconductor storage technology. To this end, the
field of “spintronics" promises a new direction towards efficient data storage using
magnetic memories.

1.2 From spin to spintronics

The heuristic notion of an electron spinning like a top was proposed by Ralph de
Laer Kronig in 1925 [2] in a meeting with Pauli in Tübingen and was immediately
dismissed as “unphysical". A few months later, Uhlenbeck and Goudsmit would

1
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−ℯ

𝑠

Figure 1.1: A picture of an electron imagined as a sphere of negative charge, −e,
spinning about its axis giving rise to an angular momentum called spin, s, along its
axis of rotation and corresponding to this, a magnetic moment. Spin is an angular
momentummeasured in units of ~, magnetic moments are measured in units of the
Bohr magneton µB. When the direction of rotation is reversed, so is the spin.

hypothesise the same idea to interpret experiments on atomic spectra [3]. Many
decades later this intrinsic angular momentum called spin has lent itself to nan-
otechnology in the modern pursuit of large storage capacity and the manipulation
of data. The field of “spintronics” or spin-electronics is concerned with using the
spin of electrons to store and manipulate data instead of, or in addition to, using
the electron charge [4]; these are attractive for applications because they work at
room temperature (RT).

A solid becomes magnetic when the spins of a majority of its electrons align
in the same direction. A magnetic memory device can then be constructed by jux-
taposing such magnetic domains; inside a domain, a majority of spins point in
the same direction. A typical magnetic memory stores bits of information in the
magnetic domains that point in ‘up’ and ‘down’ directions mimicking ‘1’s and ‘0’s.
This information is then read from the boundaries between the domains using a
magnetic read head whose fundamental building block is a spin valve [5, 6]. A
spin-valve is simply a trilayer structure comprising two ferromagnetic (FM) layers
sandwiching a paramagnetic/non-magnetic (NM) layer such that one of the ferro-
magnetic layers is a soft magnet whose magnetic moment can be easily tilted and
the other a hard magnet whose moment is pinned. In a read-head, the soft layer is
designed to have its magnetization perpendicular to the hard layer to maximize the
sensitivity. When a read-head moves over the storage medium, the magnetic field
emanating from the boundaries * between two domains can tilt the magnetic mo-
ment of the soft magnetic layer resulting in two configurations - one with a higher
and the other with a lower electrical resistance leading to a high (1) and a low
(0) voltage signal allowing information stored in the memory device to be read.
This difference in resistance is referred to as Giant Magneto-Resistance(GMR) and

*The magnetic field is strongest at the boundary between two domains that is called a domain
wall.
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1.2 From spin to spintronics

its observation in 1988 [5, 6] triggered the interest in spintronics for applications.
The role of GMR has now been delegated to Tunnelling MagnetoResistance (TMR)
[7, 8] which is an analogous change in resistivity for the tunnelling of a current sig-
nal across the spin valve configuration termed as a magnetic tunnel junction (MTJ)
where the paramagnetic layer is replaced by a thin insulator. A gigantic TMR of
over 600% has been demonstrated [9] making for an excellent read head mecha-
nism and thus cementing the position of magnetic memories as the future of data
storage.

Domain wall 1(-ve pole)

Domain wall 2(+ve pole)‘0’

‘1’

Figure 1.2: A schematic representation of a GMR read head (green) that passes
over a storage medium (yellow). Bits of information are stored at the boundaries
between two magnetic domains called domain walls where the magnetic field is
strongest causing the magnetization of the soft magnetic layer of the GMR read
head to rotate. The change in resistance and thereby the ‘bits’ can be sensed by
passing a current i through the read head. Adapted from Ref. [10]

Where is the catch? Writing data into a magnetic memory implies switching
magnetic domains at will using torque exerted by an external source such as a
spin transfer torque [11] by a spin polarized current that is usually prepared by
passing a charge current through a ferromagnet. This poses a big scaling problem
as miniaturization of magnetic memory invites larger current densities for writing
which in turn leads to higher power consumption for smaller sizes and operational
issues such as thermal instability due to Joule heating. How can we solve this? One of
the promising ways to resolve the issue is to use a ‘pure spin current’†to switch the
domains(or bits) which reduces the power consumption and causes theoretically
‘zero Joule heating’ at the memory cells. A promising candidate to generate such

†A pure spin current is made up of ‘up’ and ‘down’ spins propagating in opposite directions result-
ing in a zero net charge current
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a pure spin current is the spin Hall effect [12] which will be introduced to the
reader in the following section. Exploring the generation and transport of spins
which are inextricable occupies the primary goals of spintronics. In this thesis, we
study quantitative and qualitative aspects of spin transport in the context of its
generation, detection, injection and miniaturization of a transport geometry.

1.3 Spin transport

The foundations for spin transport were laid in 1936 by Sir N.F.Mott [13]. His
two-current model which considers a current flowing through a metal as being
composed of two spin dependent conducting channels foreshadowed GMR in spin
valves. Although intuitive and pedagogic, such simple models fail to capture mi-
croscopic details of electronic transport as related to highly complex Fermi surfaces
of transition metals [14–16]. In order to make contact with modern experimen-
tal measurements, there is an urgent need for rigorous first-principles calculations
that can accurately accommodate not only the electronic structure but also intrin-
sic temperature dependent disorder on an equal footing. Of the many effects of a
spin, its coupling to the electron’s orbital angular momentum known as spin-orbit
coupling (SOC) is the key to many conspicuous properties in solids. The strength
of the spin-orbit interaction energy is approximately proportional to the square of
the number electrons in an atom [17], the heavier the atom, the bigger the cou-
pling. As a consequence, SOC plays a significant role in electron and spin transport
phenomena of transition metals. Spin flipping and spin Hall effect (SHE) schemat-

(a) (b)

𝑗!

𝑗"#

𝑗"

Figure 1.3: (a) A single spin undergoing multiple scattering constituting a random
walk leading to a flip. The average distance between such spin flips is given by
the spin flip diffusion length lsf . The dashed arrow in the background depicts the
decay of an injected current of spins, js caused by several spin flips as it passes
through the material. (b) Asymmetric scattering of spins in a material leading to
the separation of unlike spins in the lateral direction. The cumulative effect of
such scattering events is called the spin Hall effect whereby a charge current jc
injected into a material gives rise to a spin current j⊥s in the transverse directions;
the dimensionless conversion ratio j⊥s / jc = ΘsH is the spin Hall angle.
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1.3 Spin transport

ically shown in Fig. 1.3 are two of the key spin-orbit coupling related properties.
The magnitude of spin flipping and SHE are measured by the spin flip diffusion
length lsf and spin Hall angle ΘsH respectively.

1.3.1 Spin flip diffusion

As a spin traverses a material, it can change, for instance, an ‘up’ state can flip to
‘down’ and vice versa. A collective effect of such ‘flips’ is a net quenching or re-
laxation of a non-equillibrium spin current. The spin flip diffusion length lsf is the
length scale of spin flipping when a current of spins propagates through a material.
At room temperature, the lsf in a typical transition metal is ∼ 1− 100nm [18]. The
accurate determination of lsf has proven to be challenging in experiments as it is of-
ten sensitive to method of detection, sample preparation and extrinsic contributions
such as interface effects. For instance, reported values of lsf for the most studied
Pt span an order of magnitude [18–20]. Therefore, a theoretical benchmarking
in pure samples is desirable to discern extraneous contributions to experimental
measurements. According to a well-known Boltzmann transport model for spin
diffusion derived by Valet and Fert [21], a non-equillibrium spin current injected
at a boundary (r = 0) of a material decays exponentially as ∼ e−r/lsf away from the
boundary.

Figure 1.4: A parabolic energy band showing orientation of mixed spin states (ar-
row heads) at different k points in reciprocal space. Scattering of an electron from
k1 to k2 is accompanied by a change in its spin direction leading to relaxation.
Adapted from Ref. [22]

There are several mechanisms by which spins can relax in a material such as
the Elliott-Yafet [23, 24], Dyakanov-Perel [25], Bir-Aronov-Pikus [26] etc. Spin re-
laxation in metals at a finite temperature is generally attributed to the Elliott-Yafet
mechanism. Elliott showed using simple free electron like bands that in the pres-
ence of SOC, the spin state of an electron is a wave-vector k dependent quantity
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and is not purely ‘up’ or ‘down’ rather an admixture of the two. Thus any scattering
from one wave-vector to another leads to a change in spin state and subsequently
relaxation of spins as shown for a simple parabolic band in Fig. 1.4. The relation-
ship with temperature was then worked out by Yafet for semiconductors a decade
later. Very little work has been done to rigorously verify this in materials with com-
plex Fermi surfaces to understand the role played by various electronic structure
parameters such as density of states (DoS), bandwidth, lattice structure etc., in
determining lsf in a transition metal.

1.3.2 Spin Hall effect

Based upon relativistic treatment of electron scattering, Mott and Massey showed
that ‘up’ and ‘down’ electrons will be scattered differently by an atom with SOC
that leads to the spin polarization of an unpolarized electron beam [27]. This
phenomenon was predicted to survive in paramagnetic solids [12, 25] and was
experimentally observed for the first time little more than a decade ago [28, 29]
so that a charge current passed through a solid with strong SOC excites pure spin
currents in the transverse direction- the spin Hall effect(SHE). This is a reciprocal
effect whereby a spin current injected into a paramagnetic solid will excite a charge
current in the transverse direction called the inverse spin Hall effect (ISHE) that is
often used in experiments to measure ΘsH. Transverse spin currents generated by
the SHE accumulate spins at the boundaries of a solid which can be injected into
another material and is being studied with a view to switching the magnetization
of an adjacent magnetic material and using this as a magnetic memory [30–33].
Because of their large SOC, only heavy paramagnetic magnetic metals like Pt group
of metals [34, 35] were considered as suitable candidates for generating pure spin
currents. However, recently it has been demonstrated that even light magnetic
materials can be used to generate detectable transverse spin currents that are not
oriented parallel to the magnetization [36–39], this has not yet been confirmed. In
addition to the usual spin Hall effect, the symmetry breaking by magnetization can
lead to other current components such as a spin swapping [40–42] and the anoma-
lous Hall currents [43] that makes the physics more complicated and interesting in
ferromagnets.

1.3.3 Interface effects

Interfaces between different materials are always encountered in spintronics ap-
plications and experiments. Theoretical studies [15, 44–47] have elucidated the
crucial role played by interfaces in transport phenomena in the ballistic regime.
In the diffuse regime, in which all experiments are performed, disentangling in-
terfaces and bulk contributions is challenging without an exquisite knowledge of
the details of the interface such as intermixing of atoms, grain boundaries and

6



1.4 Method

defects. Because an ideal interface is a two-dimensional boundary between two
materials, ambiguity arises when defining the bulk properties needed to charac-
terize transport through the interface. Nevertheless, it is useful to first introduce
a third ‘interface’ material of finite thickness with bulk properties and then let its
thickness vanish. In this limit, the interface resistivity ρI transforms into an areal
resistance ARI [48], lsf manifests itself as a spin memory loss parameter δ [19, 48]
and the spin Hall effect is given by an interface spin Hall angle ΘI [34]. In addi-
tion, the need to be careful about a possible anisotropy in the interface quantities
to distinguish in-plane and out of plane transport makes the analysis complicated.

1.3.4 Size effect

One of the biggest concerns facing the nano-electronics community is the increase
in electrical resisitivity accompanying miniaturization of circuits. This size effect is
a consequence of the emergence of scattering contributions from grain boundaries
and surfaces when the thickness (radius) of a metallic film (wire) is reduced to
the order of the electron mean free path λ of the material [49]. The mean free
path λ is determined by the electronic structure of the material and is a function
of temperature in pure metals. Even today, this size effect is almost universally
addressed using semi-classical models [50, 51] developed some 50-60 years ago
with the goal of determining an average resisitivity of the geometry. However,
in the field of spintronics, one is concerned with microscopic details of transport
through multilayer geometries where the constituent layers are usually of 10-100
nanometres thicknesses. There is an urgent need for a direct method to study
current flow in SHE experiments [52, 53]

1.4 Method

Here we outline our computational approach used to obtain all the quantitative
results presented in this thesis.

1.4.1 Density functional theory

The first step towards studying electron transport in a material is calculating the
electronic structure of the material. For an interacting N electron system it trans-
lates to solving a wavefunction in a 3N dimensional space. This computationally
unrealisable task is circumvented by density functional theory (DFT) which intro-
duced the electron density that minimizes the total energy of the system as the
basic ground state property [54]. Kohn and Sham [55] showed that the "effect" of
electron-electron interactions can be described by a local potential that is a func-
tional of the electron density. Using the local effective potential, the coupled N

7
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electron wave equations can be replaced by N Schrödinger-like independent elec-
tron equations. Solving the independent electron equation and another equation
that expresses electron density in terms of the wave function, together known as
the Kohn-Sham (KS) equations iteratively to self-consistency, the ground state of
the system can be obtained. The combination of local spin density approximation
(LSDA) and density functional theory provides an accurate description of the elec-
tron wave functions that allows us to handle transport in complex materials entirely
from first-principles.

1.4.2 Scattering theory

The quantum transport calculations presented in this thesis are based upon a scat-
tering theory [56] applied to a two terminal geometry as shown Fig. 1.5. The two
terminal geometry is constructed by sandwiching the disordered material referred
to as the scattering region S sandwiched between lattice matched ballistic leads
on the left L and on the right R. The scattering theory is formulated in terms of
a scattering matrix S that consists of t and r that are themselves matrices of trans-
mission t and reflection r probability amplitudes respectively that relate how an
incoming state I (I′) from a lead is scattered forward or backward by disorder into
an outgoing state O (O′) as, (

O
O′

)
=

(
r t′

t r′

)
︸ ︷︷ ︸

S

(
I
I′

)
(1.1)

In order to obtain the scattering matrix, we make use of a generalization [57] by
Ando [56] which is based upon matching the wave function (WFM) of the scatter-
ing region to the Bloch modes of the leads which are ballistic and assumed to be
semi-infinite. The scattering matrix is a useful tool, for e.g. using the Landauer-
Büttiker formalism [58, 59], conductance of the scattering region S can be directly
estimated from the scattering matrix as ∼ Tr(tt′) in the linear response regime.

1.4.3 Turning the heat up

At a finite temperature T > 0 K, the kinetic energy of atoms manifests itself in their
displacement from the equilibrium lattice positions. This ‘intrinsic’ lattice disor-
der is what predominantly gives a material its temperature dependent resistivity
[60]. To keep the spirit of a true "ab-initio" approach, we could in principle cal-
culate the phonon spectrum of the scattering material and populate the phonon
modes corresponding to the given temperature and thereby introduce disorder in
the system [61]. However, given the wealth of experimentally determined tem-
perature dependent resistivities [62], we shall adopt the following approach. We
include the lattice disorder in our scattering region by displacing atoms using an

8



1.4 Method

uncorrelated Gaussian distribution of displacements constructed using a root-mean
squared displacement ∆(T )r chosen to reproduce the experimental resistivity at a
given temperature T . In a magnetic material, in addition to the lattice disorder,
the atomic moments are randomly tilted away from their mean positions reducing
the average magnetic moment as a function of temperature ultimately leading to
a paramagnetic state above the Curie temperature [60]. Analogues to the imple-
mentation of lattice disorder, a Gaussian distribution of root mean square rotation
∆(T )θ of the polar angle of the atomic spins is chosen to reproduce the experimental
bulk magnetization at a given temperature T such that ∆(T )r and ∆(T )θ together
reproduces the experimental resistivity ρ(T ) of the magnetic material [57].

We include this disorder in our scattering region by taking advantage of the
adiabatic approximation [63] which states that in the conduction electron frame of
reference, the atomic potentials can be treated as static because the electron mo-
mentum relaxation time (10−14−10−15s) is much shorter than the atomic vibration
period (∼ 10−12s). We construct several random configurations of atomic disor-
der and perform a calculation for each such static configuration; the final results
presented in this thesis are averaged over a number of such configurations.

ℒ 𝒮 ℛ

x

y
z

𝑜!

𝐼!

𝑜

𝐼

Figure 1.5: Schematic of a two terminal geometry constructed by sandwiching a
configuration of a scattering region S between lattice matched leads on the left
(L) and right (R) . Atoms in the scattering region are randomly displaced from
their mean position by temperature. In the scattering region, a supercell (e.g. the
dashed box) at a given value of z is repeated periodically in x and y directions. The
incoming states from L (R), I (I′) and the outgoing states O (O′) are schematically
depicted as black and red arrows respectively. Cartesian coordinate axes are shown
for reference
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1.4.4 Computational scheme

Our calculations proceed in two steps. We first calculate the charge and spin densi-
ties, the Kohn-Sham potentials and the ground state Fermi energy of the materials
constituting the leads and scattering region. We do so, by using a tight binding
code based upon linearized muffin tin orbitals (LMTO) and the atomic sphere ap-
proximation (ASA) [64, 65]. In the next step, we apply an infinitesimal voltage
across the terminals (leads) and calculate the wave function of the perturbed sys-
tem in the so called linear response regime. The wave function is determined by the
aforementioned scattering formalism. An efficient implementation of the scatter-
ing scheme using minimal tight binding linearized muffin tin orbitals (TB-LMTO)
[66, 67] combined with local spin density approximation (LSDA) within the frame-
work of density functional theory (DFT)have been encoded over the years in the
Computational Materials Science group at the University of Twente. In applying the
scheme, we solve the single-particle Schrödinger equation to obtain eigen functions
of the disordered scattering region. Disorder in the system breaks translational
symmetry and makes solving the Schrödinger equation impossible. To circumvent
this we introduce periodic boundary conditions in the xy plane by constructing fi-
nite size N × M ‘lateral supercells’ where N and M are the number of atoms in
the x and y directions respectively such that the disordered supercell is repeated
periodically (see Fig. 1.5). Taking advantage of Bloch’s theorem [60] in the x and
y directions, we can now solve the single particle Schrödinger equation for the
scattering region using Bloch modes in the ballistic leads as boundary conditions
in the z direction. Our scattering formalism yields the coefficients that describe
the scattering states throughout the scattering region allowing us to calculate the
twelve-vector ∼ v⊗{e,σ} that describes currents of charge and spin everywhere in
the scattering region [20]. The local velocities can be calculated using the equation
of motion v = dr/dt = [H, r]. Calculating local currents allows us to make contact
with the diffusion theories of spin transport [21, 68] which are universally used in
interpreting experiments and thereby extract transport parameters of interest. We
follow this approach in the remaining chapters of this thesis.

1.5 Outline

The impetus for the research that has gone into realizing this thesis was fuelled by
uncertainties in the reported spin transport parameters [18–20] and the gap be-
tween phenomenological models and experiments in (spin)transport phenomena.
In this thesis, we aim to resolve some of the uncertainties by pushing our compu-
tational capabilities in investigating microscopic details of transport. Furthermore,
we attempt to improve upon existing models of interpretation/prediction used in
experiments and application.

In Chapter 2, we establish quantitative benchmarks for the two most impor-
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tant parameters lsf andΘsH used to describe spin transport in 5d transitionmetal se-
ries as a function of temperature. In doing so, we discover the interplay between the
lattice, electronic structure and disorder in determining interesting trends across
the series. We identify key properties of metals that could be tuned to control spin
transport in heavy metals.

In Chapter 3, we investigate the generation of spin currents in the light 3d
ferromagnets Fe-Ni systems and apply Mott scattering analysis to trace the origin
of various spin current components. We estimate the values for spin Hall angle and
the recently demonstrated spin swapping (SW) angles as a function of alloying at
room temperature. We further explore the dependence of these currents on the
direction of magnetization of the ferromagnets.

In Chapter 4, we extend the planar averaged current scheme [20] to a fully
resolved transport scheme which would allow us to study local transport quantities
in all the three directions, x, y, z at atomic resolution! We demonstrate the scheme
by studying charge transport in thin films of Pt and Au as well as bilayers Pt|Au
and Pt|Ir. We study transport in ‘classical’ and ‘Knudsen’ limits determined by the
sample thickness relative to the mean free path λ of the materials and explicitly
illustrate how charge currents streamline in nanoscale geometries.

In Chapter 5, using the fully resolved transport scheme developed in the pre-
vious chapter we calculate the spin Hall effect in a thin film of Pt at room tempera-
ture. We reveal the failure of existing diffusion model in sufficiently describing the
transport and accumulation of intrinsically generated spin currents and present an
improved model by taking into account of the role played by the surface.

In Chapter 6, we address the question:- How efficiently can we inject a pure
spin current generated in one material by spin Hall effect into another? We do so by
combining a number of elements developed in the thesis up to this point. An explicit
SHE experiment is conducted on the computer by driving a charge current through
a CIP geometry constructed using bulk-like non magnetic Pt and ferromagnetic
Py(Ni) slabs as spin generators and Au and Cu slabs as spin sinks respectively .
Using the fully resolved current scheme, we quantify the injection efficiencies from
Pt and Py(Ni) into Au and Cu respectively. By extending the Valet-Fert model of
spin diffusion to include SHE and interface effects, we extract parameters like spin
memory loss δ and interface spin Hall effect ΘI for the paramagnetic Pt|Au bilayer.
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2
Spin-transport parameters in 5d

transition metals *

The spin-flip diffusion length lsf and spin Hall angle ΘsH are key transport parameters
in the field of spintronics whose origin is the relativistic spin-orbit coupling. We use
a first-principles density-functional-theory based implementation of scattering theory
and realistic temperature-induced lattice disorder to perform a comprehensive study of
lsf and ΘsH for all 5d transition metals. We illustrate how the factors band-filling and
crystal structure that are not considered in phenomenological models determine trends
across the series. lsf does not decrease monotonically with the atomic number Z but,
as a function of the number of 5d electrons, is found to be inversely proportional to the
density of states at the Fermi level. ΘsH is qualitatively driven by the density of states
while degeneracies at points of high symmetry in the Brillouin zone play a pivotal role
in determining trends. We show that the products ρ(T ) lsf(T ) and ΘsH(T ) lsf(T ) are
constant for experimentally relevant temperatures.

2.1 Introduction

Spin-orbit coupling (SOC) leads to the loss of spin angular momentum. A current
of electrons injected from a ferromagnet into a nonmagnetic material loses its spin-
polarization over a length scale of lsf , the spin-flip diffusion length (SDL) [21, 69–

*A short version of this chapter has been published as: R. S. Nair, E. Barati, K. Gupta, Z. Yuan, and
P. J. Kelly, "Spin-Flip Diffusion Length in 5d TransitionMetal Elements: A First-Principles Benchmark",
Phys. Rev. Lett. 126, 196601 (2021).
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72], making the observation of spin currents difficult. The giant magnetoresistance
(GMR) effect was discovered in magnetic multilayers [5, 6] only when the thickness
of the spacer layers separating the magnetic films was made to be of order lsf . A
review of the SDL in metals and alloys some twenty years after the discovery of
GMR concerned mainly the free-electron like metals Cu, Ag, Au and Al that have
large values of lsf; for just a few of the transition metal elements, there was a
single, low temperature entry [18]. With the “rediscovery” [12, 68] of the spin Hall
effect (SHE) [25, 73] and its observation in semiconductors [28, 29] and metals
[74, 75], this situation has changed radically [76, 77]. However, even for well-
studied materials like Pt, values of lsf reported over the last decade span an order
of magnitude [20, 77]. Discernible trends in lsf have not been reported for different
transition metal elements.

The SHE is another consequence of SOC whereby the passage of a charge
current through a metal gives rise to a transverse spin current that can enter an
adjacent magnetic material and exert a torque on its magnetization causing it to
switch its orientation. The efficiency of the SHE is given by the spin Hall angle
(SHA) ΘsH that is the ratio of the transverse spin current (measured in units of
~/2) to the charge current (measured in units of the electron charge −e). From
being a curiosity, the SHE has rapidly become a leading contender to form the ba-
sis for a new magnetic memory technology [78] bringing with it the need to find
materials with optimal values of ΘsH with a primary focus on heavy metals like Pt
[75, 79], Ta [30] and W [80]. Striking discrepancies between different room tem-
perature (RT) measurements, with reported values of e.g. ΘPt

sH ranging between
1% and 11% [76], led to the realization that the bulk parameters lsf and ΘsH as
well as the resistivity ρ were very sample dependent and needed to be determined
simultaneously. Doing this did not however lead to a consensus about the values of
these parameters [77]. Whether the SHA is determined using spin pumping and
the inverse SHE [75, 81–83], the SHE and spin-transfer torque [84], or nonlocal
spin-injection [79, 85], interfaces are always involved leading to the suggestion
that interface processes like interface spin flipping (spin memory loss) [19, 86–88]
or an interface SHE [34, 89] should be taken into consideration in interpreting ex-
periment. Attempts to do so have, if anything, made matters worse with recently
determined values of lPt

sf ranging from 1.4 to 11 nm and ΘPt
sH ranging between 3%

and 39%; see Table V in Ref. [20]. The only attempt we are aware of to study the
intrinsic SDL theoretically is the phonon-induced spin relaxation work by Fabian
and Das Sarma on aluminium [90] that is not readily generalized to transition
metals. Fig. 2.1 shows the experimental resistivity for all 5d transition metals in
a range relevant for experiments where the resistivity is dominated by electron-
phonon scattering. As we move along the series from Hf to Pt, the resistivity varies
in a non-trivial fashion. In this chapter we are interested in addressing how ΘsH
and lsf behave along the series and what determines their trends. A brief account
of this work was already given in Ref. [93].

14



2.2 Calculations

Figure 2.1: Experimental resistivities of 5d metals as a function of temperature T
[62, 91, 92]. Dotted lines are a guide for the eye.

This chapter is organised as follows: we begin in Sec. 2.2 by briefly describing
the scattering formalism we use to calculate lsH and ΘsH. We use a semi-classical
approach to determine other important transport parameters such as the mean free
path, Fermi velocity and relaxation time. Calculated results are presented Sec. 2.3
and a detailed analysis on the quantitative as well as qualitative effect of various
parameters on spin flip diffusion and spin Hall effect. Effect of computational pa-
rameters on our calculated values are illustrated with examples in Sec. 2.4. A
summary and some important conclusions are drawn in Sec. 2.5.

2.2 Calculations

2.2.1 Transport calculations

All calculations are performed within the framework of density functional theory
(DFT) with local spin density approximation(LSDA) for exchange correlation en-
ergy and potentials. We solve the quantummechanical scattering problem for a two
terminal geometry L|S|R as illustrated in Fig. 2.2. The wave function of scattering
region S is matched to the Bloch modes of the ballistic leftL and right R lead using
a wave-function matching (WFM) scheme[56]. We use a generalized tight-binding
(TB) implementation of the scheme[16, 94] based upon linearized muffin-tin or-
bitals (LMTO)[95, 96] by including SOC and non-collinearity. Our scattering cal-
culations include temperature induced lattice and spin disorder which breaks the
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Figure 2.2: Schematic diagram of a disordered configuration of scattering geome-
try S sandwiched between semi-infinite left(L) and right(R) leads. For performing
calculations at real temperature, several such configurations are generated by intro-
ducing temperature dependent displacements of atoms of S in a Gaussian manner.
A fully polarized spin current injected from the left lead L undergoes spin flip-
ping leading to spin equilibration on a length scale given by the spin-flip diffusion
(SFD) length lsf as suggested by the red arrows. An unpolarized charge current
injected from L undergoes spin dependent scattering leading to a transverse spin
Hall current given by the spin Hall angle ΘsH depicted by the purple arrow.

Figure 2.3: The root-mean-square displacements ∆rms used to generate Gaussian
lattice disorder at T = 300K for all 5d transition metals. The corresponding resis-
tivity values ρ300K are plotted for reference.
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2.2 Calculations

translational symmetry within the scattering region. In order to solve the Kohn-
Sham(KS) equations for the scattering region, we construct lateral "supercells" of
finite size N×M that are assumed to be periodic in the xy plane. From the solutions
of the scattering calculations, we evaluate local charge and spin currents [20] to
study the bulk transport properties SFD and SHE that are schematically sketched
in Fig. 2.2.
To simulate temperature induced lattice disorder, we make use of the adiabatic ap-
proximation which allows us to treat the atoms as being stationary with respect to
the itinerant electrons. Atoms are displaced using a Gaussian distribution of atomic
displacements constructed using a root mean square displacement∆rms to construct
a disordered configuration. The ∆rms is determined to reproduce the experimental
resistivity ρ(T ) corresponding to the temperature T of interest, see Fig. 2.3. The
final results presented are obtained by averaging over several such configurations.
From now on, we will drop the subscript (rms) for simplicity.

2.2.2 Calculation of spin-orbit coupling parameter

Here we present how spin-orbit coupling is included in the transport calculations.
Spin orbit coupling is introduced in the Hamiltonian using the Pauli term [57, 64],

HSO =
1

c2r
dV(r)

dr
l.s (2.1)

=ξ(εν)l.s

where ξ(εν) is the spin-orbit coupling parameter calculated at an energy εν in the
band structure of the material. The spin-orbit coupling parameter for outer d or-
bitals is given by

ξl(εν) = λsc

∫
1

c2r
dV(r)

dr
φl(εν, r)2dr (2.2)

where φl(ε, r) is a partial wave obtained by solving the radial Schrödinger equation
for energy εν and angular momentum l for the d orbitals and λsc is an artificial
factor (unity by default) that can be varied to study the effect of scaling the spin
orbit coupling on transport parameters.

2.2.3 Calculation of electron mean free path, Fermi velocity and re-
laxation time

The electrical conductivity in the relaxation time approximation for a multi-band
real metal is given by[60]

σi j =
∑
µ

σ
µ
i j =

∑
µ

e2τ

∫
d3k
8π3υ

µ
i (k)υµj (k)

(
−
∂ f
∂ε

)
ε=εµ(k)

. (2.3)

17



Spin transport in 5d transition metals

Here υµ is the electron velocity of band µ, f is the Fermi-Dirac distribution function
and k is an arbitrary vector in the Brillouin zone. We first replace the derivative of
the distribution function by a δ-function at the Fermi energy,(

−
∂ f
∂ε

)
ε=εµ(k)

=

∫
dε

(
−
∂ f
∂ε

)
δ
(
ε − εµ(k)

)
= δ

[
εF − εµ(k)

]
(2.4)

Substituting the above δ function into (2.3) we find,

σi j =
∑
µ

e2τ

∫
d3k
8π3υ

µ
i (k)υµj (k)δ

[
εF − εµ(k)

]
(2.5)

where
∑
µ

∫
d3k
8π3 δ

[
εF − εµ(k)

]
= g(εF), the density of states at the Fermi energy. In

a free-electron model, ε(k) = ~2k2/2m and the Fermi velocity υF = ~kF/m.

ε(k) =
~2k2

2m
, (2.6)

k2
x(εF) + k2

y (εF) + k2
z (εF) = k2

F , (2.7)

υ =
~k
m
, (2.8)

g(εF) =
mkF

π2~2 =
3n

2εF
, (2.9)

where n is the electron density. Here we are able to reproduce the Drude conduc-
tivity,

1
3

Trσ̃ =
σxx + σyy + σzz

3

= e2τ
3n

2εF

~2k2
F

3m2 =
ne2τ

m
(2.10)

Alternatively, we can represent the conductivity in terms of the diffusion constant
D,

1
3

Trσ̃ = e2τg(εF)
~2k2

F

3m2 ≡ e2g(εF)D (2.11)

such that

D = τ
~2k2

F

3m2 =
v2

Fτ

3
(2.12)

If we define the mean free path λ ≡ vFτ, we are able to calculate from

λ =
3D
vF

(2.13)
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At an arbitrary k point in a Brillouin zone, we can find the energy dispersion
for a real metal εµ(k) and the corresponding electron velocity for a specific k and
band µ

υµ(k) =
1
~

∂εµ(k)
∂k

(2.14)

We define a Fermi velocity by averaging the electron velocity over the Fermi surface

〈υ2
F〉 =

∑
µ

∫
d3k
8π3

{[
vµx(k)

]2
+

[
vµy (k)

]2
+

[
vµz (k)

]2
}
δ
[
ε − εµ(k)

]
∑
µ

∫
d3k
8π3 δ

[
ε − εµ(k)

]
=

1
g(εF)

∑
µ

∫
d3k
8π3

{[
vµx(k)

]2
+

[
vµy (k)

]2
+

[
vµz (k)

]2
}
δ
[
ε − εµ(k)

]
(2.15)

Note that (2.11) yields an average conductivity for an isotropic medium. For uniax-
ial crystals such as hcp metals, we have anisotropic diffusive transport in directions
parallel and perpendicular to the hexagonal axis. Consequently, the conductivity
can be written as a tensor,

σ = e2g(εF)

D⊥ 0 0
0 D⊥ 0
0 0 D‖

 (2.16)

Without loss of generality we can write [97]

Di =
1
3

viλi =
1
3

v2
i τi, i = ‖,⊥ (2.17)

To simplify the above we assume an average velocity υF ≡ 〈υ
2
F〉

1
2 and attribute

the anisotropy to τ and λ. The spin-flip diffusion length lsf and the spin relaxation
time τsf are related as l2sf = Dτsf using which we can determine τsf . The ratio of
the spin relaxation time, τsf , to τ is finally

τsf

τ
=

[
e2ρ lsfg(εF)

]2
〈v2

F〉. (2.18)

2.3 Results

Using the first principles method described in the previous section we determine
lsf and ΘsH for hcp Hf, Re and Os, bcc Ta and W and fcc Ir, Pt and Au as a function
of temperature. The role of temperature, SOC, bandfilling and lattice structure in
determining the trends across the series will be discussed in some detail in the
following.
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Figure 2.4: Natural logarithm of the spin current injected at 300K from a fully
polarized left Ta lead into the scattering region as a function of the z coordinate.
The absolute value of the inverse slope of the fitting curve (red) gives lsf . The inset
shows the decay of the spin current on a linear scale. This calculation was carried
out for a 7×7 supercell with a BZ sampling of 23×23 k points. Error bars represent
the mean deviation over 10 configurations of random disorder.

2.3.1 Spin flip diffusion

To calculate the lsf of the bulk material, we inject a fully polarised spin current from
a lead into the scattering material. This is achieved by constructing half metallic
ferromagnetic leads [20]. lsf is extracted using the Valet-Fert theory of spin relax-
ation [21] which describes the exponential decay of a spin current in the transport
direction z. By plotting the natural log of the local spin current density as function
of z , lsf can be extracted as the inverse of the slope. Mathematically,

js(z) = Ce−z/lsf (2.19)

where js(z) is the spin current density normalized to the charge current in the
transport direction for a material with spin flip diffusion length lsf . In Fig. 2.4
we show an example of Ta at 300K. The "interface" effect between ballistic and
diffusive Ta is apparent near the left lead (z = 0). More noise near the right lead is
a result of the reduction in the number of states as a function of the distance from
the left lead because of spin flipping.

20



2.3 Results

Figure 2.5: Spin flip diffusion length lsf calculated as a function of the spin-orbit
coupling constant ξd for fcc Pt. Dotted grey lines indicate the 1/ξd fit of lsf . Inset:
ξd as a function of the square of the atomic number Z for the 5d electrons.

Spin-orbit coupling

For the transition metals the spin-orbit splitting of the conduction d bands that
lie near the Fermi level plays an important role in spin transport. We plot the
calculated ξd for 5d elements in the inset of Fig. 2.5 as a function of Z2. Because the
5d bands of Au are fully filled we choose Pt, the element with the next highest ξd in
the series, to study the scaling of lsf vs. ξd. The SOC parameter ξ is scaled by varying
λsc in (2.2) from 0 − 1 in the selfconsistent calculation of the input potentials.
Keeping the ∆ corresponding to the room temperature resistivity of Pt constant, we
perform calculations to extract lsf and plot the results in Fig. 2.5 as a function of ξd.
lsf is found to be inversely proportional to ξd. For metals with intrinsic spin-orbit
coupling, spin relaxation is achieved bymixing pairs of the Kramers degenerate spin
states often quantified in terms of a spin-mixing parameter ‘b’ [23]. Fabian and Das
Sarma [98] found that the spin relaxation rate 1/τsf scaled linearly with b2 for a
metal with free-electron like bands. Since the spin relaxation time τsf ∝ l2sf , the
calculated trend plotted in the figure is consistent with their findings but now for
a metal with a complex Fermi surface. While changes in lattice and band structure
can make a straightforward application of Fig. 2.5 to predict the trend in lsf across
the 5d series non-trivial, one would anticipate the trend to hold for elements with
similar lattice that are neighbours.
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Figure 2.6: Spin flip diffusion length(black) and the inverse of density of states
(orange) of Ta as a function of band filling

Band-filling

We first study the effect of filling of the d-bands taking a random example of bcc
Ta. We keep the lattice disorder ∆ constant corresponding to the room temperature
resistivity of Ta. The Fermi energy is artificially moved through the bands from -3
to +3 eV in steps of 0.5 eV with respect to the self consistently calculated ground-
state Fermi energy εF of Ta. Transport calculations are performed for each case.
In Fig. 2.6 we plot lsf vs. energy shift relative to the ground-state Fermi level. lsf
closely follows the inverse of the density of states (DoS), ḡ(ε− εF) for each energy.
This indicates that for materials displaying a sharp peek in DoS near the Fermi
level, a significant change in spin quenching could be achieved by even small shifts
in Fermi level through extrinsic factors like impurities, strain etc as is often the case
with experimentally prepared samples.

From the forgoing discussion on SOC and band-filling, one might expect that
the interplay between ξd and DoS should determine the trend in lsf across the 5d
series. However, the RT values calculated for lsf that are shown in Fig. 2.7 reveal
that the dominant trend is determined by the inverse of the Fermi level density of
states (DoS), g(εF) even though the strength of the SOC triples across the series.
Also shown in the figure in orange is g(εF) averaged over an energy window of
±kBT about the Fermi energy ḡ(εF). For example, Ta and W are both bcc and as
neighbours in the periodic table have very similar values of ξd yet lWsf is some five
times larger than lTa

sf . A low DoS means fewer possibilities to scatter with a spin
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Figure 2.7: Black (left): spin-flip diffusion length lsf for 5d transition metals cal-
culated at room temperature (300K), the error bars correspond to the spread of
values for ten different configurations of thermal disorder. For hcp metals, c-axis
values are shown. Orange (right): inverse of ḡ(εF), the density of states averaged
over an energy window of ±kBT about the Fermi energy εF .

Figure 2.8: Room temperature values for relaxation times for momentum and spin
flip scattering. For hcp metals, the value for transport along c- axis is shown.

flip. Experimental values of lsf reported at RT are 1.8 and 1.9 nm for bcc Ta, 2.1
nm for bcc W, between 1 and 11 nm for Pt and from 27 to 86 nm for Au [77]. The
lack of any correlation with the “intrinsic” values we calculate suggests that the
measurements are dominated by other factors. In spite of the apparent complexity
of the relationship given in (2.18), Fig. 2.8 shows that the factor dominating the
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behaviour of both relaxation times is the inverse Fermi level density of states. We
note that the electron-phonon coupling and phonon-modulated SOC effects enter
our calculation implicitly via the resistivity ρ while the density of states ḡ(εF) is
calculated with SOC explicitly included in the Hamiltonian.

Temperature dependence

Using ∆ to reproduce experimental resistivities of the 5d series metals available in
literature[62, 91, 92], we can study the temperature dependence of lsf arising from
electron-phonon coupling. In the equipartition regime, the resistivity is linear with
temperature and our method of simulating lattice disorder using an uncorrelated
Gaussian distribution is found to be suitable.

hcp  bcc   bcc  hcp  hcp   fcc   fcc    fcc   

Figure 2.9: The product of spin flip diffusion length and resistivity for 5d metals
calculated at different temperatures, the error bars are estimated from the average
spreads over 10 configurations of disorder for the calculations of lsf and ρ.

For temperatures in the range 100-500 K, the product ρ(T ) lsf(T ) is plotted
for all 5d elements in Fig. 2.9 where it is seen to be independent of temperature
within the error bars of the calculations. (The large value of lWsf at 300K requires
calculations with an excessively long geometry and values are only reported for
the temperature range 300-500K.) This is in agreement with predictions made by
Elliott and Yafet for doped semiconductors and alkali elements [23, 24] but now
for Fermi surfaces that are far more complex than those they considered, for which
their approximations are not applicable. As such, this result is non-trivial. For
different elements, there is no obvious systematic variation in ρlsf as a function of
Z. To determine lAu

sf at room temperature, we considered an elevated temperature
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of T = 1000K and then assumed that ρ(T ) lsf(T ) was a constant in order to estimate
the RT value of lsf ∼ 50 nm shown in Fig. 2.7 (as a black asterisk)

2.3.2 Spin Hall effect

To examine the correlation seen in experiment between the ΘsH and lsf [19], it
is desirable to determine ΘsH using the same approximations as we used to calcu-
late lsf . Most quantitative theoretical studies of the SHE [35, 99–101] are based
upon the Kubo formalism and have focused on the so-called “intrinsic” contribu-
tion that does not consider the role of the electron-phonon scattering mechanism
that dominates the resistivity of elemental metals at room temperature where the
vast majority of determinations of ΘsH have been made [77]. In the linear re-
sponse regime, the scattering theory we use is equivalent to the Kubo formalism
[102] and therefore includes the intrinsic contribution. The advantage of the scat-
tering formalism is that intrinsic and extrinsic mechanisms are included on equal
footings. By calculating the transverse spin current resulting from a longitudinal

Figure 2.10: Planar averaged transverse spin currents plotted as a function of the
z coordinate calculated using an spd basis for 7 × 7 supercell with a BZ sampling
of 23 × 23 k points. Inset: integrated transverse spin current as a function of the
length LTa of the Ta slab. Error bars are estimated from the average deviation over
10 configurations of random disorder.

charge current using the local current method [20] introduced previously to study
ΘPt

sH [34], we can determine ΘsH as a function of temperature for all 5d metals. An
example of ΘsH calculation at RT is shown in Fig. 2.10 for the case of Ta where we
inject charge current from ballistic Ta leads and calculate the average of the trans-
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verse spin currents as a function of the z coordinate. The transverse spin currents
can be integrated along the transport direction to separate out bulk (slope) and
lead (intercept) contributions to ΘsH using a linear fit[34] as shown in the inset to
Fig. 2.10.

Temperature dependence

ΘsH scales linearly with the resistivity ρ(T ) as shown in Fig. 2.11 to a reasonable
approximation. For most metals, deviations from linearity are visible for the lowest
resistivity values shown at T ∼ 100K. The biggest discrepancy is for Re. Linearity
of ΘsH vs. ρ implies a weak temperature dependence of the spin Hall conductivity
σsH ≡ ΘsH/ρ as shown in Fig. 2.12. Our finding of a weak temperature dependence

Figure 2.11: Spin Hall angle ΘsH as a function of resistivity ρ for all 5d metals.
Dotted lines are guide for the eye. Error bars in the estimation ofΘsH and ρ included
as vertical and horizontal bars respectively are smaller than the symbols in most
cases.

of σsH is in qualitative agreement with the temperature independence found for Pt
by Isasa et al. [103, 104] who, however, reported a substantially lower value of
σsH ∼ 1200 (Ωcm)−1 (note that we use the ~/2e convention [105]). A subsequent
measurement by the same group [88] yielded a room temperature spin Hall con-
ductivity of ∼ 3200 (Ωcm)−1 in excellent agreement with our value. At low tem-
peratures in clean samples, they observed an enhancement of σsH with decreasing
temperature. Such an enhancement was recently found [106] in calculations in
which phonon modes of Pt were explicitly populated as a function of temperature
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[61]. It was pointed out that the temperature independence of σsH is characteristic
of the classical equipartition regime [106]. At temperatures below the Debye tem-
perature our description of thermal disorder in terms of a Gaussian distribution of
uncorrelated atomic displacements is not suitable for studying the weak scattering
limit.

Figure 2.12: The spin Hall conductivity σsH (= ΘsH × σ) calculated at different
temperatures. The room temperature spin Hall conductivity for all 5d elements
(except Hf and Au) reported by Tanaka et al. [35] using a Green function method
(GFM) and a phenomenological “quasiparticle damping rate” to account for disor-
der is included for comparison. The inset shows the product ΘsH × lsf as a function
of temperature. Only one value is plotted for Au based on an extrapolation of lsf to
RT.

The element (Z) dependence is in qualitative agreement with the linear re-
sponse calculations by Tanaka et al. who used an empirical “quasiparticle damping
parameter” to represent disorder [35]. In these latter calculations, the correct bcc,
fcc and hcp structures were used for each element but Hf and Au were not consid-
ered. For hcp Hf we find a small, positive value of σsH in agreement with recent
experiments [107] but at variance with explicit calculations for hcp Hf [107, 108].
At this point, we note that for materials where the Fermi level lies close to degen-
eracies or peaks in the DoS, estimated values of σsH can be sensitive to fine details
of the band structure and accurate determination of the Fermi level. This will be
carefully elucidated in a following section using a rigid band analysis.

In Ref. [34], ΘPt
sH was found to be proportional to the resistivity ρ whereas lPt

sf
was proportional to the conductivity [61, 86]. The product ΘsH × lsf is shown in
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Spin transport in 5d transition metals

the inset to Fig. 2.12 for all 5d elements for a number of temperatures between
100 and 500 K. As a function of Z, it is seen to follow the trend of σsH and as a
function of temperature it is approximately constant for all metals. What remains
to be studied is whether this relationship holds for different scattering mechanisms
and whether a Matthiessen-like composition rule holds for the spin Hall effect and
spin-flip scattering.

Figure 2.13: Spin Hall angle ΘsH for fcc Pt vs. spin-orbit coupling parameter ξd.
Dotted line is a guide for the eye. Error bars are smaller than the symbols.

Spin-orbit coupling

The largest value of ΘsH in the 5d series found for Pt can be attributed to its strong
spin-orbit coupling. Here we examine how ΘPt

sH scales with the strength of the spin-
orbit coupling. The spin Hall currents are calculated for Pt and the SOC coupling
constant ξd is varied like we did for lsf in Sec. 2.3.1 but now with unpolarized
leads. We plot ΘsH as a function ξd in Fig. 2.13. As expected, ΘsH increases with
the strength of ξd. The non-linear variation is in qualitative agreement with the
findings of Tanaka et al. [35].

Band-filling

Based upon a rigid band study for the fcc structure, Guo identified a switch from
positive values of σsH for a band filling corresponding to Pt to negative values for
band fillings corresponding to Ta andW [99] and this has been interpreted in terms
of Hund’s third rule [109]. Here we calculate ΘsH for all three structures and ex-
amine the results shown in Fig. 2.14 for conclusive evidence for a correspondence
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𝑛 = 4

𝑛 = 5

𝑛 = 10

Figure 2.14: Rigid band analysis of ΘsH for Hf (green), Ta (blue) and Pt (red) for
ΘsH. Spin Hall angleΘsH calculated as a function of the energy ε. Assuming a single
s electron across the whole series, the equivalent band filling n corresponding to
an outer dn−1s1 configuration at different energies calculated using the number of
states (NoS) function is indicated on the plot. The density of states (DoS) per atom
for each structure is plotted on the right. ΘsH values for Pt are reproduced from
Ref [20].

between σsH and Hund’s rule. For different band fillings ΘsH was calculated for
each structure hcp Hf, bcc Ta and fcc Pt by artificially varying the Fermi level in
steps of 0.5eV in a window of -5eV to +5eV around the Fermi energy εF. The lat-
tice disorder was kept constant corresponding to the appropriate room tempera-
ture resistivity. The filling of the conduction band at different energies is calculated
from the number of states (NoS) given by N(ε) =

∫ ε

−∞
g(ε′)dε′. Our calculations

reproduced the peaks observed by Guo et al. as a function of band filling for the
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2.3 Results

fcc Pt structure. We see that the trends predicted for different crystal structures are
only roughly in qualitative agreement. In spite of the lack of exact coincidence, the
peaks and general variation in ΘsH(N(ε)) seems to be driven by DoS(ε) for all three
band structures. However, there are clear discrepancies in the sign and magnitude
of ΘsH predicted by each structure for different fillings. The biggest of them being a
significant negative value predicted for hcp Hf using an fcc Pt band structure and a
giant negative value predicted for hcp Re using an hcp Hf structure, the latter being
surprising on account of the similarity of the lattices. Furthermore, the sign of hcp
Os is predicted incorrectly using all three structures. It is worthwhile noting that
we found a switch in the sign of ΘsH for transport perpendicular to the hexagonal
axis in Os which will be presented in Sec. 2.3.3.
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Figure 2.16: Band structures with and without spin-orbit coupling (SOC) for hcp
(top) Re and (bottom) Hf. The dotted horizontal orange line at 2 eV in dispersion
of Hf corresponds to the 6 conduction electrons of for Re (d6s1).

The peaks observed as a function of band filling for fcc Pt originate in the high
symmetry P and X points of the Brillouin zone with degeneracies that are strongly
affected by SOC. The position of these degeneracies depends on the lattice struc-
ture as evident from the comparison in Fig. 2.15. We note that the two giant peaks
in ΘHf

sH coincide with the double degenerate states between L − H at ε − εF = -0.5
eV and 2.5 eV and the complex of five quasi degenerate states at Γ−K points lifted
by SOC. In Ta, the negative peak in ΘTa

sH occur at the three-fold degeneracy on P
around -2 eV while the positive peak does not coincide with any splitting. The
rigid band analysis presented here can not capture the effect of a change in the
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Spin transport in 5d transition metals

band structure as it assumes only the Fermi level to simply move up as we move
along the series from Hf to Au. However, a change in atomic volume could intro-
duce significant distortions even for similar lattices as shown in Fig. 2.16 where we
compare bands of two hcp metals Hf and Re. The Fermi level in Re lies slightly
above the degeneracies lifted by SOC near Γ−K and M−Γ−A in comparison with
energy value of 2eV in Hf bands that corresponds to a nominal Re filling which
explains a significantly low value of ΘRe

sH than predicted from Hf-bands.

𝑛 6 7 84 5 9 10 11

Figure 2.17: Comparison of ΘsH calculated for all elements in the hcp, bcc and fcc
structures where for each element we use its observed atomic volume (Wigner-Seitz
sphere radius). The lattice disorder ∆ reproduces the room temperature resistivity
of each metal in its observed structure given on the top axis. For the hcp structures,
the charge current is along the c-axis. For the hcp structures of elements other
than Hf, Re and Os, the ideal ratio c/a =

√
8/3 is used. The number of conduction

electrons n for each element is indicated on the top.

Finally, the role played by the crystal structure in combination with the effect
of band filling and atomic volume across the series can be studied by explicitly
calculating ΘsH using hcp, bcc and fcc structures for each of the 5d metal elements.
We calculated ΘsH keeping the atomic volume and thermal disorder ∆ constant and
equal to the values corresponding to the original crystal structure of each element.
The results are plotted in Fig. 2.17. For the hcp structure ΘsH exhibits an increase
in magnitude as we move from Hf (n = 4) to W (n = 6) but the small positive peak
seen in Fig. 2.14 for Ta (n = 5) is not reproduced. Another important feature is
that the signs of ΘsH for bcc Hf, hcp Ir, fcc and bcc Os and hcp Au is at variance with
the predictions based on d band filling[35] ruling out the general applicability of
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2.4 Other calculations

Hund’s third rule for determining the sign of ΘsH. Our results prove that the sign
of ΘsH depends not only on the band filling but also on the structure.

2.3.3 Anisotropy

Hf, Re and Os have hexagonal close packed (hcp) crystal structures which leads
to anisotropic scattering rates in the directions parallel (‖) and perpendicular (⊥)
to the hexagonal crystal axis (0001). The anisotropy in the resistivity of single
crystal samples of Re between 77 - 1600 K [91] and Os between 290 -1600 K
[110] are reported by experiments while we are not aware of any experimental
studies on the anisotropy in Hf. We calculate anisotropic spin transport properties
for the hcp crystals at RT by setting the z direction along 0001 (‖) and 1̄21̄0 (⊥
) directions. We reproduce the experimental anisotropy in the resistivity of Re,
ρ⊥/ρ‖ ∼ 1.3 at RT while that in Os is ρ⊥/ρ‖ ∼ 1.1, underpredicted in comparison
with the experimental measurements, ρ⊥/ρ‖ ∼ 1.5 [110, 111]. However, our values
are in agreement with calculated anisotropy [112] using a Boltzmann approach
[113] including electron-phonon coupling. Of the three hcp metals in the 5d series,
Hf exhibits the highest anisotropy ρ⊥/ρ‖ ∼ 1.7 at RT. RT values for all relevant
transport properties discussed in this work given in Table 2.1 includes directional
dependent values (‖ and ⊥) for hcp metals in the series. Our calculated values
of ΘsH are not in agreement with the anisotropy predicted in Ref. [108] where a
FLAPW implementation of the Kubo-formalism was used. We find that ΘsH for the
two directions are approximately equal in magnitude but have opposite signs.

2.4 Other calculations

Very little can be said about accuracy (i) in the absence of consensus about the
values of lsf and ΘsH reported in experiments and (ii) because other calculations
that do not include realistic thermal disorder cannot be rigorously compared with
our results. However, the robustness of the results presented in this work can be
tested by studying the effect of computational parameters such as supercell size, BZ
sampling, basis and number of terms in the SOC integral etc. on our calculations.
An in-depth analysis of such an exercise for the case of fcc Pt that yielded best
estimates of lPt

sf = 5.3 ± 0.4 nm and ΘPt
sH = (4.5 ± 1)% were presented in Ref [20].

To reinforce the conclusions drawn there, we consider other examples here.

2.4.1 Au

Au has a long mean free path at room temperature as seen in Table 2.1 and con-
sequently a longer spin flip diffusion length which which makes it necessary to
use a very long scattering region to extract a reliable value of lsf following (2.19).
Hence, we perform the lsf calculation only at a higher temperature (1000 K) where
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2.4 Other calculations

Figure 2.18: Convergence of the spin flip diffusion length lsf (lhs) and ρ × lsf (rhs)
of Au with respect to the inverse of supercell size, N × N.

the length scale is tractable using our computational scheme and use the product
ρ× lsf estimated at this temperature to predict the lsf at room temperature. We plot
lAu
sf as a function of the inverse of the size (N2) of the later supercell calculated at
1000 K in Fig. 2.18 in blue.

Only few electrons scatter at large angles ∼ 90◦ with respect to the z direction.
Therefore it is not critical to have a lateral supercell larger than the the mean free
path to reproduce ‘bulk’ behaviour. For e.g. it has been shown for Pt that it is
sufficient to use a supercell of size 7× 7 that is ∼ 2 nm thick. Because of the longer
mean free path, the value of lAu

sf is found to depend significantly on the size of the
lateral supercell unlike in other 5d element as shown in Fig. 2.18. We found the
the resistivity ρAu to be less sensitive to the SC size compared to the lAu

sf . Therefore,
ρ × lsf follows the same behaviour as lsf as seen in Fig. 2.18 (red). Using Fig. 2.18,
we extrapolate ρ× lsf for an infinitely large supercell that would ideally represent a
bulk system. The reported value of ρ × lsf for Au is the mean of the best calculated
value and the value extrapolated to N = ∞ i.e. 1/N = 0 with an uncertainty
interval that spans between these two values.

2.4.2 Ta

There are twoways of generating AS potentials self-consistently (i) using the Stuttgart
LMTO-ASA code (without SOC) [64, 96] and (ii) Questaal suite (with SOC)*. The
generated potentials and the self consistently determined Fermi energies are then

*“lm” extension of the Stuttgart LMTO code that treats non-collinear magnetization and spin-orbit
coupling is maintained in the Questaal suite at https://www.questaal.org.

35



Spin transport in 5d transition metals

used in the transport code where SOC is added to the Hamiltonian as a perturba-
tion. The values of ΘsH and lsf presented in this work so far were calculated using
the potentials generated by the Stuttgart code. ΘsH is sensitive to the Fermi energy
in a rigid band structure as different bands contribute differently, see Fig. 2.14.
The Fermi energies determined self-consistently with and without SOC are slightly
different. Calculations for a fixed Fermi energy are valid for the products ρ × lsf ,
ΘsH × lsf in the sense that they are a constant.

Table 2.2: Dependence of lsf and ΘsH of Ta on basis set and three centre terms
in the SOC Hamiltonian in the transport code for the cases where ground-state is
calculated self-consistently with and without (w/o) spin-orbit coupling.

spd spd f
2 centre 3centre 2 centre

lsf (nm) SOC 5.96±0.39 6.73± 0.14 6.01±0.30
w/o SOC 6.58±0.13 6.78±0.12 6.16±0.13

ΘsH (%)
SOC -0.22±0.02 -0.34±0.01 0.077±0.01

w/o SOC -0.45±0.01 -0.53±0.01 -0.074±0.01

In Table 2.2 we compare calculated values of lsf and ΘsH for Ta with and with-
out SOC included self-consistently for determining the ground state Fermi level. We
find that the change of the basis from spd to spd f bring about negligible change in
lsf when SOC is included self-consistently whereas including three centre terms in
the SOC Hamiltonian in the transport code causes the largest variation in lsf . As a
rule of thumb, computations involving matrix multiplications scales as the cube of
the size of the matrix, a change in basis from spd (9 orbitals) to spd f (16 orbitals)
thus more than quadruples the computational cost. It is thus preferred to use a
minimal basis set wherever possible to reduce computational effort in transport cal-
culations. Additionally, the use of a three centre term in the SOC integral increases
computational cost by 70% [57]. Given the overall variation in the predicted lsf is
only ±0.66 nm around a mean value of 6.4 nm, using an spd basis without includ-
ing SOC is found to be a reasonable choice even for a less close-packed structure
like bcc using our tight binding LMTO scheme.

Calculated value of ΘTa
sH presented in Table 2.2 vary between 0.08 and −0.5%.

On account of the very small value of ΘsH, it is found to be very sensitive to com-
putational parameters within the numerical errors of our scheme. A best value of
(−0.16±0.21)% for the ΘsH of Ta is obtained from the calculations with SOC terms.
Based on the sensitivity analysis of ΘTa

sH and ΘPt
sH presented here and in Ref [20]

respectively, we attach an uncertainty of about one percent to the calculated values
of ΘsH given in Table 2.1.
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2.5 Summary and Conclusions

An in-depth first principles study on spin-orbit coupling (SOC) related bulk trans-
port properties is presented for the 5d transition metals including realistic temper-
ature disorder. We provided a systematic description of the effect of SOC, density
of states, anisotropy and band structure on spin transport properties and quanti-
fied all the relevant bulk parameters of electronic transport in 5d metals. We find
that the density of states (DoS) at the Fermi level plays the most dominant role
in determining the trend of spin relaxation in the series providing opportunities
to tune lsf by alloying or introducing defects. A band filling analysis revealed that
the DoS drives the qualitative trend of ΘsH while the relative position of the Fermi
level with respect to the SOC split band-degeneracies plays the most significant role
in determining the quantitative values for ΘsH. Contrary to common assumptions,
the sign of ΘsH does not follow Hund’s third rule but instead the crystal structure
plays a crucial role. For example we find a positive value for ΘHf

sH and switch in
sign for ΘOs

sH between transport parallel and perpendicular to the c-axis. In general
the spin Hall conductivity is found to be weakly dependent on temperature in the
equipartition regime.

In addition to lsf and ΘsH the benchmark values of the products ρ × lsf and
ΘsH× lsf provided in this chapter could guide in the experimental extraction of spin
transport parameters of transition metals at relevant temperatures. Our findings
should improve the current description of spin transport in materials and accelerate
the search for candidate materials for spintronics applications.
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3
Transverse spin currents in Fe-Ni

systems *†

First-principles quantum transport calculations using scattering theory predict large
transverse spin current generation in bulk NixFe1−x 3d ferromagnetic (FM) alloys. The
spin Hall angle ΘsH and spin-swapping angle Θss calculated as a function of the stoi-
chiometry x show only a weak temperature dependence in the strong alloy regime. We
calculate a maximum value of ΘsH ∼ 7.5% and Θss = −2.5% for the Ni end member of
the series at room temperature. A qualitative model based on Mott scattering provides
good agreement with the calculated results indicating that skew scattering may be the
dominant mechanism leading to transverse spin currents in these systems. Based on
the angular dependence of ΘsH, Θss and ΘaH, the anomalous Hall angle, we demon-
strate how magnetization of the FMs offers a handle to manipulate bulk generated
transverse spin and charge currents.

3.1 Introduction

When a charge current jc flows in a material, then spin-orbit coupling (SOC) gives
rise to a spin current jn̂

s in the transverse direction n̂ such that spin-up and spin-
down electrons polarized in the js/ js direction perpendicular to both jc and n̂ accu-
mulate at opposite edges of a sample, Fig. 3.1(a). This is the spin Hall effect (SHE)

*To be submitted as: R. S. Nair, K. Gupta, Z.Yuan, P. J. Kelly, "Transverse spin currents in bulk
Fe-Ni systems".

†R.S.Nair and K.Gupta contributed equally to this work.

39



Transverse spin currents in Fe-Ni systems

[12, 25, 68, 73] that has become a key focus in the field of spintronics [76, 77] as a
promising candidate to generate andmanipulate spin currents efficiently [78, 114].
Because the coupling parameter ξ in the SOC term of the Hamiltonian, ξl.s, scales
as the square of the atomic number Z [17, 115], heavy metals such as 5d tran-
sition metals are expected to exhibit the strongest SHE [35, 99]. Based on this,
Pt [81, 84], W [80] and Ta [30] have been studied extensively since they promise
large charge-to-spin conversion efficiency that is expressed in terms of the spin Hall
angle (SHA) ΘsH [76, 77]. The inverse of the SHE (ISHE) whereby a pure spin cur-
rent injected into a material gives rise to a transverse charge current, Fig. 3.1(b),
is described by the same parameter ΘsH and is the principal means by which spin
currents are detected [74, 75].
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Figure 3.1: (a) SHE and (b) ISHE in a nonmagnetic material, (c) SHE and (d) ISHE
in a ferromagnetic material. (e) AHE and (f) IAHE in a ferromagnetic material.

Long before the discovery of the SHE, it was known that in the absence of
an external magnetic field, a charge current passed through a ferromagnetic ma-
terial gives rise to an “anomalous” Hall effect (AHE) when the charge current is
not collinear with the magnetization [43], Fig. 3.1(e). Because the response to the
charge current is another charge current, the AHE is its own inverse. It therefore
only became meaningful to talk about a distinct inverse AHE when it became possi-
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ble to produce and detect pure spin currents, either by “spin pumping” [116–118]
and its inverse, by means of the SHE and ISHE, or using the spin Seebeck effect
[119, 120]. In a ferromagnet, the number of spin-up and spin-down conduction
channels at the Fermi energy is unequal so that a charge current acquires a spin
polarization that is parallel to the magnetization. From this point of view, the re-
sponse to the initial charge current is a transverse spin current and it might be
expected that the injection of a pure spin current with a polarization parallel to
the magnetization of the ferromagnet would produce a transverse charge current,
Fig. 3.1(f). We call this the inverse AHE (IAHE) to distinguish it from the ISHE
in a ferromagnet when the polarization of the injected spin current is orthogonal
to the magnetization of the ferromagnet and the direction of injection, Fig. 3.1(d).
The reason for referring to the process sketched in Fig. 3.1(d) as the ISHE is clear
when one considers what happens when a charge current is passed through a fer-
romagnet parallel to the magnetization so that there is no AHE; the transverse spin
current is expected to be polarized orthogonal to the current and magnetization
directions, Fig. 3.1(c). For a long time it was expected that this process would not
be of consequence because of dephasing [121]. When the orientation of the polar-
ization of a spin current injected into a ferromagnet is arbitrary with respect to the
magnetization direction, no distinction can be made between the ISHE and IAHE.

Miao et al. realized the IAHE (but termed it the ISHE) by using a thermal gra-
dient in the ferromagnetic insulator YIG (Yttrium Iron Garnet) to inject a spin cur-
rent into the ferromagnetic alloy permalloy (Py=Ni80Fe20) and produced a trans-
verse charge current with an efficiency comparable to, albeit smaller than, that
of Pt [122]. Subsequent experiments [36, 39, 123–135] and theoretical investi-
gations [38, 42, 121, 136, 137] confirm their observation that for Py and other
3d ferromagnetic materials spin Hall effects are comparable in magnitude to those
observed in 5d materials leaving one to wonder if the absolute value of the SOC
parameter ξ alone determines the size of ΘsH. The hopping between orbitals on
neighbouring atoms that is measured by the bandwidth W reduces the effective
spin orbit splitting by mixing the split states [138, 139]. In Fig. 3.2 we plot the
ratio of the SOC strength ξd relative to the bandwidth Wd for the valence d states
for all transition metals calculated using a tight-binding LMTO code [66]‡. Ni and
Fe have an effective SOC given by the ratio ξd/Wd comparable to that of 5d metals.
The relative ease of realizing their stable alloys [140] at a wide range of temper-
atures makes it worthwhile answering the question: Can large intrinsic spin Hall
currents be generated in the Fe-Ni systems?

Understanding SHE in FMs is made complex compared to NMs by the ex-
change field associated with the magnetization M of the FM. The curious reader
may ask: What is the role of M in SHE? In order to answer the obvious questions we

‡We use Mark van Schilfgaarde’s “lm” extension of the Stuttgart LMTO (linear muffin tin
orbital) code that includes spin-orbit coupling and is maintained in the Queestal suite at
https://www.questaal.org.

41



Transverse spin currents in Fe-Ni systems

Figure 3.2: A comparison of the spin-orbit coupling parameter ξd weighted by the
d-bandwidth Wd to give an “effective SOC” for all transition metal elements cal-
culated using a TB-LMTO scheme with atomic sphere approximation(ASA) as a
function of the atomic number Z. The bandwidth is given by ∼ 25∆d [95], the
bandwidth operator in the LMTO-ASA scheme. Inset shows the bandwidth, Wd for
all transition metal elements.

devise a three-fold approach in this work- (i) We first sketch an intuitive framework
based on elastic scattering suitably adapted for a magnetic medium to identify dif-
ferent spin current components excited by a charge current, (ii) we quantify the
transverse spin current components in bulk fcc NixFe1−x alloys by varying the stoi-
chiometry x as well in bulk fcc Ni and bcc Fe first by setting magnetization along the
direction of the driving charge current and (iii) we finally sweep the magnetization
in a plane perpendicular to the driving charge current to identify the coupling of
the anomalous Hall and spin Hall effects and to extract the angular dependence of
all the generated current components in Ni, Py and Fe.

3.2 Mott scattering

The microscopic mechanism of left-right asymmetry in spin scattering by a spin-
orbit potential was first worked out by Mott and Massey [27] for the scattering of
electron beams. In complex multi-band solids like transition metals there are mul-
tiple contributions [77, 141–143] to the spin asymmetry of scattering. However,
for a simplified qualitative analysis with a view to identifying different compo-
nents α of spin current jsα generated by the scattering of a charge current driven
through a ferromagnetic metal, we will adhere toMott scattering [144, 145] which
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3.2 Mott scattering

gives the so-called skew scattering contribution [25]. The magnetization direction
m̂ = M/M in a FM determines the spin quantization axis leading to a finite expec-
tation value for the Pauli spin operator σ. This can be thought of as a finite spin
polarization s = 〈σ〉 = sm̂ of the conduction electrons in the unperturbed system,
see Sec. 3.5.1. A perturbing electric field accelerates the conduction electrons in
the z direction. These are scattered by a (defect) atom with spin-orbit coupling
in the direction n̂ in the xy plane. According to Eq. 3.78 of Ref. [144] the spin
polarization of the transverse current is

s′ = (α + sm̂.n̂′)n̂′ + βn̂′ × (sm̂ × n̂′) + γn̂′ × sm̂ (3.1)

where n̂′ = ẑ × n̂ is the normal to the scattering plane, see Fig. 3.3. In an electron
beam scattering experiment, the coefficients α, β and γ are functions of scattering
amplitudes that transform an initial state into a scattered state [144]. In the semi-
classical picture of transport in a metal, these coefficients translate into conversion
efficiencies such as the spin Hall angle. For example, for a charge current driven
into a NM, for which s = 0, only the first term αn̂′ corresponding to the spin Hall
effect survives. Equation (3.1) is also valid for the scattering of a spin polarized
current prepared by passing a charge current through a FM and injecting it into a
NM. To complete the picture in a ferromagnet, we need to take into account the
interaction of the scattered spins with the local magnetization M. This exerts a
torque on s′ leading to the following equation of motion for the spin polarization
[146] §

∂s′

∂t
+
∂jn̂

s′

∂n
+

s′ ×M
τpr

= −
s′

τsf
(3.2)

where jn̂
s′ is the local spin current, polarized in the js′/ js′ direction and propagat-

ing in the direction n̂. τpr and τsf are the spin precession and spin-flip relaxation
times, respectively. In a steady state we can set ∂s′

∂t = 0, and in a relaxation time
approximation the average spin current in the direction n̂ is

jn̂
s′ = lim

L→∞

1
2L

∫ L

−L

(M × s′

τpr
−

s′

τsf

)
dn (3.3)

We consider the case of a homogeneous ferromagnet such that M and the scattering
are constant in space, then (3.3) reduces to

jn̂
s′ =

M × s′

τpr
−

s′

τsf
(3.4)

Using (3.1) in (3.4), we can obtain all components of intrinsically generated spin
currents in a FM. The first term on the right-hand side (rhs) in (3.4) corresponds

§We omit the dephasing term ∝ 1/τdp since any detectable transverse spin states would be eigen-
states of the perturbed system and therefore should not de-phase.
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x

y

z

n

n' M

Figure 3.3: A schematic showing the generation of a transverse spin current in the
xy plane in a magnetic material when a current flows in the z direction. The mag-
netization M of the medium (purple arrow) determines the spin quantization axis.
Upon elastic scattering mediated by spin-orbit coupling, spins are asymmetrically
(skew) scattered leading to a transverse spin polarization. The magnetization of
the medium interacts with the scattered spin leading to finite rotation of the spin
orientation.

to the precession of the transverse spin components of s′ about the magnetization
of the FM on a length scale lpr corresponding to the familiar Larmor precession
while the second term describes spin flip scattering on a length scale of lsf and one
should possibly distinguish between components of s′ parallel and perpendicular
to M. These expressions will not be used to make quantitative estimates but just
to qualitatively understand the results of our first principles calculations.

To simplify matters, we look at the case where the magnetization is parallel
to the applied driving charge current (or electric field) in the z direction i.e, M ‖ ẑ
and n̂ is in the xy plane. From (3.4), we obtain with n̂ = x, y

jx
s′ =

( Mγ′

τpr
−
α

τsf

)
ŷ −

(
γ′

τsf
+

Mα

τpr

)
x̂ −

β′

τsf
ẑ (3.5a)

jy
s′ =

(
α

τsf
−

Mγ′

τpr

)
x̂ −

(
γ′

τsf
+

Mα

τpr

)
ŷ −

β′

τsf
ẑ (3.5b)

where {β′, γ′} = {sβ, sγ}. The first component in (3.5a) and (3.5b) has the symme-
try of a regular spin Hall effect in a NM and results from a competition between
two different relaxation mechanisms in a FM. The second component, which is the
new spin swapping effect (SSE), preserves the sign under rotation of axes x → y.

44



3.3 Calculations

The third term is such that the spins align with the magnetization by spin flip scat-
tering via a conventional Elliott-Yafet (EY) mechanism [23, 24]. While the SHE
and EY terms are well studied, SSE has not gained much traction although such a
current component appears even within the first Born approximation in scattering
theory unlike the SHE [40]. In the following section we will examine the intrinsic
SSE and show that it can be quite significant ¶.

3.3 Calculations

The quantummechanical scattering problem [58] was solved for a scattering region
comprising disordered bulk material embedded between lattice matched ballistic
leads. The Cu lead potential as well as Ni and Fe potentials for the scattering re-
gion were calculated in the atomic spheres (AS) approximation (ASA) with a tight-
binding (TB) muffin-tin orbital (MTO) basis [67, 95, 147]. For fcc NixFe1−x substi-
tutional random alloys, AS potentials for Ni and Fe were evaluated self-consistently
using the coherent potential approximation (CPA) [148] implemented with TB-
MTOs [149] using the experimental lattice constants ax [140] and spd basis. The
resulting Ni and Fe AS potentials were used to randomly populate fcc lattice sites
corresponding to the stoichiometry x in lateral supercells transverse to the [001]
transport direction. For RT calculations, thermal disorder was introduced by dis-
placing atoms from their ideal lattice positions with a Gaussian distribution char-
acterized by the root mean square displacement ∆T

r with T = 300K. Spin disorder
with respect to the T = 0 collinear magnetization direction was described analo-
gously with a Gaussian distribution of polar rotation angles θ characterized by the
root mean square rotation ∆T

θ together with a uniform distribution in the azimuthal
angle φ [57, 61, 150]. ∆T

θ was chosen to reproduce the experimentally observed
room temperature magnetization [140, 151, 152]. With ∆T

θ fixed, ∆T
r was chosen

to reproduce the experimental room temperature resistivity ρx.
All of the computational results to be presented below were obtained with

scattering geometries constructed using lateral supercells of 6×6 atoms repeated
periodically in the xy plane with 300 such atomic layers stacked in the z direction.
For the fcc alloys including pure Ni as well as for bcc Fe, the z axis is set to be in
the [001] direction. A BZ grid with a sampling density equivalent to 174×174 k-
points for a 1×1 unit cell was used in all cases. Transverse spin current generation
is studied by injecting a charge current in the z direction from ideal ballistic leads.
Lattice matched fcc Cu leads were used for the alloys and Ni, while Fe calculations
were performed using bcc Fe leads.

¶In the context of the spin-polarization of a charge current in a ferromagnet, the term swapping
could be misleading as it was proposed originally for the exchange of spin and momentum directions
of a polarized current injected into a non-magnetic material [40] upon scattering by SOC. Since both
terms have the same symmetry, we refer to the new term in Eq. (3.5) as SSE to avoid a surfeit of
terminology.
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Transverse spin currents in Fe-Ni systems

In the scattering calculation, the full quantum mechanical wavefunction is ob-
tained using a wave-function matching scheme [56] implemented [16, 94] with a
TB-MTO basis and generalized to include spin-orbit coupling and noncollinearity
[57, 153]. The wave function obtained for the scattering region is used to deter-
mine position dependent charge and spin currents [20] expressed as the current
tensor ( jβc , jβsx, jβsy, jβsz) where β = x, y, z is the direction of current flow. In the fol-
lowing, we present the transverse spin currents jx

sx, jysx, jx
sy, jysy and charge currents

jx
c , jyc that we calculate in response to a charge current jzc injected along the z di-
rection. The results that we will show were determined far from the leads to avoid
any interface effects and are characteristic of the bulk. The spin Hall angle is esti-
mated as ΘsH = jx

sy/ jzc(= − jysx/ jzc). For bulk non-magnetic materials, jx
sy and jysx are

equal in magnitude [20, 34]. The spin swapping angle is defined as Θss = jysy/ jzc
(= jx

sx/ jzc). The anomalous Hall angle is the normalized transverse charge current
given by ΘaH = jx

c/ jzc when the magnetization is in the x direction or equivalently
jyc/ jzc when the magnetization is in the y direction.

3.3.1 Magnetization parallel to the driving current

When M ‖ jz
c, there is no AHE and transverse spin currents jysx and jx

sy are generated
with equal magnitude and opposite signs, just as in the case of nonmagnetic Pt
[20, 34] and in agreement with the first term in (3.5). The values of ΘsH obtained
for bcc Fe, fcc Ni and the fcc substitutional NixFe1−x alloys for 0.4 < x < 0.95 [140]
are plotted as a function of concentration x in Fig. 3.4(a). ΘsH increases from ∼ 1%
in bcc Fe to ∼ 7.5% in fcc Ni at room temperature. For the alloys, calculations are
performed with and without thermal disorder and temperature appears to play a
very minor role. The values of ΘsH calculated for 0 K and 300 K are approximately
equal indicating that scattering by alloy disorder dominates scattering by phonons.
The effect of temperature becomes significant only in the weak alloy regime (x ≥
0.9). The value of Θ

Py
sH ∼ 4.5% that we find for Py (Ni0.8Fe0.2), is very close to the

value we calculate for bulk Pt at 300 K [20, 34]. As a function of x, we find that
ΘsH scales roughly as xσNi

sH + (1 − x)σFe
sH where σNi(Fe)

sH ≡ Θ
Ni(Fe)
sH /ρNi(Fe) is the spin

Hall conductivity at RT. This remarkably simple relationship is consistent with the
finding that the Fe and Ni CPA AS potentials calculated for the alloys are essentially
independent of the stoichiometry x, see Appendix 3.5.3; the effect of alloying can
in this sense be reduced to purely one of concentration.

Fig. 3.4(b) presents first quantitative estimates of the spin swapping angle
Θss in NixFe1−x alloys. For all values of x studied, as well as for bcc Fe, the spin
swapping currents jx

sx and jysy are equal in magnitude and sign in agreement with
the prediction of equation (3.5). Θss ranges from 1.5% in bcc Fe to -2.5% in fcc Ni at
room temperature. UnlikeΘsH, Θss is found to beweakly dependent on x for x < 0.8
but after switching sign for a concentration close to that of Py, it increases rapidly
in magnitude to -2.5% in Ni. From the Mott scattering analysis, it is apparent
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Figure 3.4: Spin Hall angle ΘsH (a) and spin swapping angle Θss (b) calculated
as a function of alloy concentration x in NixFe1−x with only alloy disorder at 0K
(blue) and with room temperature lattice and spin disorder (red). Calculations
were performed for bcc Fe (circle) and fcc NixFe1−x up to Ni (squares) with experi-
mentally determined lattice constants. The alloy calculations are for concentrations
for which the fcc phase is stable (x ≥ 0.4). Insets: schematics of asymmetric spin
scattering. With SOC included, a charge current jzc (black arrow) injected into a
magnetic material parallel to the magnetization m̂ (purple arrow) in the z direction
leads to spin currents in the transverse direction (red and green arrows) with the
spin directions indicated by the spheres with arrows.

that the magnitude and sign of different components of transverse spin currents
are determined by the interplay between scattering probability amplitudes that
are governed by details of the electronic structure and disorder, and the relaxation
mechanisms: spin precession ∝ 1/τpr and momentum relaxation ∝ 1/τsf . There
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Transverse spin currents in Fe-Ni systems

is considerable scope for a deeper theoretical study to disentangle these effects
quantitatively which however will not be attempted here.

Origin of the large SHE in Ni

The above results establish that the spin Hall effect in 3d materials is comparable
in magnitude to that found in Pt [20, 93] and shows a very weak temperature
dependence for the fcc NixFe1−x alloys. The large size of ΘsH in Pt, W and Ta is
usually attributed to the size of the SOC in the 5d elements [35, 99]. Our results
suggests that all else being equal, the “effective SOC” that we defined as ξd/Wd in
the introduction is a more appropriate measure for comparing SOC related effects
across the 3d, 4d and 5d series than the bare value of ξd. Other band structure
effects can have a much larger impact than the size of the SOC. In chapter 2, it has
been shown that the magnitude as well as the sign of ΘsH depends on the filling
of the outer d shell [20, 35, 99], lattice structure and proximity of degeneracies at
high symmetry points to the Fermi-level in 5d metals.

Ni

Figure 3.5: Majority (red) and minority(blue) spin bands for Ni calculated without
SOC. Spin mixed bands (black) for Ni calculated with SOC. The horizontal line
through zero represents Fermi level.

To study the role played by the band structure in giving rise to a very large
value of ΘNi

sH, we compare the band structures of Ni calculated self consistently
using a TB-LMTO-ASA code § with and without SOC in Fig. 3.5. The features that
attract our attention are the uppermost d bands corresponding to the unoccupied
minority (blue) and occupied majority (red) spin bands that are nearly flat in a
large volume of the Brillouin zone (BZ) from X to W and from halfway between W

§We use Mark van Schilfgaarde’s “lm” extension of the Stuttgart LMTO code that treats non-
collinear magnetization and spin-orbit coupling and is maintained in the questaal suite at
https://www.questaal.org.
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3.3 Calculations

and L to L to K in Fig. 3.5 as well as the corresponding two-fold degenerate states
at X and L. We immediately see that the double degeneracies at X and L are lifted
by SOC with splittings of ∼ 0.10 eV and ∼ 0.05 eV respectively. By analogy with
Pt [99], we attribute the large ΘsH in Ni compared to Fe and Co in experiments
[39, 154] to the proximity of the Fermi level to these quasi-degenerate states that
are strongly affected by SOC.

3.3.2 Magnetization perpendicular to the driving current

One important consequence of SOC in ferromagnets is the anomalous Hall effect
(AHE) [43]; when a current is passed through a ferromagnet in the absence of an
external magnetic field, a Hall effect ∝ jz

c × m̂ is observed transverse to the charge
current and the magnetization. So far, we have studied the SHE and SSE for m̂ ‖ ẑ
so that the AHE vanishes. In this section, we study the spin and charge current
response in the xy plane perpendicular to the charge current direction when the
magnetization is also in the xy plane, m̂ ⊥ ẑ. By doing so, we will be able to observe
how the two depend on the magnetization and how they are related.

A charge current jzc is injected in the z direction. The magnetization is oriented
in the xy plane at an angle φ to the x axis that is varied from −π to π. We calculate
the following transverse responses: ΘaH = jx

c/ jzc, ΘsH = jx
sy/ jzc and Θss = jx

sx/ jzc
describing the anomalous Hall, spin Hall and spin swapping effects respectively and
plot the results for Ni at 300 K in Fig. 3.6. The three effects exhibit quite distinct
behaviour and similar results are found for Py and Fe. The functional dependence
of the response at 300 K is given for all three materials in Table 3.1. The functional
form of the AHE is given by the cross product of the injected charge current jz

c and
the magnetization m̂ = cos φ x̂ + sin φ ŷ. The transverse charge response is thus:
AaH jzc[ẑ × (cos φ x̂ + sin φ ŷ)] = AaH jzc(cos φ ŷ − sin φ x̂). By fitting ΘaH = jx

c/ jzc
plotted in Fig. 3.6(a), we evaluate the constant AaH for Ni=1.33%, Py=0.35% and
Fe=0.46% as shown in Table 3.1.

From (3.4) we obtain the following form for the components of the spin current

jx
sy = C1 + C2 cos 2φ + C3 sin φ (3.6a)

jx
sx = −C2 sin 2φ + C4 cos φ (3.6b)

where the tedious algebra leading to (3.6) is outlined in Sec. 3.5.2. We begin with
the spin Hall case ΘsH = jx

sy/ jzc and find the best fit to the calculated spin Hall
currents is ΘsH(φ) = CsH + AsH cos 2φ+ BsH cos 4φ where the two leading terms are
the same as in (3.6a) and the coefficient of the cos 4φ term is an order of magnitude
smaller. It therefore transpires that the dominant mechanism of bulk spin current
generation mediated by alloy disorder or phonons is skew scattering. The higher
order discrepancy could result from other mechanisms contributing to the spin Hall
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Figure 3.6: (a) Anomalous Hall angle ΘaH (blue circles), spin Hall angle ΘsH (red
diamonds) and spin swapping angle Θss (green stars) in room temperature Ni gen-
erated along the x̂ direction in response to a charge current along ẑ. All three are
calculated as a function of the magnetization direction in the xy plane described by
the angle φ with respect to x̂. The solid lines are the best fits to the empirical data
that are given in Table 3.1. (b) For a charge current jc along ẑ, spins oriented along
ŷ are scattered in the x̂ direction for the three different magnetization directions
φ = −π/2, 0, −π/2 (top to bottom).

effect that are not accounted for in Mott scattering. For Ni, ΘsH ranges between
2.2% and 7.3% and does not change sign. The maximum value is obtained at
φ = 0,±π and is approximately equal to the value extracted for m̂ ‖ ẑ. We also
find from (3.19) that (3.6a) reduces to the expression in (3.5a) at φ = 0,±π in
agreement with our calculations. For these angles, m̂ = ±x̂ is perpendicular to the
spin direction ŷ. The minimum occurs for φ = ±π/2 when m̂ = ±ŷ is parallel to the
spin. It seems counter-intuitive that the largest value of ΘsH is obtained when the
spins generated by the SHE are oriented perpendicular to the magnetization while
the SHE is reduced when the spins are parallel to it.

Comparison of the functional forms of the AHE and SHE does not suggest any
simple relation between the two effects. Unlike ΘaH, ΘsH does not change sign.
However, if we focus on the magnitudes |ΘsH| and |ΘaH|, a relation emerges that
we can describe with the help of the sketches in Fig. 3.6(b). First we look at the
case φ = 0 to revisit the conventional SHE. Up-spin and down-spin electrons are
scattered symmetrically in opposite directions giving equal currents jx

↑y and jx
↓y
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respectively. Here, jx
↑y and jx

↓y represents the current of spins (not the magnetic
moment caused by the spin) pointing parallel and anti-parallel to the y direction
flowing in the x direction. Because of their opposite directions, the total spin cur-
rent jx

sy is given by | jx
↑y| + | j

x
↓y|. The total charge current is jx

c = | jx
↑y| − | j

x
↓y| = 0. For

φ = π/2, the majority spin-down d bands are fully occupied and it is the minor-
ity spin-up electrons that are preferentially scattered. The preferential scattering
leads to a finite jx

c . For φ = −π/2, it is the minority down-spin electrons that are
preferentially scattered. This switches the sign of jx

c , but jx
sy given by | jx

↑y| + | j
x
↓y|

remains unchanged. Therefore, following Zhang [68] and Davidson et al. [42], we
propose that the AHE is a special case of the SHE.

The SSE in ferromagnets behaves as Θss = Ass sin 2φ + Bss sin 4φ, where the
dominant first term in the fit is the same as in (3.6b). For Ni, the maximum and
minimum are ±1.93% obtained at ±0.19π respectively. From (3.6a) and (3.6b), the
relationship between ΘsH and Θss is the occurrence of the sameC2 coefficient in the
dominant angular dependent term. All coefficients are determined by fitting to the
angular dependence of the results of the detailed calculations. For Py the values of
C2 turn out to be approximately equal, as shown in Table 3.1. For Ni they are seen
to be quite comparable in size. The deviations can be attributed to the fact that the
detailed calculations are not based upon a particular scattering mechanism like the
skew scattering included in Mott scattering. They include other mechanisms whose
predictions for jx

sx and jx
sy may differ from those of skew scattering †

3.4 Discussion

The inverse spin Hall effect (ISHE) refers to the charge current that is generated
transverse to a spin current and its polarization. The ISHE in Co that was reported
to result from the injection of a pure spin current by Tian et al.[129] was found to
be independent of the magnetization orientation of Co. Based on the spin absorp-
tion measurements, a simple relationship ΘaH = βΘsH was proposed by Omori et
al.[39]. We find that the estimated values of the bulk polarization β determined
from the coefficients of our empirical fit as AaH/AsH is at big variance from the
explicitly calculated values of β in Ni and Py [20]. Recent experiments observed a
transverse out of plane spin current generated by a ferromagnet with in-plane mag-
netization in a magnetic multilayer geometry [37, 155]. A spin current of the same
symmetry has been shown to originate at a FM|NM interface[156]. It is transpar-

†There is an additional normalization to the spin polarization, see Eq. 3.78 in Ref. [144]

s′ →
s′

1 + αs.n̂
(3.7)

where 1
1+αs.n̂ = 1 for m̂ ‖ ẑ while this will introduce higher order terms O(αs′s cos φ) to jx

sx and jx
sy

for m̂ ⊥ ẑ.
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ent from the present study that a detectable signal of the same spin current could
originate from the bulk itself by spin swapping effect.

There has been a handful of theoretical studies [38, 41, 42, 157] since the
experimental observation of SHE in FMs to unravel the mechanisms behind non-
trivial transverse spin current generation in a FM which was otherwise believed
to be killed by the exchange field of the FM. These studies have revealed essen-
tial ingredients and underlying symmetries for spin current generation in a FM. By
treating electronic structure and disorder on equal footings, we presented quantita-
tive estimates for spin Hall ΘsH, spin swapping Θss and anomalous Hall ΘaH angles
in bulk NixFe1−x systems as a function of x and demonstrated the magnetization
dependence of these effects entirely from first principles at room temperature as
well as at 0K without any adjustable parameters. We presented an intuitive picture
of transverse spin current generation in a FM using Mott scattering. 3d FMs should
be undisputedly researched as candidate materials for spintronic applications es-
pecially as they offer possibilities for switching of perpendicular magnetization by
intrinsically generated spin currents that can be predictably controlled using the
magnetization of the injecting FM as revealed in this work.

3.5 Appendices

3.5.1 Relationship between s and m̂

We start with a magnetization vector M pointing in an arbitrary direction specified
by the polar angles (θ, φ) so that

M = M sin θ cos φ x̂ + M sin θ sin φ ŷ + M cos θ ẑ (3.8)

It is natural to assume the spin quantization axis of the system to lie along the unit
vector m̂ = M/M in terms of which the spin operator σm ≡ σ.m̂ is

σ.m̂ =

(
cos θ sin θe−iφ

sin θeiφ − cos θ

)
(3.9)

where σ is a vector of Pauli spin matrices. A general normalized spin state χ =

(
a
b

)
is defined with a2 + b2 = 1. On solving σmχ = +χ, we obtain the up-spin state

χ+ =

(
cos θ

2
sin θ

2 eiφ

)
(3.10)
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The spin polarization s = sm̂ of a medium defined as the expectation value of the
Pauli spin operator σ is

〈χ+|σ|χ+〉 =
(
cos θ

2 sin θ
2 e−iφ

) (0 1
1 0

) (
cos θ

2
sin θ

2 eiφ

)
x̂

+
(
cos θ

2 sin θ
2 e−iφ

) (0 −i
i 0

) (
cos θ

2
sin θ

2 eiφ

)
ŷ

+
(
cos θ

2 sin θ
2 e−iφ

) (1 0
0 −1

) (
cos θ

2
sin θ

2 eiφ

)
ẑ

= sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ ≡ m̂ (3.11)

Here s = 1 because we started with the system in the normalized spin-up state χ+.
In a metallic solid, the appropriate generalization results in the density-of-states
(DoS) polarisation

s =
ψ2
↑
(εF) − ψ2

↓
(εF)

ψ2
↑
(εF) + ψ2

↓
(εF)

(3.12)

where ψσ(ε) are solutions of the Schrödinger equation with energy ε. For diffusive
transport it is more appropriate to define a transport polarization

s =
σ↑ − σ↓

σ↑ + σ↓
≡
ρ↓ − ρ↑

ρ↓ + σ↑
(3.13)

in terms of the spin dependent conductivities σσ or resistivities ρσ.

3.5.2 Mott analysis for M ⊥ jz
c

A magnetization M in an arbitrary direction in the xy plane may be written as

M = M cos φ x̂ + M sin φ ŷ (3.14)

where φ is the angle between M and the x axis. From (3.11) we can write the spin
polarization of the unperturbed medium as

s = s cos φ x̂ + s sin φ ŷ (3.15)

We are interested in the transverse response in the x direction, it follows from (3.1)
that

s′ = βs cos φ x̂ + (α + s sin φ) ŷ − γs cos φ ẑ (3.16)

M × s′ = − 1
2γ sM sin 2φ x̂ + 1

2γsM(1 + cos 2φ) ŷ
+(αM cos φ+ 1

2 sM sin 2φ − 1
2βsM sin 2φ) ẑ (3.17)
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Substituting this expression into (3.4) yields

jx
sx = −

Mγ′

2τpr
sin 2φ −

β′

τsf
cos φ (3.18)

jx
sy =

( Mγ′

2τpr
−
α

τsf

)
+

Mγ′

2τpr
cos 2φ −

s
τsf

sin φ (3.19)

jx
sz =

αM cos φ + 1
2 sM sin 2φ − 1

2β
′M sin 2φ

τpr
+

Mγ′

2τsf
cos φ (3.20)

where {β′, γ′} = {βs, γs}.

3.5.3 Comparison of CPA potentials

Each CPA calculation for an alloy such as NixFe1−x results in AS potentials, υFe
x and

υNi
x , for Fe and Ni that depend on the stoichiometry x. Since atomic potentials by

themselves are not very illuminating, we place each of the potentials on a perfect fcc
lattice with lattice constant ax and calculate the corresponding electronic structure.
These are shown for x = 0.7, 0.8 and 0.9 in Fig. 3.7 where the x dependence of the
AS potentials is seen to be quite insignificant.

Majority Minority

Figure 3.7: (lhs) Majority and (rhs) minority spin bands calculated for Ni and Fe AS
potentials self-consistently using coherent potential approximation(CPA) for three
different alloy concentrations, x in NixFe1−x.
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4
Fully resolved currents from quantum

transport calculations *

We extract local current distributions from interatomic currents calculated using a
fully relativistic quantum mechanical scattering formalism by interpolation onto a
three-dimensional grid. The method is illustrated with calculations for Pt|Ir and Pt|Au
multilayers as well as for thin films of Pt and Au that include temperature-dependent
lattice disorder. The current flow is studied in the “classical” and “Knudsen” limits de-
termined by the sample thickness relative to the mean free path λ, introducing current
streamlines to visualize the results. For periodic multilayers, our results in the classi-
cal limit reveal that transport inside a metal can be described using a single value of
resistivity ρ combined with a linear variation of ρ at the interface while the Knudsen
limit indicates a strong spatial dependence of ρ inside a metal and an anomalous dip
of the current density at the interface which is accentuated in a region where transient
shunting is incomplete.

4.1 Introduction

The standard way to measure a bulk resistivity ρ is the four-point-probe technique
[158–160] which assumes isotropic current propagation. In the ongoing pursuit of
miniaturization in electronics, such measurements have been extended to study the
enhancement of resistivity in thin films [50, 161–167] (and wires [166, 168, 169])

*This chapter has been published as: R. S. Nair and P. J. Kelly, "Fully resolved currents from
quantum transport calculations", Phys. Rev. B 103, 195406 (2021).
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with a common theme being the estimation of a single effective value of ρ for a
given thickness (radius) d [169]. When the Fermi wavelength of the conduction
electrons is comparable to d, the wave nature of electrons gives rise to finite size
effects [58] that must be taken into consideration. If the mean-free-path λ is com-
parable to d, the whole concept of a local resistivity becomesmoot and as illustrated
in Fig. 4.1(a), specular and diffusive reflection from surfaces play a role in deter-
mining the current distribution in such films [50, 51]. The corresponding case of
a multilayer is illustrated in Fig. 4.1(b) where interfaces give rise to specular and
diffusive scattering and the finite transmission through interfaces leads to shunt-
ing of current which is typically addressed in experiments using parallel resistivity
models [52, 170].

Figure 4.1: Schematics of (a) electron scattering in a thin film geometry of finite
thickness d illustrating the role of surface scattering. An electron wave-packet (de-
picted by the black arrows) undergoing only specular scattering at the surface (blue
arrow) results in a uniform current distribution j flowing in the z direction whereas
diffuse scattering from a rough surface (red arrow) results in a non-uniform current
profile j(x). (b) Scattering at an interface (thick black horizontal line) between two
slabs of finite thicknesses d1 and d2 where the horizontal dashed lines represent a
surface or the next interface in a bilayer/multilayer geometry. At an interface, a
part of the incident electron wave (I) is transmitted (T) and the rest is reflected
(R) specularly or diffusely eventually leading to current equilibration along y. A
parallel resistivity model describes x-independent resistivities and, corresponding
to these, uniform current distributions. A realistic current distribution j1(x) and
j2(x) resulting from a resistivity gradient across the interface and from details of
the scattering (specular and diffuse) is sketched on the right. Note that the spatial
dependence is only expected to be significant over a length scale determined by the
mean free path of the materials. Coordinate axes are shown for reference.
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The field of spintronics originated with multilayers comprising alternating thin
films of magnetic and nonmagnetic metals [5, 6] and these continue to play a piv-
otal role [43, 76, 77, 171]. The accurate estimation of various spin transport pa-
rameters is intimately connected with knowing how much charge current flows in
the different layers that are of the order of 1-10 nm thick. A very recent attempt to
determine this current distribution combined different thin film resistivity models
with four-point-probe measurements for a large number of samples where the in-
dividual layer thicknesses were varied systematically [53]. This indirect approach
was made necessary by the absence of a direct method to observe how current flows
in the different layers of multilayer samples. Stejskal et al. concluded their study
by emphasizing the need for more detailed structural characterization in order to
be able to reduce the non-negligible variations they found in the model-dependent
allocation of currents to individual layers.

Although the transport properties of metals are known to be dominated by
states close to the Fermi energy [172–174], there have been few attempts to in-
clude the full complexities of the Fermi surfaces associated with partially filled d
bands in theoretical studies of transport parallel to the surfaces of thin films †, or in
the context of multilayers, parallel to the interfaces, the so-called current-in-plane
(CIP) configuration [186–188]. The most sophisticated model used by Stejskal
et al. [53] was the phenomenological electron gas model of Fuchs [50] and Sond-
heimer [51], generalized to treat two different surfaces [189] and to include trans-
mission through interfaces between two different metals [170] as well as the effect
of grain boundaries [162, 190]. The purpose of this chapter is therefore to explore
the possibility of calculating the spatial distribution of currents in realistic multi-
layers and thin films entirely from first principles including temperature-induced
lattice disorder [61, 150]. To do so, we introduce a discrete scheme to interpolate
local currents [20] calculated using a fully relativistic DFT based scattering code
[57] and apply it to evaluate the full spatial profile of currents in thin films of Pt
and Au which are of interest to the spintronics community as well as in Pt|Au and
Pt|Ir multilayers.

The chapter is arranged as follows. In Sec. 4.2.1 some aspects of the scatter-
ing problem that are relevant for the calculation of interatomic currents are briefly
summarized. The planar averaging introduced in Ref. 20 is relaxed in Sec. 4.2.2
to obtain fully spatially resolved local currents on a three dimensional grid. In-
spired by fluid physics we introduce streamlines to visualize the current flow in
Sec. 4.2.3. Although the same methodology can be straightforwardly applied to
study the spatial distribution of spin currents, the present work will for simplicity

†Most studies of electronic transport through thin films (or nanowires) based on realistic electronic
structures have been in the ballistic regime [14, 15, 58]. Most have been for Cu [175–182] but
calculations for Ag [178, 179], and Pt, Rh, Ir and Pd [183] thin films have also been reported. A
simple but effective “brute force” approach to modelling the diffusive regime [61, 150] has to the
best of our knowledge only been applied to the study of Cu thin films [184, 185]
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focus on charge currents. In Sec. 4.3 the methodology presented in the previous
section is illustrated: in the Knudsen limit for a thin film of Au and a Pt|Au mul-
tilayer in Sec. 4.3.1; in the classical diffusive limit for a thin Pt film and a Pt|Ir
multilayer in Sec. 4.3.2. The non-negligible effect of the choice of lead material
is examined in Sec. 4.3.3 and we conclude with a brief discussion and outlook in
Sec. 4.4.

4.2 Methods

4.2.1 Quantum transport

A typical two-terminal transport configuration is sketched in Fig. 4.2 with a scatter-
ing region (S) sandwiched between ideal left (L) and right (R) crystalline leads.
In the adiabatic approximation, atoms in the scattering region are displaced from
their mean positions with a Gaussian distribution of displacements characterized
by a root-mean square displacement ∆(T ) chosen to reproduce the experimental
resistivity [62] at a given temperature T [61, 150]. Such disorder would break the
translational symmetry completely and make it impossible to solve the Schrödinger
equation. To remedy this, we introduce periodic boundary conditions in the xy
plane with an N ×M “lateral supercell” comprising N and M unit cells in the x and
y directions, respectively, whereby the disorder is assumed to be periodic. It turns
out that remarkably small supercells are sufficient to eliminate observable effects
of the residual periodicity as long as the temperature is not too low [57].

! " ℛ x
y

z

Figure 4.2: A scattering region (S) is sandwiched between lattice-matched ballistic
left (L) and right (R) leads which are semi-infinite in the ±z-direction respectively.
Superlattice periodicity is imposed in the xy plane bymeans of an N×M supercell in
the x and y directions, respectively. This construction makes it possible to simulate
a wide range of disordered systems. Coordinate axes are shown for reference for
an fcc lattice with N = M = 10 and x=[110], y=[11̄0], z=[001].

The transport problem now reduces to one of solving the single particle Schrödinger
equation inside region S using the propagating Bloch states of the periodic semi-
infinite leads as boundary conditions. To do so in practice, we make use of a “wave
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function matching” (WFM) scheme [56, 94, 102] formulated [16, 57] for a basis
of tight binding (TB) muffin tin orbitals (TB-MTO) [67, 95, 147] and the atomic
spheres approximation (ASA) [64]. TB-MTOs form a localized orbital basis |i〉 with
i = Rlms where R is an atom site index and lms have their conventional meaning.
In terms of the basis |i〉, the wavefunction Ψ can be expressed as

|Ψ〉 =
∑

i

|i〉〈i|Ψ〉 (4.1)

and the Schrödinger equation becomes a matrix equation with matrix elements
〈i|H| j〉. Ψ is a vector of coefficients with elements ψi ≡ 〈i|Ψ〉 extending over all
sites R and over the orbitals on those sites, for convenience collectively labelled as
iR. |ΨR〉 is a projection of the total wave function |Ψ〉 onto the orbitals on atom R

|ΨR〉 =
∑

iR

|iR〉〈iR|Ψ〉 . (4.2)

The minimal TB-MTO basis along with the local density approximation (LDA) of
density functional theory (DFT) [54, 55] makes the scattering problem tractable
for scattering regions comtaining 104-105 atoms. A detailed description of the TB-
MTO-WFM transport scheme can be found in references [16] and [57].

4.2.2 Interpolation of interatomic currents onto a three dimensional
grid

We begin with expressions [20] for the charge current jPQ
c and spin current jPQ

sα
between atoms P and Q

jPQ
c =

1
i~

[
〈ΨP|HPQ

∣∣∣ΨQ
〉
−

〈
ΨQ

∣∣∣ HQP |ΨP〉
]

(4.3)

jPQ
sα =

1
i~

[
〈ΨP|σαHPQ

∣∣∣ΨQ
〉
−

〈
ΨQ

∣∣∣ HQPσα |ΨP〉
]

(4.4)

that are given in terms of the block HPQ of Hamiltonian matrix elements and vec-
tors of expansion coefficients 〈iP|Ψ〉 and 〈iQ|Ψ〉 obtained by solving the scattering
problem. A summation over lms is implicit. σ is a vector of Pauli spin matrices σα
and α labels the polarization direction of the spin current. The materials whose
transport properties we wish to study are crystalline materials or substitutional al-
loys at finite temperatures whose constituent atoms are displaced at random from
the sites of a Bravais lattice. Determining the spatial distribution of currents in the
scattering region thus requires interpolating all jPQ onto regular real space meshes
as a function of x, y, z.

In Fig. 4.3 we illustrate the discretization of an arbitrary transport geometry.
To generalize the interpolation and averaging of currents for an arbitrary geometry
generated by translation vectors T1,T2 and T3 that are not necessarily orthogonal
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(a) (b)

(d) (c)

Figure 4.3: (a) An arbitrary lattice described by the translation vectors T1,T2 (and
T3; not shown) is affine transformed into an equivalent orthogonal lattice (b) de-
scribed by T′1,T

′
2 (and T′3; not shown). (c) The lattice is then discretized into nxnynz

boxes equal to the number of atoms. Here ni with i = x, y, z is the number of atomic
layers in the ith direction. (d) The final grid where a single box bi jk ≡ b(xi, y j, zk) is
explicitly shown in 3D to help visualize the grid. The example shown is for a 4 × 4
lateral supercell in the xy plane with only two consecutive layers in the z direction
shown for clarity. Cartesian coordinate axes are shown for reference.

to each other, we first perform an affine transformation T [191–194] of the trans-
lation vectors with a combination of shearing and scaling transformations into a
dual space of orthonormal vectors T′1,T

′
2 and T′3 that lie along the Cartesian x, y

and z coordinate axes. Mathematically, we can express this as

T : R → O (4.5)

where R is the parent coordinate space andO is the dual space. Since the collinear-
ity of points along a given direction in the parent space is mapped into the corre-
sponding direction in the affine transformed space (§23 of [191]), averaging of
local quantities in O say x(≡ T′1) can be treated as being equivalent to averaging
in the direction of the corresponding translation vector (T1) in R. We now apply
T to the disordered geometry and map all atomic coordinates from R to O thus
transforming the disorder from the parent space. The disordered geometry in O is
then divided into boxes whose dimensions Dx, Dy and Dz are determined from the
average distance between consecutive atomic layers in the x, y and z directions, re-
spectively, such that the number of boxes is equal to the number of atoms and each
box contains exactly one atom; the latter is guaranteed if the temperature-induced
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atomic displacements are much less than the interatomic separations. The regular
lattice of boxes is constructed in such a way that the centres of gravity of the atomic
coordinates and boxes coincide.

jPQ ≡ ( jPQ
c , jPQ

sx , jPQ
sy , jPQ

sz ) is imagined as a current through a wire connecting
the positions of atoms P and Qwith (arbitrary) cross section APQ, see Fig. 4.4. Since
microscopic details of the spatial distribution of jPQ are unknowable, we assume a
homogeneous flux of current between P and Q. The tensor current density of
the wire is such that

←→
j PQVPQ = jPQ ⊗ dPQ where VPQ = APQdPQ is the volume

of the wire PQ, dPQ is the vector pointing from P to Q and dPQ its length. The
direct product jPQ ⊗ dPQ is estimated in the parent space R as it depends on the
components of jPQ and dPQ. Since the affine transformation T preserves ratios of
distances between points in a line (§24 of [191]), the current contribution to each
box can be determined in the dual space O using a linear interpolation scheme.

Unlike the planar averaged scheme [20] where a one-dimensional interpola-
tionwas enough to evaluate the variation in the z direction only, a three dimensional
interpolation is implemented here. A general case is shown in Fig. 4.4 for a pair of
atoms P and Q in O with their centres at (xP, yP, zP) and (xQ, yQ, zQ) respectively.
Note that P and Q can be inside or outside the box “b”. Only boxes that are inter-
sected by the wire PQ receive a contribution from the current jPQ which makes it
a classic computational problem of “collision detection” where one seeks the point
of intersection of the path of an object and a surface of interest. Mathematically,
this requires simultaneously solving the equation of line PQ connecting the pair
of atoms {P,Q} with equations describing the six faces of each box for all possible
{P,Q}. This amounts to 7 × C(n, 2) × C(n, 1) = 7

2 (n3 − n2) equations where n is
the number of atoms in the geometry with a computational effort that scales as
∼ O(n9). To efficiently perform interpolations for systems with multiple configura-
tions of 104−105 atoms, we instead take advantage of the orthogonality of the dual
space O and employ a line clipping algorithm [195] to determine all boxes which
are intersected by wire PQ as well as the points of intersection U and V.

The line PQ is first parametrized as

(x, y, z) = (xP, yP, zP) − c(xP − xQ, yP − yQ, zP − zQ) (4.6)

for 0 ≤ c ≤ 1. Each box can be described by six boundaries, two for each direction:
{x−, x+}, {y−, y+}, {z−, z+}, allowing us to write six inequalities for P , Q

αP − α+

αP − αQ
≤ c ≤

αP − α−
αP − αQ

for α = x, y, z. (4.7)

Equation (4.7) is only satisfied by the points on the line PQ that lies inside the box.
Then c takes a range of continuous values from which the intercepts U and V can
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d PQ
P

Q

U

V

A
PQ

box b

+

+

x-- x+

y--

y+

Figure 4.4: Illustration of the discrete current scheme where the grid is zoomed to
show how the current jPQ between atoms P and Q is interpolated into the box b.
The current contribution from “wire” PQ to the box b comes from the segment UV
(coloured red) that lies inside the box.

be obtained as

U = (xP, yP, zP) −min(c)(xP − xQ, yP − yQ, zP − zQ) (4.8a)
V = (xP, yP, zP) −max(c)(xP − xQ, yP − yQ, zP − zQ) (4.8b)

Note that U = (xP, yP, zP) when P lies inside b and V = (xQ, yQ, zQ) when Q lies
inside b, which we denote as P ∈ b, Q ∈ b, respectively in the following. We define
a parameter β that indicates how much of the wire lies outside the box on either
side.

βQP,b =

0 if Q ∈ b
dQV
dQP

if Q < b
(4.9a)

βPQ,b =

0 if P ∈ b
dPU
dPQ

if P < b
(4.9b)

where dAB is the norm of the vector dAB pointing from point B to point A. (In
the planar averaged scheme [20], only the projection dz

AB of dAB on z, is used to
evaluate βPQ.) Since the current changes between Q and P, we make a linear
interpolation

jPQ(c) = c jPQ − (1 − c)jQP (4.10)
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Thus, for a box of volume Vb, the contribution from
←→

j PQVPQ is given by∫ 1−βPQ,b

βQP,b

jPQ(c) ⊗ dPQ dc =

1
2

[(
1 − βPQ,b

)2
−

(
βQP,b

)2
]

jPQ ⊗ dPQ

+ 1
2

[(
1 − βQP,b

)2
−

(
βPQ,b

)2
]

jQP ⊗ dQP . (4.11)

Note that dPQ = −dQP. The average current density tensor in the box b is then

↔

jb=
1

Vb

∑
P,Q

1
2

[(
1 − βPQ,b

)2
−

(
βQP,b

)2
]

jPQ ⊗ dPQ (4.12)

and we take this value of
↔

jb to be the average current density at the centroid of
b. By interpolating all interatomic currents into all boxes b, we obtain the com-
plete spatial variation of the current density. Multiplying the current density with
cross sectional area of the box b perpendicular to z, we get current per unit voltage
applied between leads, a conductance. Summation of the normalized currents of
all boxes lying in a given xy plane should then be equal to the Landauer-Buttiker
conductance that is calculated independently of the interatomic currents and in-
terpolation scheme. This provides a check of the whole local current formalism.
Finally, centroids of the boxes are affine transformed back into the parent space,

T ′ : O → R. (4.13)

We observe spatial oscillations in calculated spin currents because of the in-
terference between reflected and incident electron matter waves. Although these
oscillations are real, they are not present in semiclassical descriptions of transport.
Because they are found to be attenuated away from the leads in parallel with the
corresponding decrease in the unscreened particle accumulation, we follow Ref.20
and use the latter to reduce these quantum fluctuations to facilitate analysis using
semiclassical transport formulations. Since lateral supercell sizes do not exceed
more than a few hundred atoms in our calculations, we perform such averaging
using only the planar averaged unscreened particle accumulation. Details of this
averaging can be found in Ref.20.

4.2.3 Current streamlines

From here on we only consider the charge current and will therefore drop the
subscript c. To study transport in the lateral direction, we will construct periodic
bilayer in the x direction (see Fig. 4.5). Because of the assumed superlattice pe-
riodicity, the average current in the y direction, jy(x, z) = 0. The visualization of
j(r) reduces to a problem in two dimensions if we average over y and, to do so, we
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Fully resolved currents from quantum transport calculations

introduce a current stream function ψ(x, z) (not to be confused with the wavefunc-
tion) by analogy with the velocity stream function in fluid physics [196]. In the
steady state, charge conservation requires that ∇.j = 0 and for the xz plane, this
reduces to

∂ jx

∂x
+
∂ jz
∂z

= 0. (4.14)

Defining ψ(x, z) such that

jx =
∂ψ

∂z
and jz = −

∂ψ

∂x
(4.15)

automatically leads to (4.14) being satisfied. ψ(x, z) = constant is a path whose tan-
gent at any point gives the direction of the current vector j = jxi+ jzk at that point.
This defines a streamline and the volume flow per unit width between streamlines
connecting the left (L) and right (R) leads is

ψR − ψL =

∫ R

L

dψ =

∫ R

L

[
jxdz − jzdx

]
(4.16)

This region can be thought of as a conducting strip carrying a constant flux of cur-
rent analogous to a streamtube for incompressible fluid flow such that crowding of
streamlines at a region in the flow-field indicates a local increase in the magnitude
of the current [196].

4.2.4 Mean Free Path

In the relaxation time approximation (RTA), the conductivity is given in terms of
the k dependent velocities υ(k) = 1

~∇kε(k) as

σi j = e2
$

d3k
8π3 τ(k) υi(k)υ j(k)

(
−
∂ f
∂ε

)
ε=ε(k)

. (4.17)

In the low temperature limit −∂ f
∂ε → δ(ε− εF) and (4.17) becomes an integral over

the Fermi surface S F . Assuming additionally that τ(k) = τ(ε(k)) then

σ = e2D(εF)τ(εF)〈v2
F〉 (4.18)

where D(ε) is the density of states. Both D(εF) and 〈v2
F〉 can be evaluated from

standard bulk LMTO electronic structure calculations ‡ and since σ ≡ 1/ρ is known

‡We use Mark van Schilfgaarde’s “lm” extension of the Stuttgart LMTO (linear muffin tin
orbital) code that includes spin-orbit coupling and is maintained in the Questaal suite at
https://www.questaal.org
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[62]§, τ can be expressed as

τ =
σ

e2D(εF)〈v2
F〉

(4.19)

and the mean free path can be estimated as λ = τ〈v2
F〉

1/2.

4.3 Results

Different regimes of electron transport can be identified depending on the ratio of
the electron mean free path λ to the critical dimension d of the scattering geometry
that is the Knudsen number (Kn). When λ � d, we are in the classical limit
where the flow of current is well described by Ohm’s law. The other extreme is
the Knudsen limit where λ � d, size effects and interface or surface scattering
dominate and transport deviates from Ohm’s law [197].

x
y z

X

Y

(100)

(010)
(110)

(*110)y

x

+,-

Figure 4.5: Sketch of an N × M lateral supercell used to model transport in a
lattice-matched AB multilayer with A=Au and B=Pt. For clarity, only six layers
in the z direction are explicitly shown, the separation of the layers is exaggerated
and the leads sandwiching this geometry in the ±z-directions are not shown. The
x direction is the crystal [110] direction. Part of an fcc layer perpendicular to the
[001] direction with in-plane crystallographic directions is shown on the left. The
conventional cubic axes of an fcc lattice are X,Y and Z(≡ z).

§We could calculate the conductivity entirely from first principles; see [61, 174] but because
the results are not always in as good agreement with experiment as in [61], it is more expedient
to choose the thermal disorder to reproduce the experimental resistivity (and magnetization) as in
[20, 34, 48, 57, 61]
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Fully resolved currents from quantum transport calculations

To illustrate the three-dimensional current scheme presented above, we con-
sider thin films and two-component ...A|B|A|B... multilayers where the thickness
of the ith layer is di. In this chapter, only fcc metals are considered as sketched
schematically in Fig. 4.5 with a charge current flowing in the [001] direction, par-
allel to the A|B interfaces.

A k-point sampling of ∼ 160
N ×

160
M for an N×M supercell is used throughout the

chapter. From now on we use the terms current and current density interchange-
ably. Unless stated otherwise, all currents are averaged over y and are calculated
for a temperature T = 300K (“room temperature”); when averaging currents over
the scattering region, z ∈ S, a few layers close to the leads where transient effects
are observed are omitted.

4.3.1 Knudsen limit

Au thin film

We begin by calculating the current in a free-standing [110] oriented thin film of
Au. The thin film is modelled as a Au|vacuum “multilayer” by alternating 60 atomic
layers of Au with five layers of “empty spheres” (with nuclear charge Z = 0 to sim-
ulate vacuum [198–200]) in the x direction so that N = 60 + 5. A periodicity of
M = 3 layers in the y direction is imposed and the scattering region is 90 atomic
layers thick in the z direction, see Fig. 4.5. A value of the root-mean square dis-
placement∆ of the atoms in the scattering region was chosen to reproduce the room
temperature bulk resistivity of Au, ρ300

Au = 2.3 ± 0.07 µΩ cm [62]†. The thickness of
the slab in the x direction is approximately 1

2λ
300
Au where λ = 34.5 nm was estimated

in the RTA as described above. Ballistic Au leads were used to minimize transient
effects at the lead|scattering region interface, between crystalline and thermally
disordered Au.

In Fig. 4.6(a) we plot the charge current j̄z(x) flowing in the z direction aver-
aged over the y and z directions as a function of x (black symbols). This shows a
gradual concentration of the current away from the surfaces and towards themiddle
of the film. A strong z dependence is also apparent from plots of j̄z(x, z0) averaged
over y and z = z0±5 atomic layers for different values of z0 ∼ 3, 5, 7, 9 nmmeasured
from the left lead. The current streamlines are plotted in Fig. 4.6(b) where they
are superimposed on a colour map showing the magnitude of the charge current.
The colour map shows a larger current density at the centre of Au in both x and
z directions. On closer examination, streamlines are not parallel to the z axis but
exhibit curvature. This demonstrates that the current distribution has not reached
its asymptotic form in z which is not surprising as the length of the scattering region

†The value of root-mean-square displacement ∆ chosen with a view to reproducing the room
temperature resistivity of pure Au turned out to yield a value of ρAu = 2.6±0.07 µΩ cm corresponding
to T ∼ 335K. Since this has no consequences for the present study, it was not corrected.
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x (nm)

z
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m
)
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Figure 4.6: Current distribution in a thin film of Au at 335K. (a) Top curve, black
symbols: current density j̄z(x) obtained by averaging over y and z. Colour symbols:
j̄z(x, z0) obtained by averaging over y and z = z0±5 layers in the z direction for four
different values of z0 that are offset from the black curve in steps of ∆ j = 0.002 for
clarity. The error bars, that are smaller than the symbol size, indicate the average
deviation over 10 random configurations of disorder. (b) Streamlines of the current
vector j(x, z) = jxi + jzk in the xz plane. The colour contour in the background
corresponds to the magnitude of the current.

is only about half of the mean free path λ ‡. Apart from a rapid decay of the current
density within a few layers of the surface that is described by a “specularity coef-
ficient” p in the Fuchs-Sondheimer framework [50, 51], an approximately linear
variation of the conductivity from the surface to the middle of the film is observed
at the centre of the scattering region furthest from the leads. An “effective resistiv-
ity” clearly conceals substantial variation in the current density for film thicknesses

‡The relatively short scattering region studied here is a consequence of treating a very large lateral
supercell containing (60 + 5) × 90 × 3 = 17550 atoms including spin-orbit coupling taking us to the
current limits of our computing facilities in terms of both memory and run time
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that are commonly used in spintronics.

Pt|Au multilayer

Modern experiments frequently use heterostructures in which the thicknesses di

of constituent layers are comparable to the corresponding bulk mean free paths
λi. To demonstrate the deviation from bulk behaviour we choose a Pt|Au mul-
tilayer. Both Pt and Au are fcc metals with only a 2% lattice mismatch so that
such an epitaxial multilayer might be prepared without undue structural disorder.
Thermal disorder corresponding to the room temperature bulk resistivities of Au,
ρ300

Au = 2.6 ± 0.07 µΩ cm and Pt, ρ300
Pt = 10.8 ± 0.5 µΩ cm, was used with different

mean square displacements in the Au and Pt layers. The mean free path in Au,
λ300

Au = 34.5 nm is almost ten times that in Pt, λ300
Pt = 3.74 nm [201]. Choosing

dAu < λ300
Au and dPt > λ300

Pt should make any size effect apparent at room tempera-
ture. We construct a scattering geometry as shown schematically in Fig. 4.5 with
60 atomic layers each of Pt and Au in the x direction with a periodicity of 3 layers
in the y direction and 90 layers thick in the z direction corresponding to a total of
32400 atoms in the scattering region. A charge current is injected from ballistic Au
leads in the z direction. The resulting charge current distribution in the Pt|Au mul-
tilayer is plotted in Fig. 4.7 §where the error bars, that are smaller than the symbol
sizes, correspond to the uncertainty with which the experimental resistivities are
reproduced in our scattering calculations.

The average shunting j̄Au
z / j̄Pt

z ∼ 2.3 i.e, the ratio of the mean current value in
Au to that in Pt, indicated by the solid black horizontal lines in each layer plotted
in Fig. 4.7(a), is much lower than expected from the ratio of the bulk resistivities
ρ300

Pt /ρ
300
Au ∼ 4.2. The charge current is seen to be constant and saturated inside

Pt while in Au a rapid increase in the two atomic layers adjacent to the interface
followed by a continuous variation to the centre of the layer is observed. We note
a small, anomalous dip in the current density in the Pt layers next to the inter-
face. The current density variation at the interface and in the Au slab is clearly not
amenable to description using a single resistivity. An almost immediate saturation
of the total current carried by the Au and Pt layers is observed when these are plot-
ted as a function of z in Fig. 4.7(b) making our results independent of the length of
the scattering region. The streamlines plotted in Fig. 4.7 are parallel to the z axes
inside Pt indicating that there is no net flow of current across the interface into Au
as asymptotic shunting of the total charge current density is reached in the z di-
rection. However, a redistribution of the current inside Au is visible from the color

§Our interatomic currents are normalized to the applied bias between the left and right leads.
After interpolating these onto a regular mesh, the currents are normalized to the conductance in the
z direction. When summed over x and y, they are therefore dimensionless and equal to unity at any
position z to satisfy charge current conservation. x and y averaging is simply given by adding all the
currents in the xy plane
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Fully resolved currents from quantum transport calculations

contour and small curvature of the streamlines that is similar to what we saw for
the Au thin film. As the total current in each layer is independent of z, one might
use a parallel resistance model to estimate the current shunting noting, however,
that this would not correctly describe microscopic details of the variation near the
interface and in the Au layer just presented.

4.3.2 Classical limit

The classical diffusive limit is achieved when the mean free path is much shorter
than other critical dimensions of the structures being studied, λ � d. Memory
requirements currently limit the lateral supercell size to H = N × M ≈ 300 − 400
atoms for which the maximum length of scattering region is about L ≈ 130 atoms
when spin-orbit coupling is included. Because the computational effort for metallic
systems scales as approximately H2L [16, 57], considerably longer scattering re-
gions can be studied with smaller lateral supercells. To attain the diffusive limit we
need to consider high resistivity materials or study elevated temperatures or both.

Pt thin film

We first study charge transport through a thin film of Pt, modelling a free-standing
[110] oriented Pt layer as a Pt|vacuum multilayer with N layers of Pt and 5 layers
of “empty spheres” repeated periodically in the x direction. The effect of increas-
ing the default periodicity of three atomic layers in the y direction to five atomic
layers is studied. To minimize lead|scattering- region interface effects, Pt leads are
used. We calculate the average resistivity for different values of N and identify the
thickness at which it saturates to the bulk value. At T = 300K, the bulk resistivity
of Pt is ρ300

Pt = 10.8 ± 0.5 µΩ cm and λ300
Pt ∼ 3.74 nm.

The thickness dependence of the resistivity of a thin film (or wire) is often
studied using the “FS” model formulated some 70-80 years ago by Fuchs [50] and
Sondheimer [51] and named after them, in which surface scattering is treated
phenomenologically using Boltzmann transport theory. In the case of a monocrys-
talline “free-standing slab” with only bulk and surface scattering of charge carriers,
the thickness dependent resistivity, ρ is given by

ρ(p, d/λ) =ρb

[
1 −

3
2(d/λ)

(1 − p)∫ ∞

1

(
1
t3 −

1
t5

)
1 − e(d/λ)t

1 − pe(d/λ)t dt
]−1 (4.20)

where d is the thickness of the slab and λ and ρb are, respectively, the mean free
path and resistivity of the bulk material. The “specularity coefficient” p is the frac-
tion of electrons scattered elastically from the surface independent of their velocity
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Figure 4.8: Average resistivity of Pt films calculated as a function of the effective
thickness d/λ where d is the thickness of the film in the x direction for transport in
the z(001) direction and λ is the mean free path of bulk Pt at RT. The separation of
periodically repeated thin films by vacuum (“vacuum thickness”) is modelled using
5 layers of “empty” spheres in the x direction. Calculations for each thickness are
done for two cases with 5 (blue) and 3 (red) atomic layers repeated periodically in
the y direction. The dotted lines are calculated using the Fuchs-Sondheimer model
[50, 51] for three different values of the specularity coefficient p that describes the
amount of completely diffusive surface scattering: completely specular (p = 1),
partially specular (p = 0.5) and completely diffusive (p = 0). According to (4.20),
choosing p = 1 yields the bulk resistivity ρb irrespective of d/λ.

and takes values ranging from 1 (specular) to 0 (diffusive). When all the electrons
are reflected specularly from the surfaces, the resistivity is identical to that of the
bulk; finite-size effects are not considered in the phenomenological FS electron gas
model.

Values of ρ calculated for different thicknesses of Pt at T = 300K are plotted
in Fig. 4.8 as a function of d/λ where the thin-film enhancement of the resistivity
is clear. The resistivity decays to within a few percent of its bulk value when d ∼ 4λ
and follows the FS model with p ∼ 0.5 quite well even though the only surface
roughness that is included is what results from thermal disorder. The number of
layers M in the y direction has been limited to three throughout this chapter in order
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Figure 4.9: (a) Top curve, black symbols: current density j̄z(x) obtained by av-
eraging over y and z. Colour symbols: j̄z(x, z0) obtained by averaging over y and
z = z0 ± 5 layers in the z direction for four different values of z0 that are offset from
the black curve in steps of ∆ j = 0.002 for clarity. The error bars, that are smaller
than the symbol size, indicate the average deviation over 10 random configurations
of disorder. (b) Streamlines of the current vector j(x, z) = jxi + jzk in the xz plane.
The colour contour in the background corresponds to the magnitude of j(x, z).

to be able to study films with a reasonably large thickness given by the number of
layers N in the x direction. In Fig. 4.8 this is shown to be a reasonable compromise
for all but the thinnest of films where the results of calculations with M = 3 and
5 are compared. The thickness dependent resistivity analysis confirms that d/λ is
the appropriate length scale for transport in slabs with finite thickness.

For N = 60 atomic layers corresponding to a film thickness of ∼ 4.4λ300
Pt and

“bulk-like” behaviour, the charge current j̄z(x) resulting from averaging over y and
z is plotted as a function of x in Fig. 4.9(a) (black symbols). The current density at
different z coordinates (coloured symbols) shows that jz is only weakly dependent
on z unlike what we saw in Au. The reason is that λ300

Pt is much shorter than the
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length of the scattering region. In Fig. 4.9(b), the current streamlines in the xz

plane are superimposed on a colour map of the magnitude j(x, z) ≡
√

j2x + j2z of
j(x, z) . Within the uncertainties of the calculation the current is constant except
very close to the surface where a rapid decay in the current occurs over a length of
2 nm∼ 1

2λ
300
Pt . A more detailed study of transport through thin Pt films will examine

the effect of film orientation and surface roughness [202].

Pt|Ir multilayer

We study a Pt|Ir multilayer at an elevated temperature of T = 800K chosen to
make it possible to realise “bulk” like behaviour with scattering region sizes that are
computationally tractable. Lattice disorder was introduced as described in Sec. 4.2
to reproduce the experimental bulk resistivities of Pt, ρ800

Pt = 28.1±0.4 µΩ cm and of
Ir, ρ800

Ir = 16.1±0.6 µΩ cm at 800 K [62] for which λ800
Pt ∼ 1.4 nm and λ800

Ir ∼ 2.4 nm.
Ir and Pt are both fcc metals with an equilibrium lattice mismatch of only 2%.

We neglect this mismatch and use a common lattice constant of aPt = 0.392 nm in
the following. The scattering geometry is constructed as sketched in Fig. 4.5 with
60 (110) planes each of Pt and Ir stacked in the [110] x direction. It consists of 90
(001) atomic layers sandwiched between ballistic Ir leads in the z direction chosen
to be the crystal [001] direction with periodicity of three atomic layers in the y
direction. A current is injected in the z direction from the Ir leads, parallel to the
Pt|Ir interface.

We average jz(x, y, z) over y and z and plot the resulting j̄z(x) as a function of
x across the interface in Fig. 4.10(a). The horizontal black lines indicate averaged
asymptotic values of current densities calculated separately for x ∈ Pt and x ∈ Ir. A
transition is clearly visible over a length scale of λi about the interface. The asym-
metry of the transition regionwith respect to the atomic interface simply reflects the
difference between the mean free paths of the two materials. Within the error bars
of our calculation the ratio of the equilibrium values of the currents averaged over
the Ir and Pt volumes, j̄Irz / j̄Pt

z = 1.71, mirrors the ratio ρ800
Pt /ρ

800
Ir = 1.75 confirming

that bulk behaviour is recovered inside the slabs. As shown in Fig. 4.10(b) where
the total charge currents in Pt and in Ir are plotted as a function of z, the current
injected from the leads attains its asymptotic distribution essentially immediately.

In Fig. 4.10(c) we plot streamlines calculated for the charge current in a plane
perpendicular to the interface in the Pt|Ir bilayer. Streamlines are parallel to the z
axis everywhere suggesting no current flow across the interface in the x direction
so each material can be treated as an independent transport channel. A colour map

corresponding to the magnitude of the charge current j =

√
j2x + j2z is shown in the

background for reference.
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4.3.3 Effect of different lead materials

Perhaps surprisingly, neither Fig. 4.7 nor Fig. 4.10 provides any indication of cur-
rent redistribution from the high resistivity to the low resistivity metal, the phe-
nomenon know as shunting. It transpires that this is because these calculations
were carried out using the lower resistivity material of the multilayer pair as the
lead material so that there is essentially no contact resistance for the low resistiv-
ity channel. Because of the mismatch between their electronic structures, there is
a substantial contact resistance between the high conductance lead and the high
resistivity material. To lowest order, this contact resistance is the same as the in-
terface resistance between the two materials making up the multilayer. While it
is desirable that the results of calculations with the scattering formalism should
be independent of the materials used for the leads, this is not always possible in
practice because of present memory and computational time constraints. We illus-
trate this by considering what happens if we use the high resistivity material of the
multilayer pair as lead material.

Au|Pt

Instead of using Au leads to inject a current into the Au|Pt multilayer, we now use
Pt. In the Knudsen limit illustrated by the upper panels of Fig. 4.11, the current
density does not saturate in the x direction in either Pt or Au (Fig. 4.11(a)) nor
does it saturate in the z direction in either Pt or Au for the lengths of scattering
region considered here (Fig. 4.11(b)). Compared to the results with Au leads, the
current density in Pt is higher whereas that in Au is lower. Because the current
does not saturate in the z direction in Fig. 4.11(b), the j̄z(z) plotted in Fig. 4.11(a)
was obtained by averaging jz(x, y, z) over y and over the ten central layers in the z
direction (layers 41 to 50 out of a total of 90). As a function of x, the anomalous
dip at the interface in the current profile plotted in Fig. 4.11(a) is much larger than
in Fig. 4.7(a) with Au leads.

In Fig. 4.11(b), the injection of charge carriers from Pt leads into Au (red sym-
bols) is much lower than the injection from Au leads into Au (upper grey line). This
can be attributed to the existence of an interface resistance between the ballistic
Pt lead and diffusive Au. The converse applies for the injection into diffusive Pt
from a ballistic Pt lead which is now higher (blue symbols) than when Au leads
were used (lower grey line). Shunting tries to achieve the asymptotic situation
where ρPt j̄Pt

z = ρAu j̄Au
z by diverting current from Pt to Au. We see this happening in

Fig. 4.11(b) with j̄Au
z (z) increasing and j̄Pt

z (z) decreasing towards the centre of the
scattering region. With our present computational resources, the number of layers
in the z direction required to achieve asymptotic behaviour is not tractable for the
supercell sizes considered here.

The streamlines plotted in Fig. 4.11(c) now curve towards the Au layers of
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4.4 Discussion

the multilayer indicating the flow of current across the interface from Pt into Au.
Charge transport in the non-asymptotic case studied here is not amenable to de-
scription using a simple parallel resistance model following Ohm’s law. It is worth-
while noting that for nanoscale experiments using heterostructures composed of
metals with long mean free paths like Cu, asymptotic current distributions cannot
be guaranteed for short lengths and the application of semiclassical models may be
contentious.

Pt|Ir

We now look at what happens when Pt leads are used in the classical limit for
the 800 K Pt|Ir multilayer illustrated in the lower panes of Fig. 4.11. Comparing
Fig. 4.11 (a) and (d), we see a striking difference between the classical and Knudsen
limits near the interface. In Fig. 4.11(d) jz(x) varies gradually across the interface
essentially interpolating between the saturated values calculated previously using
Ir leads (indicated in grey) with the ratio of the mean values of the current density
in each slab (black lines) j̄Irz / j̄Pt

z = 1.52 falling short of the ratio ρ800
Pt /ρ

800
Ir = 1.71.

As we saw for Pt|Au, shunting of the charge current is seen in Fig. 4.11(e) to vary
along the transport direction z but the crossover seen near the leads for Pt|Au is
now absent. And just as we found for Pt|Au, the reduction in the current injected
into Ir from Pt leads can be attributed to the interface resistance between ballistic
Pt and diffusive Ir being larger than the negligible resistance between ballistic Pt
and diffusive Pt. Streamlines of the current vector in Fig. 4.11(f) now curve into
the Ir layer of the multilayer indicating a net flow from Pt into Ir.

The above examples show that longer scattering regions are needed in order to
realize the situation where the currents reach their asymptotic distributions that are
independent of the choice of lead material. This will become increasingly difficult
as the temperature is lowered. The layers considered in this study are comparable
in thickness to those use in many experiments in the field of spintronics where Pt
layers are typically 10-20 nm thick and current distributions are expected to be
asymptotic because of the longer lengths of samples. However, by using the high
conductivity material in a multilayer as lead material, we showed that it is possible
to probe the asymptotic state.

4.4 Discussion

We have presented a scheme to study spin and charge currents in nontrivial nanos-
tructures containing surfaces and interfaces that builds upon an extremely effi-
cient fully relativistic quantum mechanical scattering formalism [57, 153] and il-
lustrated it with a study of charge transport in thin films and multilayers of non-
magnetic materials. The specific examples that we considered viz. Pt|Ir and Pt|Au
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Fully resolved currents from quantum transport calculations

multilayers as well as free-standing thin films of Pt and Au are illustrative of trans-
port regimes where the mean free path λ is either much larger than the thickness
d of individual layers or much smaller. The ratio λ/d is the Knudsen number (Kn)
that is well known from fluid physics. As pointed out early on by Fuchs [50], Sond-
heimer [51] and others [189], it plays a crucial role in determining how currents
are distributed near a surface where diffusive scattering leads to a suppression of
the current in a thin film as confirmed by numerous experimental studies as well
as by our calculations for Au and Pt. The same current suppression is apparent in
just the Au layer of a Au|Pt multilayer for which Kn > 1 but is much smaller in the
Pt layer leading to a current density that varies nonmonotonically when we pass
from the centre of the Pt layer through the interface to the centre of the Au layer.
For a Pt|Ir multilayer at 800K for which Kn < 1 there is a smooth and continuous
variation of the current density through the interface.

Although the need to more accurately describe current distributions in metal-
lic multilayers, including transient shunting effects, is widely recognized in order
to interpret spin-transport experiments [52, 109, 203, 204], there has been lit-
tle progress in devising improved methods of doing so [53]. At the same time,
in the semiconductor world, there is a growing need to describe electron trans-
port in wires whose size is being constantly reduced [49, 169] in order to identify
improved interconnect materials. While we performed calculations for systems of
O(104) atoms, accessing the asymptotic limit at room temperature given by Kn > 1
for high conducting materials such as Cu with a long mean free path requires cal-
culations on larger systems ∼ O(105) atoms. This is currently only limited by com-
puter memory and computational time which will be met by the next generation
of computers. In conclusion, our fully resolved current scheme makes it possible
to accurately predict electronic transport in the complex geometries frequently en-
countered in modern microelectronics without introducing empirical parameters.
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5
Spin Hall Effect in a thin Pt film *

A density-functional-theory based relativistic scattering formalism is used to study
charge transport through thin Pt films with room temperature lattice disorder. A
Fuchs-Sondheimer specularity coefficient p ∼ 0.5 is found to describe the charge cur-
rent even in the absence of surface roughness. The spin Hall current perpendicular to
the surface is poorly described using the model currently used to interpret experiments
leading us to develop an improved model that takes surface effects into account. A re-
duced value of the spin Hall angle at the surface is needed to describe the first-principles
transport results whose value depends on the film orientation. The in-plane spin Hall
effect is substantially enhanced by the surface.

5.1 Introduction

The passage of a charge current through a heavy metal excites orthogonal spin
currents because of the asymmetric spin scatteringmediated by spin-orbit coupling,
the well-known spin Hall effect (SHE) [12, 25, 73, 76, 77]. At an interface or
surface which breaks the translational symmetry, spin accumulates on a length scale
of the spin-flip diffusion length (SDL) lsf [68]. For a thin film of finite thickness d
in the x direction, see Fig. 5.1, the diffusive spin Hall current jx

sy(x) towards the
surface at x = d/2 that is generated in response to a charge current jzc applied in
the z direction and the resulting spin accumulation µx

sy(x) are described by [21, 68]

*Submitted as: R. S. Nair, M. Rang, P. J. Kelly, “Spin Hall Effect in a thin Pt film".
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Spin Hall Effect in a thin Pt film

jx
sy(x) = ΘsH jzc

[
1 −

cosh(x/lsf)
cosh(d/2lsf)

]
, (5.1a)

µx
sy(x) = 2ΘsH jzcρ lsf

[ sinh(x/lsf)
cosh(d/2lsf)

]
. (5.1b)

Here, the spin current in the x direction is polarized in the y direction and the
spin Hall angle (SHA) ΘsH characterizes the efficiency of charge-to-spin conver-
sion. This model is expected to hold for d > lsf and is used to extract values of
lsf and ΘsH from experiments on NM|FM bilayers comprising nonmagnetic (NM)
and ferromagnetic (FM) metals using spin-pumping and the inverse spin Hall effect
(ISHE) [75, 81, 82] or the SHE and spin transfer torque [84], or using the nonlo-
cal spin injection method [79, 85]. The NM metal that is most frequently studied
is Pt whose thickness is typically chosen in the range 10-20 nm. The values of lsf
and ΘsH reported for Pt span an order of magnitude [18, 77]. All three experi-
mental methods rely on interfaces to inject or detect the spin current and a failure
to take account of interface spin-flipping was suggested [19] as the reason for the
wide spread. However, taking it into account has not brought consensus any closer
about the values of the SDL and SHA [20].

Recently the magneto-optical Kerr effect (MOKE) was used to probe the spin
accumulation in a thin film and thereby estimate ΘsH and lsf without introducing
an interface between Pt and another metal [105]. However, the values of ΘsH
and lsf extracted from these experiments for Pt are twice those of the best available
theoretical estimates using ab-initio calculations [20, 93] motivating us to examine
the SHE in thin films in more detail.

5.2 Method

To study transport in a thin film, we generalized a scheme for calculating layer-
resolved currents [20] from the solutions of fully relativistic quantum mechanical
scattering calculations [57, 153] to allow full atomic resolution [205]. The geom-
etry used to study thin film transport is illustrated in Fig. 5.1 for a (110) surface
perpendicular to the x direction. Periodic boundary conditions are used in the x
and y directions whereby use can be made of Bloch’s theorem to efficiently deter-
mine and keep track of the lead states [16]. Vacuum is represented in the atomic
spheres approximation (ASA) using “empty spheres” [198–200]. Spin currents are
calculated as in Ref. [20] and their interpolation onto a three dimensional grid is
described in chapter 4
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5.3 Calculations

X
Y Z
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Figure 5.1: Schematic of the geometry used to study transport in a [110] oriented
thin film of fcc Pt (blue). The layer separation in the z direction is exaggerated for
clarity. The vacuum region is modelled using a thickness of vacuum equal to five
layers of “empty” spheres (grey) in the x direction and superlattice periodicity in
the x and y directions is assumed. Three unit cells in the y direction and a few
atomic layers of the repeated unit cells in the ±x direction are shown on the top
left for a single [001] plane. A charge current jzc is passed between leads in the +z
and −z directions (not shown) exciting spin currents jx

sy in the x direction which
accumulates at the surface (orange arrow) and jysx flowing in the y direction parallel
to the surface.

5.3 Calculations

The results we find for the spin Hall current jx
sy(x) flowing towards the surface

of the thin film sketched in Fig. 5.1 are presented in Fig. 5.2 for a free standing
Pt slab of thickness d = 31.60 nm corresponding to 115 atomic layers in the x
direction that are separated from their periodic images by five layers of empty
spheres. 90 layers of this 360=(115+5)×3 supercell were stacked in the z direction
and the atoms in the scattering region were displaced at random with a Gaussian
distribution of atomic displacements chosen to reproduce the experimental bulk
resistivity of ρ = 10.8 µΩ cm [62] at room temperature (RT=300K). The thickness
of the slab is d ≈ 6 lsf for a value of lsf ≈ 5.2 nm estimated from the decay of a
fully polarized spin current injected into Pt [20, 93] making it essentially bulk-like.
Consistent with this is that at the center of the slab, the spin Hall angle (the ratio
of the transverse spin current measured in units of ~/2 to the longitudinal charge
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Spin Hall Effect in a thin Pt film

Figure 5.2: (Top) Spin current jx
sy flowing in the x direction at room temperature

as a function of x (circles). The green curve results from equation (5.1a) using
the “bulk” values lsf = 5.2 nm and ΘsH = 4.2% calculated for bulk Pt [20, 93].
The grey curve is the best fit using equation (5.1a) with lsf = 0.9 nm and ΘPt =

4.0%. The red curve is obtained by taking the calculated jzc(x), bulk values of lsf =

5.2 nm and ΘPt = 4.2% and fitting with (5.4a) and (5.5) to obtain ΘS = 2.54 ±
0.03%. The horizontal dashed blue line represents the bulk value ΘPt = 4.2% for
the charge current density at the centre of the thin film. Error bars on the calculated
data represent the average deviation over five configurations of thermal disorder.
(Bottom) Logarithm of the root mean square residuals using (left) equation (5.1a)
to describe the ab-initio calculated data in the {lsf ,ΘPt} parameter space and (right)
equations (5.4a) and (5.5) in the {lsf ,ΘS} parameter space with the bulk value of
ΘPt = 4.2%.
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5.4 Improved Valet-Fert model

current measured in units of the electron charge −e) is the bulk value, ΘPt ≡ ΘPt
sH ≈

4.2% [20]. Small oscillations that are discernible in the calculated profiles are
attributed to standing waves that are not described by semi-classical (Boltzmann)
descriptions of transport. Using the bulk values of lsf and ΘsH in (5.1a) yields the
green curve in Fig. 5.2 that is clearly a poor representation of the ab-initio results.
If instead we perform a least squares fit in the (lsf ,ΘS) parameter space (bottom
left panel) we find a best fit with lsf = 0.9 nm and ΘPt = 4.0% yielding the grey
curve in Fig. 5.2 (top panel). The extremely short value of lsf and the shape of
the corresponding best fit curve differ quite substantially from the calculations. To
understand the discrepancy, we generalize the Valet-Fert (VF) model of Zhang [68]
to include surface spin-flipping and a surface SHE.

5.4 Improved Valet-Fert model

To include surface effects, the thin film geometry is modelled as a trilayer with two
surface (S) regions of finite thickness t sandwiching the non-magnetic “bulk” metal
(NM) of thickness d in the x direction as shown schematically in Fig. 5.3(a). For
each layer i(=S, NM), the transverse spin current density and spin accumulation
excited by a longitudinal charge current density jzc(x) in the z direction are

jx
sy(x) =

1
2eρili

[
Aie−x/li − Biex/li

]
+ Θi jzc(x) (5.2a)

µx
sy(x) = Aie−x/li + Biex/li (5.2b)

where li ≡ lisf describes the decay of a spin current in the layer i, ρi is its resistivity
and Θi ≡ Θi

sH its spin Hall angle. The metallic layer has inversion symmetry and
the spin current and spin accumulation are continuous across the NM|S interface.
The surface layer is anisotropic and all three transport properties are considered
to be tensors with the independent elements ρ⊥S , ρ

‖

S, l
⊥
S , l
‖

S,Θ
⊥
S ,Θ

‖

S. Since we are
interested in spin diffusion perpendicular to the surface, l‖S and Θ

‖

S do not enter
(5.2) while ρ‖S is implicit in jzc(x). We are left with three parameters ρ⊥S , l

⊥
S and Θ⊥S

governing transport perpendicular to the surface in the finite surface layer S that
cannot be determined by fitting equations (5.2) for jx

sy and µx
sy. Instead, taking the

limit t → 0 leads to the surface areal resistance ARS and spin-memory loss (SML)
parameter δ defined as

lim
t→0

ρ⊥S t = ARS and lim
t→0

t/l⊥S = δ (5.3)

where δ describes the spin current discontinuity that arises when t → 0 and the
first term on the right-hand side of (5.4a) is proportional to δ/ARS. Since there
is no transport across the surface into the vacuum we set ARS → ∞ so the first
term in (5.4a) vanishes giving rise to the boundary condition jx

sy = Θ⊥S jzc[±(d/2)]

85



Spin Hall Effect in a thin Pt film
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Figure 5.3: (a) Schematic of the trilayer geometry with a nonmagnetic (NM) slab
sandwiched between two surface layers (S) of finite thickness t that separate it from
the vacuum (V). Spin transport in each layer i is characterized by its bulk properties
Θi, li and ρi. For the surface layer, these transform into surface quantities in the
limit t → 0. (b) Profile of the charge current jzc(x) flowing through Pt in the z
direction averaged in the y direction and sufficiently far from the leads in the z
direction as to be independent of z. The red curve is a fit using Fuchs-Sondheimer
theory (FS) in the explicit form given in Ref. [189]. Error bars represent the average
deviation over five configurations of disorder.

at x = ±(d/2) compared to jx
sy = 0 in (5.1a). We use this condition and inversion

symmetry in the x direction to eliminate the coefficients Ai and Bi for the slab.
Introducing a surface region whose transport properties differ from those of

the bulk poses the question as to how the longitudinal charge transport is affected
by the surface. In Fig. 5.3(b), jzc(x) is seen to deviate in the topmost 10 atomic
layers from a constant bulk value and can be fit essentially perfectly using the Fuchs-
Sondheimer (FS) theory with the RT bulk resistivity ρPt, the mean-free-path λPt =

3.74 nm estimated in the relaxation time approximation with the Fermi velocity
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5.4 Improved Valet-Fert model

averaged over the Fermi surface [93], and a specularity coefficient p ∼ 0.5 [50,
51, 189] without needing to explicitly invoke the surface transport parameter ρ‖S.
Using this jzc(x) as the longitudinal charge current driving the spin-Hall current
in (5.4a), we arrive at the following expressions describing spin diffusion in the
presence of the spin Hall effect in a thin film

jx
sy(x) = −CS cosh(x/lPt) + ΘPt jzc(x) (5.4a)

µx
sy(x) = 2eρ lPtCS sinh(x/lPt) (5.4b)

where the coefficient

CS =
(ΘPt − Θ⊥S ) jzc(|d/2|)

cosh(d/2lPt)
(5.5)

is clearly a surface dependent quantity and

Θ⊥S =
jx
sy(|d/2|)

jzc(|d/2|)
. (5.6)

For the [110] surface we find a value of Θ⊥S = 2.5%, substantially lower than the
bulk value. This result as well as those for [001] and [111] oriented films are given
in Table 5.1. For the very smooth [111] surface we also considered a “rough” vari-
ant prepared by randomly removing half of the atoms from the topmost layer. The
results obtained from equation (5.6) are seen to exhibit a very strong dependence
on the surface. This comes about not because of a strong dependence of jx

sy(x) on
the surface but because of (i) the FS suppression of jzc(x) close to the surface and (ii)
the connectivity of the atoms making up the surface layer. For example, jzc(|d/2|)
has a large value for the smooth [111] surface where every surface atom has six
neighbouring surface atoms and it is this which leads to a large value of jzc(|d/2|)
and low value of Θ⊥S .

Just as the resistivity is not a local property on the length scale of the mean
free path, there is no reason to describe the SHE as a local property as is done
by the semiclassical VF description. At the centre of the thin film furthest from the
surfaces, the absolute value of the leading, diffusive term in (5.4a) has its minimum
value and jx

sy(x = 0)/ jzc(x = 0) ≈ ΘsH as indicated by the dashed blue reference
line in Fig. 5.2 corresponding to the bulk value of ΘPt = 4.2% [20]. Fixing ΘPt
at this bulk value, we scan the {lsf ,Θ

⊥
S } parameter space with (5.4a) and find a

minimum occurs for values of lsf in the range 4–6 nm and of Θ⊥S in the range
1.5–2.5%. Alternatively, we can fix ΘPt and lsf at their bulk values {4.2%, 5.2 nm}
and optimize the fit of (5.4a) and (5.5) to the ab-initio values of jx

sy(x) using the
remaining free parameter Θ⊥S . The result of doing so for the [110] surface is the
red curve in Fig. 5.2 for a value of Θ⊥S = 2.54±0.03%. The fit is seen to be excellent.
Values of Θ⊥S for the other surfaces are given in Table 5.1 where a suppression of
the surface SHA is seen for all orientations.
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Spin Hall Effect in a thin Pt film

Table 5.1: Room temperature transport parameters for differently oriented Pt thin
films: specularity coefficient p; spin Hall angle in percent for spin-current per-
pendicular (Θ⊥S ) and parallel (Θ‖S) to the surface. Values of Θ⊥S were obtained by
fitting jx

sy(x) with (5.4a) and (5.5) with ΘPt and lsf fixed at their bulk values. For
the rough [111] calculations, 50% of the atoms in the surface layers were removed
at random.

Clean Rough
[110] [100] [111] [111]

p 0.5 0.5 0.4 0.2
Θ⊥S (%) Eq.(5.6) 2.0 1.7 0.1 3.1

Eqs.(5.4a)&(5.5) 2.1 3.8 3.5 2.0
Θ
‖

S (%) 8.8 7.0 7.7 6.3

5.5 Surface enhancement

We have seen that jzc and jx
sy depend strongly on the distance x to a surface in a thin

film. In Fig. 5.4 we plot the spin current that flows parallel to the surface, jysx, and
see that it also depends quite strongly on x. Unlike jx

sy(x) that changes on a length
scale of lsf , jysx is essentially constant up to a mean-free-path of the surface where
it increases to reach ∼ 150% of its mean value at the centre of the slab in spite of
the FS suppression of the driving charge current jzc(x) shown in Fig. 5.3. Thus in
a sample that is finite in the x and y directions, see Fig. 5.1, a spin Hall current
diffusing towards a surface or an interface will have an additional contribution
from the surfaces parallel to the direction of diffusion.

To extract a surface SHA, we integrate Θ‖(x) = jysx(x)/ jzc(x) from a position
in the vacuum where all currents vanish, through the surface at x = −d/2, in to x
and plot the result as a function of x in the inset to Fig. 5.4. Using a linear fit we
identify a surface region of thickness t ∼ 1.94 nm between where the integrated
curve deviates from the linear bulk contribution and where it vanishes. We define
the ratio of the corresponding intercept on the y axis (red asterisk in Fig. 5.4) to t
as the surface contribution Θ

‖

S. For the [110] thin film, this ratio yields Θ
‖

S ≈ 8.8%.
Results for the other orientations given in Table 5.1 are all enhanced compared to
the bulk value of ΘPt.
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5.6 Discussion

t ~1.94 nm

*

Figure 5.4: RT spin current − jysx propagating in the y direction as a function of x
(left-hand axis). Error bars represent the average deviation across 5 configurations
of disorder. The local ratio − jysx/ jzc ≡ Θ

‖

sH plotted as a function of x is referenced
to the right-hand axis. Inset: Integral of Θ

‖

sH from the centre of the vacuum region
near the bottom surface to x = −5nm, plotted as a function of x. The linear fit is
shown in red and the “effective surface region" in grey. The value of the linear fit
at the x coordinate where

∫
Θ
‖

sHdx becomes positive is indicated by a red asterisk.

5.6 Discussion

When allowance is made for a variation of the SHA at a surface, the spin-current
profiles that we calculate from first-principles scattering theory are consistent with
bulk values of the SHA and SDL that we calculated previously [20, 93]. We find
no evidence for a recently reported value of lsf = 11 ± 3 nm obtained from MOKE
observations of the spin accumulation induced in thin films by the SHE [105]. The
asymptotic “bulk” resistivity of 20.6 µΩ cm that Stamm et al. report for thick films
[105] is twice the handbook value quoted for RT Pt [62]. Although polycrystallinity
and grain boundary scattering are frequently invoked [162, 190] to account for the
increased resistivity of thin films [163–167] and wires [166, 168, 169], it is not
known what effect these might have on the SHE-induced spin accumulation nor
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Spin Hall Effect in a thin Pt film

is any structural characterization reported that might account for the increased
resistivity [105]. From the Elliott-Yafet relation ρ lsf = const., one might expect lsf
to be shorter when the resistivity is high rather than longer.

5.7 Summary

First-principles calculations were used to examine the diffusion of the intrinsic spin
Hall current perpendicular to the surface of a thin film of Pt at room temperature
when a charge current is passed through the thin film. A marked suppression of
the charge current parallel to the surface is found to be well reproduced by a phe-
nomenological model due to Fuchs and Sondheimer and leads to a reduction of the
spin source. A model of spin diffusion that is widely used to interpret experimental
SHE studies fails to reproduce the spin current profiles that we calculate leading
us to develop a more general model that provides an accurate description of the
calculated spin current. A substantial enhancement of the spin Hall current parallel
to the surface is predicted.
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6
Transverse spin injection in bilayers*

We use first-principles scattering calculations and a recently developed discrete current
scheme to study the spin currents driven transversely into non-magnetic Au (or Cu)
layers by the spin Hall effect in adjacent Pt (Ni or permalloy, Py) layers. The spin
currents are excited by charge currents passed parallel to the interfaces of Au|Pt, Py|Cu
and Ni|Cu periodic bilayers and are injected across the Py|Cu and Pt|Au interfaces
with an efficiency of ∼ 40% and ∼ 60%, respectively. A Valet-Fert scheme developed
to describe the spin injection into Au from Pt yields a value for the spin memory loss
parameter δ ∼ 0.6 and spin Hall angle ΘI ∼ 3% for the Pt|Au interface at room
temperature. Unlike Pt|Au, the spin injection in the FM|NM systems comes largely
from the interface.

6.1 Introduction

Passing a charge current through a material like platinum with strong spin-orbit
coupling results in a spin Hall effect (SHE) whereby a transverse spin current is
generatedwith orthogonal spin and linearmomentumdirections [12, 73, 206]. On-
sager reciprocity demands an inverse effect (ISHE) with the generation of a charge
current orthogonal to a spin current pumped into the material and to its spin direc-
tion. It is the ISHE which is most frequently used in experiments to extract material
dependent spin transport properties like the spin Hall angle ΘsH and the spin flip
diffusion length lsf [103, 207–209]. The SHE has been theoretically studied using
semi-classical drift-diffusion models [68], the Kubo [35, 100, 101, 108, 210] and

*In preparation: R. S. Nair and P. J. Kelly, "Transverse spin injection in bilayers".
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scattering [20, 34, 93] formalisms. Theoretical studies concerned with calculat-
ing the material dependence of the spin Hall conductivity (SHC) have focussed on
bulk properties to exploit periodicity in lateral directions [93, 108, 210]. However,
whether the ISHE is used to detect the spin current pumped by the precessing mag-
netization of a ferromagnetic material (FM) into an adjacent nonmagnetic material
(NM) [75, 81–83] or the passage of a charge current through a NMmaterial gener-
ates a spin current by the SHE that then exerts a (spin-transfer) torque (STT) on an
adjacent FMmaterial [84], experimental determinations of the SHC always involve
interfaces. Use of the nonlocal spin-injection method [79, 85] involves two inter-
faces: an FM|NM interface to create a spin accumulation and an NM|NM′ interface
to detect it. The recent use of MOKE experiments [105] to detect the spin accumu-
lation at the surface of a material by probing it with polarized light also involves
an interface, an NM|vacuum interface, i.e. a surface. These interfaces introduce
additional parameters [89, 211] such as the spin memory loss (SML) parameter
[48] or interface SHE [34] that are not accounted for adequately. Moreover, how
a spin Hall current generated in a bulk FM material diffuses across a FM|NM in-
terface when the magnetization M of the FM is not aligned with the propagating
spins is not known. The only theoretical work we are aware of that considers the
injection of spin Hall currents in bilayers deals with 2D model systems [212, 213].
This leads us to pose the question as to how efficiently a spin Hall current gener-
ated in a real material like Pt is injected into another nonmagnetic material like
Au. Addressing this question requires looking at the spatial distribution of intrinsic
spin Hall currents in realistic bilayers. In this paper, we will do so for NM|NM′ and
FM|NM bilayers composed of materials with similar lattice constants, in particular
Pt|Au, Py|Cu and Ni|Cu. Pt, Py and Ni exhibit strong spin Hall effects while Au and
Cu have long spin flip diffusion lengths and negligible intrinsic spin Hall angles.

This chapter is organized as follows. The main features of the quantum me-
chanical scattering calculations used in this work are sketched in Sec. 6.2 and some
details of the computational parameters are given. A Valet-Fert [21] model that will
be used to interpret the numerical spin injection results in NM|NM′ is derived in
Sec. 6.3. In Sec. 6.4 we calculate spin currents in periodically repeated bilayers
starting with Pt|Au and apply our Valet-Fert (VF) model to extract interface param-
eters. We further discuss our calculations in Py(Ni)|Cu bilayers and present the
results. Some conclusions are drawn in Sec. 6.5.

6.2 Method

To address how the transverse spin current excited by a longitudinal charge current
is injected into an adjacent non-magnetic material, we use the results of relativis-
tic quantum mechanical scattering calculations [57, 153] to construct inter-atomic
charge ( jc) and spin ( js) currents [20] which are interpolated onto a three di-
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mensional grid yielding j(x, y, z) [93]. A 3D sketch of the scattering region (S)
sandwiched between left (L) and right (R) leads used to study an fcc Au|Pt bilayer
is shown in Fig. 6.1. Note that there is still superlattice periodicity in the x and y
directions. A charge current is injected from a lead in the [001] z ≡ Z direction
( jzc) leading to spin currents in the x [110] and y [11̄0] directions as schematically
shown in Fig. 6.1. Details of the scheme can be found in Ref. [205].

y
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Figure 6.1: Sketch of a 10×5 lateral supercell used to model transport in a lattice-
matched Pt|Au bilayer. The Pt leads (left, L and right, R) sandwiching this geom-
etry in the ±z-directions are not shown. A charge current jzc (blue arrow) in the
[001] z direction generates transverse spin currents like jx

sy (green arrow) in the x
direction and jysx (orange arrow) in the y direction. For the fcc lattice used here,
the x direction is the crystal [110] direction. Only a few layers in the z direction are
explicitly shown for the sake of clarity. For reference, an fcc layer perpendicular to
the [001] direction with in-plane crystallographic directions is shown on the left.
The conventional cubic axes of an fcc lattice are X,Y and Z(≡ z)

To simulate thermal disorder, atoms are displaced randomly in material i with
a Gaussian distribution of displacements characterized by the root mean square
displacement ∆i chosen to reproduce the bulk resistivity ρi at 300K [150]. For the
FM|NM bilayers, spin disorder is introduced analogously in the FM region where
the root mean square rotation of the polar angle with respect to the magnetiza-
tion direction is chosen to reproduce the bulk magnetization at 300K and the az-
imuthal angle is chosen at random [61]. It has been established that the temper-
ature dependence of the resistance of thin films follows that of the bulk materials
[163, 214, 215] so the use of a bulk ∆ is adequate to describe temperature disorder
in our bilayer system.

To study spin injection in a particular direction, in the present case x, we use
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N × M supercells that are sufficiently large in the x direction to recover bulk be-
haviour in the centres of the individual layers. Since we are limited in the size of
lateral supercell that we can handle computationally, we choose N � M where N
and M are the number of layers in the x and y directions respectively. The asym-
metry in supercell dimensions will be taken into account by sampling the BZ asym-
metrically so that the sampling density is as close to isotropic as possible. In Fig. 6.2
we plot the x dependence of the intrinsic spin Hall current j̄x

sy(x) flowing in the x
direction and polarized along y in bulk Pt for a 10×10 supercell with a BZ sampling
equivalent to 160×160 for a 1×1 supercell that accurately reproduces the bulk ΘPt

sH
of ∼ 4.2% with a maximum variation of ∼ ±0.5%. j̄x

sy(x) is obtained with accept-
able variation as a function of x by averaging jx

sy(x, y, z) over y and over z omitting
the transition region between the ballistic leads and diffusive scattering region.

Unless stated otherwise, all currents will be averaged over y and calculated for
a temperature T = 300K (“room temperature”); when averaging currents over the
scattering region, z ∈ S, a few layers close to the leads where transient effects are
observed are omitted.

Figure 6.2: A charge current is injected into an N×M=10×10 lateral supercell of Pt
in the z [001] direction leading to transverse spin Hall currents in all directions. We
focus on j̄x

sy(x), the spin current density in the x direction polarized along y obtained
from jx

sy(x, y, z) by averaging over the y direction as well as over the z direction (but
omitting a transition region at the interface between the leads and the scattering
region). The Brillouin zone of the 10×10 lateral supercell is sampled with P×Q =

16×16 k-points. Results are averaged over 10 configurations of random thermal
disorder. The inset shows the planar averaged transverse spin currents [20] as a
function of z where the interface effects between the ordered leads and disordered
scattering region are clearly visible.
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6.3 Valet-Fert Model

To interpret the results of the large-scale scattering calculations and make contact
with experiment, we begin by adapting a model developed by Valet and Fert [21]
to describe spin transport perpendicular to the interfaces of an FM|NM multilayer
(current-perpendicular-to-the-plane, CPP) to the present case of a NM|NM′ mul-
tilayer in which a charge current is passed through the multilayer parallel to the
interfaces in a so-called current in-plane (CIP) configuration. We will explicitly
calculate jzc(x, y, z) and from that obtain j̄zc(x) by averaging over y and z. The one-
dimensional model we will construct will use j̄zc(x) as a source term to drive a spin
Hall current in the x direction perpendicular to the NM|NM′ interfaces and will
include interface effects.

NM NM’I

%NM , ℓNM
%I , ℓI
ΘI

%NM′ , ℓNM′

t

⊗
z x

y

ΘNM ΘNM′

I I
/ = −1NM / = 1NM′/ = 0

3456

Figure 6.3: Generalized Valet-Fert model for an NM|I|NM′ multilayer with a charge
current j̄zc(x) flowing parallel to the interface planes in the z direction. The charge
current drives intrinsic spin Hall currents jx

sy (blue curve) in the x and jysx in the y
directions in layer i corresponding to the spin Hall angles Θi. The material param-
eters governing the spin currents in layer i are the resistivity ρi and the spin flip
diffusion length li. A spin Hall current is injected from NM into NM′ through the
interface I.

The NM|NM′ bilayer geometry is modelled as an NM|I|NM′ trilayer with a
fictitious “bulklike” interface layer (I) of finite thickness t located between x =

−t/2 and x = t/2 with periodic boundary conditions at x = −dNM and x = dNM′

where dNM and dNM′ are the thicknesses of the NM and NM′ layers respectively,
see Fig. 6.3. A charge current j̄zci(x) applied parallel to the interface plane in the
z direction will excite transverse spin currents j̄zci(x)Θi in each layer i = NM, I and
NM′ by the spin Hall effect where Θi is the spin Hall angle appropriate to layer i,
Θi ≡ Θ i

sH. The total charge current Jz
c in the z direction is given by

Jz
c =

∫ −t/2

−dNM

j̄zcNM(x)dx +

∫ t/2

−t/2
j̄zcI(x)dx +

∫ d′NM

t/2
j̄zcNM′(x)dx (6.1)
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For a total applied charge current Jz
c, the spin transport in the x direction in a bulk

layer i(= NM, I,NM′) is characterized by its resistivity ρi, spin flip diffusion length
li and a source term proportional to Θi. The spin accumulation µs(x) = µ↑(x)−µ↓(x)
and spin-current densities j↑(x) and j↓(x) in the presence of a spin source φs(x) in
the x direction satisfy the following equations

∂2µs

∂x2 =
µs

l2
, (6.2a)

j↑(↓)(x) = −
1

2eρ
∂µ↑(↓)(x)
∂x

+ φ↑(↓)(x) (6.2b)

where φ↑(x) − φ↓(x) = Θ(x) jzc(x) is the intrinsic spin Hall current for any layer i.
Because there is no charge current in the x direction, we have

j↑(x) + j↓(x) = 0 (6.3)

= −
1

2eρ

[
∂µ↑(x)
∂x

+
∂µ↓(x)
∂x

]
+ φ↑(x) + φ↓(x) (6.4)

= −
1

2eρ

[
2
∂µ↑(x)
∂x

−
∂µs(x)
∂x

]
+ φ↑(x) + φ↓(x) (6.5)

∴
∂µ↑(x)
∂x

=
1
2
∂µs(x)
∂x

+ eρ
[
φ↑(x) + φ↓(x)

]
. (6.6)

From eq. (6.2) and eq. (6.6) we have

j↑(x) = −
1

4eρ
∂µs(x)
∂x

+
1
2
[
φ↑(x) − φ↓(x)

]
(6.7a)

j↓(x) =
1

4eρ
∂µs(x)
∂x

−
1
2
[
φ↑(x) − φ↓(x)

]
(6.7b)

∴ js(x) = j↑(x) − j↓(x) = −
1

2eρ
∂µs(x)
∂x

+ Θ jzc(x) (6.7c)

In eq. (6.7c), the x dependence of Θ(x) is dropped assuming a homogeneous in-
trinsic spin Hall effect in a given layer. To avoid any ambiguity in the following, we
use the notation jp

sq for a spin current in the p direction polarized in the q direction
and µp

sq for the corresponding accumulation.
For a spin Hall current in the x direction polarized in the y direction, a general

solution of eq. (6.2a) can be written

µx
sy(x) = Aex/l + Be−x/l. (6.8)

eq. (6.7c) and eq. (6.8) form the generalized spin transport equations including
the spin Hall effect for layer i

µx
syi(x) = Aiex/li + Bie−x/li (6.9a)

jx
syi(x) =

1
2eρili

[
Bie−x/li − Aiex/li] + Θi jzci(x) (6.9b)
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The spin current jx
sy and spin accumulation µx

sy at the NM|I and NM′|I interfaces
are continuous. We take the limit t → 0 and introduce an areal resistance ARI at
the interface and an SML parameter δ to eventually describe a discontinuity in the
spin current introduced by the vanishing thickness of the fictitious interface layer I

lim
t→0

ρIt = ARI and lim
t→0

t/lI = δ. (6.10)

The fcc superlattice is constructed so as to have inversion symmetry through the
centres of the NM and NM′ layers. Making use of this, we finally express the spin
current and accumulation in the NM and NM′ layers as

jx
syi(x) = −

Ai

eρili
cosh

( |x|
2li
− ki

)
+ Θi jzci(x) (6.11a)

µx
syi(x) = 2Ai sinh

( |x|
2li
− ki

)
(6.11b)

where
Ai

ρili
= ARI

∆(Θ jzc)i
{
(e2δ + 1)δρi′ li′ sinh ki + (e2δ − 1)ARI cosh ki′

}
− 2eδ∆(Θ jzc)i′δρi′ li′ sinh ki′

(e2δ + 1)
i,i′∑
α
ραlαARIδ cosh kα′ sinh kα + (e2δ − 1)

{ i,i′∏
α
δραlα sinh kα +

i,i′∏
α

ARI cosh kα
}

(6.12)
with {i, i′}={NM, NM′} or {NM′, NM} and summations or products are over both.
eq. (6.9) can be used, after some algebra, to show that the spin currents at the
interface x = 0 satisfy

jx
syi(0) =

δ

ARI sinh δ

[
ρili

{
Θi jzci(0) − jx

syi(0)
}
tanh ki cosh δ + ρi′ li′

{
Θi′ jzci′ (0) − jx

syi′ (0)
}
tanh ki′

]
+ ΘI jzcI(xI) (6.13a)

jx
syi′ (0) =

δ

ARI sinh δ

[
ρili

{
Θi jzci(0) − jx

syi(0)
}
tanh ki + ρi′ li′

{
Θci′ jzi′ (0) − jx

syi′ (0)
}
tanh ki′ cosh δ

]
+ ΘI jzcI(0) (6.13b)

where ki = di/2li, ∆(Θ jzc)i = Θi jzci(0) −ΘI jzcI(0) and ∆(Θ jzc)i′ = Θi′ jzci′(0) −ΘI jzcI(0).
Here, jzci(0) and jzci′(0) refer to the driving charge current density in layers NM and
NM′ respectively, close to the interface at x = 0 and jzci(0) is the current density
through the interface I. How we estimate the values of the charge current densities
in Pt|Au will be discussed in Sec. 6.4.1

6.4 Results

We begin by presenting the results of scattering calculations of the spin Hall effect
for a multilayer comprising two nonmagnetic materials, Pt and Au in Sec. 6.4.1
and for a ferromagnetic and nonmagnetic material in Sec. 6.4.2 where FM is Py
or Ni. The results for all three interfaces are briefly compared in Sec. 6.4.3. The
polarization of the charge current in the z direction is considered in Sec. 6.4.4. All
calculations were carried out at 300K as described in Sec. 6.2.
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6.4.1 Pt |Au bilayer

The results of the first-principles calculations for a Pt|Au (110) multilayer are pre-
sented in the following section. After which the parameters needed to describe spin
transport with the Valet-Fert model just developed are extracted and discussed.

Spin injection

The spin Hall angle ΘsH is ∼ 4% in bulk Pt and ∼ 0.25% in Au [93]. Au has a large
spin flip diffusion length (lsf ∼ 50 nm) which results in a very slow decay of an
injected spin current making it a much-used spacer layer in experiments. We con-
struct a lattice-matched Pt|Au bilayer as in Fig. 6.1 but now with 60 atomic layers
each of Au and Pt in the x direction such that N = 120 with a total thickness of
33.85 nm corresponding to the lattice constant of Pt, aPt = 0.392 nm. To make the
computational effort tractable, we use only M = 3 layers in the y direction resulting
in a supercell size of 120×3 along with a BZ sampling equivalent to ∼ 133 × 133
for a 1×1 supercell. This BZ sampling density is used throughout for other bilayers
as well unless otherwise explicitly stated. The scattering region is constructed by
stacking 90 (001) layers (∼17.5nm) in the z direction.

Au

Pt
Au(b)Au(b)

Figure 6.4: A charge current is injected from ballistic Au leads, Au(b), into the
laterally periodic Pt|Au bilayer sketched in the inset. Shown is the total charge
current Σ jzc(Pt) in Pt and Σ jzc(Au) in Au as a function of the z coordinate.
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Figure 6.5: Spin Hall currents in a 60Pt|60Au bilayer from scattering calculations.
(a) Spin current j̄x

sy(x) polarized in the y [110] direction and flowing in the x [11̄0]
direction and the fit using the Valet-Fert (VF) model in red. The distribution of
the driving charge current density j̄zc is plotted in grey (right hand axis). (b) Spin
current j̄ysx(x) polarized in the x direction and flowing in the −y direction. The local
variation of Θ

y
sx(x) = j̄ysx(x)/ j̄zc(x) is plotted in grey (right hand axis). Error bars

represent the average deviation across 10 configurations of thermal disorder.

We calculate jx
sy(x, y, z), the spin current in the x-direction polarized in the y-

direction, in response to injecting a charge current Jz
c in the z direction from Au

leads. With Au leads, the total charge currents in Pt and Au, Σ jzc(Pt) and Σ jzc(Au),
respectively, have reached their asymptotic values as shown in Fig. 6.4 and are z in-
dependent though the distribution within Au has not [205]. The spin current is av-
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eraged over the y direction and in the z direction, omitting a few layers close to the
leads to avoid any contact effects. Fig. 6.5(a) shows the averaged spin Hall current
j̄x
sy(x) flowing in the x direction perpendicular to the interface. The equilibrium dis-
tribution of the driving charge current j̄zc(x), also averaged in the y and z directions,
is plotted in grey for reference. Corresponding to a total charge current shunting
Σ jzc(Au)/Σ jzc(Pt) ≈ 2.24, we extract an effective Au resistivity ρAu = 4.78 µΩ cm us-
ing a bulk value of ρPt = 10.7 µΩ cm. An appreciable spin injection with little decay
inside Au is apparent from the plot of j̄x

sy. We attribute the oscillatory behaviour of
j̄x
sy(x) seen in Pt close to the interface to quantummechanical interference resulting
from the finite reflection at the interface [48].

The spin Hall current j̄ysx(x) parallel to the interface is seen in Fig. 6.5(b) to be
enhanced close to the interface in both Pt and Au. In Pt it saturates within a few
atomic layers to a value corresponding to a spin Hall angle of Θ

y
sx ≈ 5.3±0.4% that

is larger than the value of 4.2% that we estimate for bulk Pt [20, 93]. We obtain
the same value (not shown) for j̄x

sy(x = 0)/ j̄zc(x = 0) implying isotropic, bulk-like
behaviour at the centre of the Pt film. The spin current j̄ysx does not saturate inside
Au and is seen to continuously decrease towards the centre of the layer. Since the
Au slab is thinner than λ300

Au , the mean-free-path at room temperature calculated in
the relaxation time approximation [93, 205], we cannot assume isotropy even at
the centre of the slab. We use the saturated value ΘPt = 5.3% and the previously
calculated bulk value of ΘAu = 0.25% in our Valet-Fert model. The charge current
in Pt is approximately independent of x, therefore the source term in eq. (6.11a) is
nearly a constant. The charge current in Au has a strong x dependence. However,
ΘAu is very small compared to ΘPt and therefore the x dependent source term
in eq. (6.11a) is small compared to the spin current diffusing into Au from Pt. We
neglect the x dependence of the source terms in both layers to simplify the analysis.
To do so, we define jzcPt(0) = jzcPt, jzcAu(0) = jzcAu and jzcI(0) = [ jzcPt(0) + jzcAu(0)]/2
where jzcPt and jzcAu are the charge currents averaged along the x direction inside
Pt and Au respectively.

ARI, ΘI and δ

We follow Gupta et al. and use a CPP configuration in a three step procedure to
determine the interface resistance between Pt and Au [48]. The first step is to cal-
culate the resistance of a length LPt of diffusive Pt in series with a length LAu of
diffusive Au sandwiched between ballistic Au leads in the [110] z direction for a
variable length of LPt and fixed length of Au, LAu = 44.21nm as shown schemati-
cally in Fig. 6.6. The lengths LPt and LAu are longer than the mean free paths in
the respective materials and hence the total resistance of the Pt|Au bilayer can be
expressed as
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LPt LAu

𝜌!"𝐿!" 𝜌#$𝐿#$

Au(b) Au(b)
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Figure 6.6: Total resistance of a diffusive Pt(LPt)|Au(LAu) (110) junction sand-
wiched between ballistic Au leads as a function of LPt for a fixed length of LAu =

44.21 nm. The slope corresponds to ρPt. The intercept at LPt = 0 contains con-
tributions to the total resistance from ballistic Au leads (yellow), the length LAu
of diffusive Au (orange), and from the L|S (red) and S|R (brown) interfaces that
are estimated in separate calculations and subtracted from the intercept to yield
ARPt|Au (green).

AR(LPt, LAu) = ρPtLPt + ρAuLAu + ARPt|Au

+
[
ARPt|Au(b) + 1/GAu

Sh
]
+

[
ARAu|Au(b) + 1/GAu

Sh
]

(6.14)

whereGAu
Sh is the conductance of ballistic gold, the Sharvin conductance [216]. The

quantity we are interested in is the areal resistance ARPt|Au. The other quantities
ARPt|Au(b) and ARAu|Au(b) are the areal interface resistances between the left bal-
listic Au lead and diffusive Pt (L|S) and between the right ballistic Au lead and
diffusive Au (S|R), respectively. These can be determined in separate calculations
for variable lengths of diffusive Pt and Au sandwiched between Au leads as shown
in Fig. 6.7. For a length LPt of diffusive Pt sandwiched between ballistic Au leads,
we have [45, 57]

AR(LPt) = ρPtLPt + 2
[
ARPt|Au(b) + 1/GAu

Sh
]

(6.15)
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LAu
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Au(b) Au(b)
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Au(b) Au(b)
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Figure 6.7: Total resistance of diffusive Au (top) and Pt (bottom) sandwiched be-
tween ballistic Au leads as a function of the length LPt and LAu, respectively. A linear
fit of AR(L) to const. + ρL yields the bulk resistivity as the slope; the intercept is
the sum of interface and Sharvin contributions.
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Fitting AR(LPt) gives ρPt as the slope and the second term in the parenthesis as
the intercept. Similarly we can determine the final term in eq. (6.14), ARAu|Au(b) +

1/GAu
Sh and ρAu

† using a variable length LAu of diffusive Au sandwiched between
ballistic Au leads. Substituting these values into eq. (6.14) yields ARPt|Au = 0.50 ±
0.04 fΩm2 approximately equal to the value calculated for a (111) Pt|Au interface
[48] using a similar procedure.

The remaining two interface parameters δ and ΘI can be estimated by simul-
taneously solving equations eq. (6.13) at the interface x = 0. Calculated j̄x

sy(x)
exhibit noticeable oscillations at the interface which we attribute to quantum me-
chanical interference resulting from the finite reflection at the interface. These
effects are not described by the semiclassical Valet-Fert framework. To obtain the
boundary values js,Pt(0) ≡ j̄x

sy,Pt(0) and js,Au(0) ≡ j̄x
sy,Au(0) entering eq. (6.13) we

need to neglect the quantum mechanical oscillations. To do so, we separately fit
eq. (6.11a) to the calculated j̄x

syi(x) in Pt and Au using only the independently de-
termined bulk parameters li and ρi where the coefficient Ai that captures all the
interface parameters is the only unknown parameter of the fit. We then use the
best fit to evaluate js,Pt(0) and js,Au(0). The procedure for solving eq. (6.13) is
illustrated in Fig. 6.8. The equations are represented as functions in (ΘI, δ) space
and the solutions are found using standard root searching algorithms. The crossing
shows that there is a common solution that satisfies the spin current profiles in Pt
and Au. The solution is unique because it is given by the intersection of functions
that are diverging convexly away from the point of intersection that correspond to a
value of δ = 0.57±0.16 and ΘI = 3.14±0.2%. The error bars were propagated from
the uncertainty in j̄x

sy,Pt(0) and j̄x
sy,Au(0) and other parameters entering eq. (6.13).

The red curves in Fig. 6.5 were then obtained by substituting the values for
the interface parameters into eq. (6.11a) and eq. (6.11b) using eq. (6.12) and are
found to describe the scattering theory results very well. Within our error bars,
the SML parameter δ extracted here is in agreement with the value determined
from the decay of a spin current injected from a polarized lead into a Pt|Au (111)
junction (CPP) [48], an entirely different CPP configuration. We used a bulk value
lAu(300K)=50 nm [93] in our Valet-Fert model whereas the actual value could be
lower owing to the enhanced resistivity ‡ but the fit was found to be only weakly
sensitive to the value that was used as long as lAu � dAu. The choice of ΘAu is
also not critical. If we use ΘAu = 0.78% for Au, we find slightly different values of
δ = 0.72 and ΘI = 2.6% but the same fitting curve.

†The disorder used here was chosen to reproduce the nominal room temperature resistivity of Au
with its equilibrium lattice constant. We attribute the enhanced value of resistivity reported here to
choosing a smaller lattice constant to match Pt. This was verified by comparing the density of states
at the Fermi level which was found to be slightly higher for the smaller lattice.

‡to estimate a value for lAu
sf we need to first disentangle the the bulk from the interface contribution

to the resistivity, doing so is not trivial.
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Figure 6.8: Graphical representation of numerical solutions for δ and ΘI obtained
by solving eq. (6.13). The common solution is given by the point of intersection of
the two curves.

6.4.2 FM |Cu bilayers

Using ab initio calculations, we have shown in chapter 3 that a large spin Hall
current can be generated in the bulk of Py and Ni in agreement with other calcula-
tions [38, 137, 157]. Recent experiments using non-local measurements [36, 39]
reported a large spin Hall effect in Py. To connect experiments with calculations it
is important to investigate how efficiently a pure transverse spin current generated
in a FM is transmitted through an FM|NM interface into an adjacent NM layer. A
recent attempt to do so [156] in Co|Cu and Co|Pt has revealed that a substantial
spin current may be generated at the interface and accompany its counterpart gen-
erated in the bulk of the FM into the NM layer. To shed more light on this, we look
at the spin Hall effect in laterally periodic FM|Cu bilayers in the following sections.
The spin memory loss (SML) at a Py|Cu interface has been reported to be negligi-
ble [217] suggesting the suitability of this interface for spin injection while little is
known about the SML at a Ni|Cu interface.

In our study of the SHE for bulk Py and Ni in Chapter 3, we found values
of Θ

Py
sH ∼ 4.8% and ΘNi

sH ∼ 7.5% [218] while we calculated a very small value of
ΘCu

sH ∼ 0.02% for Cu whose d bands are, like those of Au, completely filled. Cu
has a large mean free path (∼ 39 nm at 300 K [49] versus 34 nm for Au [93]) and,
because of its much weaker SOC, a much larger lsf [219]. Hence, any spin current
injected into a Cu slab of finite thickness of O(10) nm is expected to pass through
with little decay.
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The results to be presented below were obtained from calculations quite anal-
ogous to those presented for Au|Pt with intrinsic thermal disorder chosen to repro-
duce the experimental room temperature resistivities of bulk Py, Ni and Cu. In the
FM (= Py or Ni) material, the spin disorder was first chosen to reproduce the exper-
imental magnetization and then the lattice disorder was chosen so that the lattice
and spin disorder together reproduced the experimentally observed resistivity at
room temperature for the bulk materials [20, 57]. Since the lattice mismatch be-
tween both Py and Ni and Cu is so small, the scattering geometry was constructed
by matching the Cu fcc lattice to that of the equilibrium FM §. A 120×3 lateral
supercell was chosen with 60 layers each of FM and Cu in the x direction. In this
study, the magnetization direction is set in the z transport direction so that there is
no anomalous Hall effect (AHE).

We will not attempt to derive a Valet-Fert type model for the FM|Cu bilayers
to describe the transverse spin Hall current analogous to what we presented for
the Pt|Au periodic bilayers. Besides the bulk resistivities ρi and spin-flip diffusion
lengths li, the interface resistance ARI and spin-memory loss δ, the diffusion of a
spin current in a periodic FM|NM bilayer is characterized by the bulk spin polar-
ization β in the FM and an interface spin asymmetry parameter γ [48]. Further-
more, modelling the transport of transverse spins requires a precession length lp,
a de-phasing length ldp [146, 220] and their interface counterparts δp and δdp in
addition to the other interface parameters we defined for Pt|Au making the analysis
very cumbersome.

Py|Cu

We inject a charge current in the z direction into the laterally-periodic lattice-
matched Py|Cu bilayer using ballistic Cu(b) leads as sketched in Fig. 6.9. There
we plot the total charge currents Σ jzc(Py) and Σ jzc(Cu) inside the Py and Cu layers,
respectively, as a function of z. Unlike the case of Pt|Au where the asymptotic limit
was reached immediately, see Fig. 6.4, we observe a weak z dependence of these
currents corresponding to the transient shunting of the applied charge current and
the asymptotic limit is reached at ±10 layers about the centre of the scattering re-
gion (z ∼ 8nm) in the z direction. This could be coming from the fact that there
is a significant difference between the transmission of majority and minority spin
states at the interfaces between the ferromagnets Py and Ni, and Cu [15, 16], both
in the z and in the x directions. To reduce the quantum mechanical fluctuations
present in our calculated transverse spin current profile, we neglect any effect of
the weak shunting and average the transverse spin current over z omitting five lay-

§Because the magnetization of magnetic materials can be very sensitive to even small changes
in volume, we prefer to adjust the lattice constant of Cu to that of FM rather than the other way
around. At the Fermi energy, the corresponding change in the electronic structure of a free-electron-
like material like Cu is negligible.
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ers close to the leads to avoid transient lead effects.

In Fig. 6.10(a) we plot the spin Hall current j̄x
sy in a Py|Cu bilayer along the

x-direction. We observe a significant injection of spin current from Py into Cu as we
found for Pt|Au. On the Py side of the interface and very close to it, we see a rapid
decay of j̄x

sy. However, the spin current in Py does not have the clear − cosh-like cur-
vature in the bulk that we saw in Pt but is instead reasonably constant with oscilla-
tions where the constant value is given by the spin Hall angle, Θ

Py
sH j̄zc(x = −7.5 nm)

plotted in blue. This implies that the length scale of transverse spin relaxation in
Py is miniscule resulting in a vanishingly small diffusive term. We conclude that
the significant injection of spin into Cu is coming effectively from the interface.

Cu

Py
Cu(b)Cu(b)

Figure 6.9: A charge current is injected from ballistic Cu leads, Cu(b), into the
laterally periodic Py|Cu bilayer sketched in the inset. Shown is the total charge
current Σ jzc(Py) in Py and Σ jzc(Cu) in Cu as a function of the z coordinate where
each is obtained by summing over x, y ∈ Py and Cu, respectively so Σ jzc(Py)(z) +

Σ jzc(Cu)(z) = 1 for all z.

The spin current j̄ysx(x) flowing parallel to the interface is plotted in Fig. 6.10(b).
It is essentially a constant in Py except for a very small enhancement at the inter-
face. However, the effective local spin Hall angle Θ

y
sx = j̄ysx(x)/ j̄zc(x) plotted in grey

is observed to be slightly suppressed in Py the closer we get to the interface sug-
gesting that the very small enhancement observed in j̄ysx simply follows from an
increase in charge current density at the interface plotted in grey in Fig. 6.10(a).
Unlike Pt|Au, no significant enhancement of the in-plane spin Hall current is seen
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inside Cu. One possible explanation is that the strong exchange field in Py rapidly
quenches any external spins (such as interface generated) not aligned with its mag-
netization M.

Figure 6.10: Spin Hall effect in a laterally periodic 60Py|60Cu bilayer. (a) Spin cur-
rent j̄x

sy(x) polarized in the y (110) direction and flowing in the x (11̄0) direction.
The driving charge current distribution j̄zc(x) is plotted on the right-hand axis. The
value Θ

Py
sH(= 4.5%) × j̄zc(x = −7.5 nm) is plotted in blue in the Py panel for refer-

ence. (b) Spin current j̄ysx(x) flowing in the −y (110) direction with polarization in
the x (1̄10) direction and the corresponding local variation of the spin Hall angle
Θ

y
sx on the right axis. Currents are averaged over y and z omitting the five layers

closest to the leads. The magnetization of Py is set in the z direction to suppress
the anomalous Hall effect. Error bars represent the average deviation across ten
configurations of thermal lattice and spin disorder.
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Ni|Cu

The distribution over the Ni and Cu layers of a charge current injected from a
ballistic Cu lead into a Ni|Cu multilayer is seen in Fig. 6.11 to reflect the weak
shunting we saw in Py|Cu. We again neglect this weak z dependence and average
the transverse spin Hall currents over y and z to reduce the noise in the calculated
data, omitting the five layers closest to the leads.

Cu

Ni
Cu(b)Cu(b)

Figure 6.11: A charge current is injected from ballistic Cu leads, Cu(b), into the
laterally periodic Ni|Cu bilayer sketched in the inset. Shown is the total charge
current Σ jzc(Ni) in Ni and Σ jzc(Cu) in Cu as a function of z.

The intrinsically generated spin current j̄ysy flowing perpendicular to the Ni|Cu
interface is shown in Fig. 6.12(a) to be very similar to that in Py|Cu. The spin cur-
rent is approximately a constant in the bulk corresponding to the spin Hall angle
ΘNi

sH = 7.5%. Although the spin Hall angle in Ni is higher than in Py, we do not ob-
serve a commensurate increase of spin-injection into Cu; if anything, it is slightly
lower. This could be indicative of a larger spin memory loss at the Ni|Cu interface.
The spin current j̄ysx flowing parallel to the interface plotted in Fig. 6.12(c) is ob-
served to be slightly enhanced near the interface in Ni whereas no such effect is
seen inside Cu. The effective spin Hall angle Θ

y
sx parallels the behaviour found in

Py|Cu.
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Figure 6.12: Spin Hall effect in a laterally periodic 60Ni|60Cu bilayer. (a) Spin cur-
rent j̄x

sy(x) polarized in the y (110) direction and flowing in the x (11̄0) direction.
The driving charge current distribution j̄zc(x) is plotted on the right-hand axis. The
value ΘNi

sH(= 7.5%) × j̄zc(x = −7.5 nm) is plotted in blue in the Ni panel for refer-
ence. (b) Spin current j̄ysx(x) flowing in the −y (110) direction with polarization in
the x (1̄10) direction and the corresponding local variation of the spin Hall angle
Θ

y
sx on the right axis. Currents are averaged over y and z omitting the five layers

closest to the leads. The magnetization of Ni is set in the z direction to suppress
the anomalous Hall effect. Error bars represent the average deviation across ten
configurations of thermal lattice and spin disorder.

Spin swapping

It was shown in Chapter 3 that in addition to a spin Hall current in a FM, a spin
swapping current is allowed by symmetry [40–42]. An out of plane spin current
with the symmetry of a spin swapping current has been observed in experiments
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Figure 6.13: Spin swapping in a laterally periodic 60Ni|60Cu bilayer. (a) Spin cur-
rent jx

sx(x) polarized in the x (110) direction and flowing in the −x direction. The
reference value ΘNi

ss (= 2.5%) × j̄zc(x = −7.5 nm) is plotted in blue. (b) Spin current
flowing in the −y direction with polarization in the y(1̄10) direction and the corre-
sponding local variation of the spin swapping angle Θ

y
sy on the right. Currents are

averaged over y and z omitting the five layers closest to the leads. The magnetiza-
tion of Ni is set in the z direction to suppress the anomalous Hall effect. Error bars
represent the average deviation across 10 configurations of thermal lattice and spin
disorder.

[37, 221]. When themagnetization is aligned parallel to the direction of the driving
charge current jzc in our scattering configuration, spin-swapping currents jx

sx and
jysy could be excited. A spin-swapping angle Θss = jx

sx/ jzc ∼ −2.5% calculated
for bulk Ni at 300K in chapter 3 should inject a detectable current into Cu. The
spin-swapping current jx

sx that is found to flow perpendicular to the interface is
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plotted in Fig. 6.13(a). The large peak near the interface decays rapidly into the
bulk of Ni over a few layers. The asymptotic value corresponds to the bulk value of
ΘNi

ss = 2.5% plotted in blue. A significant SML discontinuity is apparent on the Cu
side of the interface after which the injected current decays only weakly as expected
from the long lCu. The current profile suggests that the injection is bi-directional,
from the interface into both Ni and Cu, with rapid quenching by dephasing inside
the FM. Our findings corroborate evidence for large spin-swapping-like currents
obtained for Co|Cu and Co|Pt interfaces with tight-binding calculations [156]. The
spin-swapping current jysy parallel to the interface is suppressed near the interface,
Fig. 6.13(b). Inside Ni, jysy saturates to a value roughly corresponding to the bulk
value of Θss ∼ 2.5% as indicated by the plot of the local spin swapping angle Θ

y
sy

in grey.

6.4.3 Comparison

Table 6.1: Approximate values of spin injection in bilayers considered in this work.
For Ni|Cu, the value in brackets corresponds to the injection efficiency of spin swap-
ping current.

Par. Pt|Au Py|Cu Ni|Cu
η(%) 57 44 17(24)

To quantitatively compare the different bilayers we have considered, we define
the following quantity for a general A|B bilayer for which ΘA � ΘB.

η =
( jx

syB − ΘB j̄zcB)xI

ΘA j̄zcA

(6.16)

where η is the fraction of spin Hall current injected from A into B. The numera-
tor specifies the net spin current density injected at the interface xI into B while
the denominator gives the average spin Hall current density generated inside A.
Estimated values of η for the bilayers considered in this study are presented in Ta-
ble 6.1. Injection of spin Hall current is largest in Pt|Au. It is instructive to note that
for the FM|Cu bilayers considered in this work, the injection efficiency should only
be treated as indicative as the injection is predominantly coming from the interface
generated current.

6.4.4 Bulk spin polarization

A charge current jzc injected into a ferromagnetic material will become spin polar-
ized over a length scale of lsf saturating to a value corresponding to the conductivity
polarization of the bulk ferromagnet, βFM =

σ↑−σ↓
σ↑+σ↓

. In Fig. 6.14(a) and (b) we plot
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(a) (b)

(d)(c)

Figure 6.14: Bulk polarization 60FM|60Cu bilayers. A charge current injected in
the z(001) direction from Cu leads becomes spin polarized along the magnetiza-
tion direction (z) of Py(Ni) in the scattering region. (a,b) Total spin polarization
Σ jzsz/Σ jzc as a function of position z averaged over x, y ∈ FM and x, y ∈Cu where
the inset provides a closer look at the spin polarization in Cu. (c,d ) local spin po-
larization calculated as jzsz(x)/ jzc(x) averaged over y and over the ten central layers
(about z = 7.8 nm) of the scattering region in the z direction. Error bars represent
the average deviation across 10 configurations of lattice and spin disorder.

the spin polarization in Py|Cu and Ni|Cu in the transport direction i.e along the
direction of bulk magnetization of Py(Ni) averaged in the x and y direction. Inside
the FM, the spin polarization reaches a bulk value of βPy ∼ 0.75 [20] and βNi ∼ 0.30
respectively. In both cases, a large polarization is observed in Cu that appears to
parallel the polarization profile in the FM as shown in the insets. In Fig. 6.14(c)
and (d) we plot the polarization as a function of x averaged over y and over the
ten central layers of the scattering region about z = 7.8 nm in the z direction. The
polarization in the Cu layers is significant near the interface and tails off to a very
small value at the centre of the Cu layer that will be asymptotically zero in the thick
Cu limit, d � lCu. Since our calculations are performed using bulk potentials gen-
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erated separately for Py(Ni) and Cu, the polarization in Cu is not the small static
polarization of Cu induced by proximity to Py(Ni) but arises from leakage (scatter-
ing) of the spin polarized current in the adjacent Py(Ni) layers. The preferential
scattering of minority spins in a periodic FM|Cu as shown here is the underlying
physics of CIP-GMR.

6.5 Conclusion

Using first principles calculations of spatially resolved currents we studied the spin
Hall effect in realistic bilayers at room temperature. We demonstrated the signifi-
cant role played by the interface in lateral spin injection in Pt|Au periodic bilayers.
By extending Valet-Fert theory to include interface parameters, we extracted bench-
mark values for the areal resistance ARI, the spin memory loss δ and the interface
spin Hall angle ΘI for an ideal Pt|Au interface. In addition, we found a substantial
enhancement of the in-plane spin Hall current close to the Pt|Au interface.

Our calculations revealed previously unknown microscopic details of spin dif-
fusion in realistic FM|NM periodic bilayers resulting from the spin Hall effect at
room temperature. We demonstrated unambiguously lateral spin injection by the
spin Hall effect from a FM into an adjacent NM material and showed that the in-
jection is predominantly coming from the interface. Based on the large value of
its injection efficiency η, Py|Cu could be a suitable candidate bilayer for SOT based
devices. Unlike Pt|Au, the spin current flowing parallel to the interface is not en-
hanced in Py(Ni)|Cu multilayers. In addition to the regular spin Hall current, a
detectable spin swapping current is generated at the Ni|Cu interface and is injected
into both layers. Compared to Py|Cu, a larger SML is apparent at the Ni|Cu inter-
face. We hope that this work will motivate the extension of a model we developed
for lateral spin transport in NM|NM bilayers to FM|NM bilayers by incorporating
bulk and interface effects on an equal footing.
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A
Mott scattering theory

A.1 Spherical potential

Consider a local spherical potential V(r) centred at the origin. The time indepen-
dent Schrödinger equation describing the electron motion is given by[

−
∇2

2
+ V(r)

]
ψ(r) = Eψ(r) (A.1)

At a large distance from the origin, the incident wave can be represented as a plane
wave. Let us consider the plane wave to be incident in the positive z direction and
scattered spherically. Then the total wave function has the form

ψ(r) −−−−→
r→∞

eikz + f (θ)
eikr

r
(A.2)

where f (θ) is a function of the polar scattering angle θ; there is no φ dependence
because of the symmetry of V(r) and eikz.

A.1.1 Scattering cross-section

The flux of the scattered electrons through an area dS in the direction specified by
θ and φ is given by

j.dS =
1
2i

[
ψ∗∇ψ − ψ∇ψ∗

]
.dS (A.3)

Then from (A.2) and (A.3) we have,

j.dS = k| f (θ)|2dΩ (A.4)
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The differential cross section is defined as:
dσ
dΩ

=
scattered flux/unit area
incident flux/unit area

= | f (θ)|2 (A.5)

A.2 Spin-orbit interaction

Consider the spin orbit coupling

Vso(r)l.s =
1

2m2c2

1
r

dV
dr

l.s (A.6)

where
l.s =

1
2
(
j2 − l2 − s2) (A.7)

In this case the incident and the scattering wave functions should be represented in
terms of the proper spin eigenfunctions say χm

1
2
such that χ

1
2
1
2
and χ−

1
2

1
2

correspond to
up and down states for instance. Similar to (A.2) one can write the wave function
as

ψ(r, σ) −−−−→
r→∞

χm
1
2
eikz +

∑
m

χm
1
2

Mm′m(θ, φ)
eikr

r
(A.8)

The scattering amplitude M(θ, φ) now contains a spin conserving part f (θ) as in
(A.2) and a spin flipping part g(θ)eiφ that allows the spin direction to change in a
collision. It is instructive to note that g(θ) has the form

g(θ) =
1

2ik

∞∑
l=0

(
e2iδl+1/2

l − e2iδl−1/2
l

)
p1

l (cos θ) (A.9)

where δl+m
l is the energy dependent phase shift due to scattering and p1

l (cos θ) is
the associated Legendre function. In the absence of spin-orbit coupling i.e., when
Vso(r) = 0, δl+1/2

l = δl−1/2
l and thus from (A.9) g(θ) = 0 and we recover (A.2).

We can conveniently write M(θ, φ) in matrix form as

M(θ, φ) =

(
f (θ) g(θ)e−iφ

−g(θ)eiφ f (θ)

)
(A.10)

Analogous to (A.5)
dσ
dΩ

= | f (θ)|2 + |g(θ)|2 (A.11)

Detailed derivations and rigorous treatment of the scattering amplitudes f (θ) and
g(θ) can be found in references [27, 144, 145].

Let us define a polarization vector P with components Px, Py, Pz such that

P = 〈σ〉 with Pi =
〈χ|σi |χ〉

〈χ| |χ〉
(A.12)

116



A.2 Spin-orbit interaction

where χ =

(
a1
a2

)
is a spin state. If we have an ensemble of such spin states with a

distribution given by λ(n), it is convenient to write down a spin density matrix

ρ =
∑

n

λ(n)
 |a(n)

1 |
2 a(n)

1 a(n)∗
2

a(n)∗
1 a(n)

2 |a(n)
2 |

2

 (A.13)

Then from (A.12) and (A.13)

P =
tr(ρσ)

trρ
and consequently,

ρ =
1
2

(
1 + Pz Px − iPy

Px + iPy 1 − Pz

)
=

1
2

(I + P.σ)trρ (A.14)

Now recall that M(θ, φ) plays the role of an operator during scattering that trans-
forms an initial state to a scattered (final) state. So if ρ is the initial spin density of
the incoming electron beam, then the final spin density ρ′ is given by

ρ′ = MρM† =
1
2

M(I + P.σ)M†trρ (A.15)

so the final polarization will be given by

P′ =
tr(ρ′σ)

trρ′
(A.16)

The evaluation of P′ thus involves

tr(ρ′σ) =
1
2

tr
(

f (θ) g(θ)e−iφ

−g(θ)eiφ f (θ)

) (
1 + Pz Px − iPy

Px + iPy 1 − Pz

)
(

f ∗(θ) −g∗(θ)e−iφ

g∗(θ)eiφ f ∗(θ)

) (
σz σx − iσy

σx + iσy −σz

)
(A.17)

trρ′ =
1
2

tr
(

f (θ) g(θ)e−iφ

−g(θ)eiφ f (θ)

) (
1 + Pz Px − iPy

Px + iPy 1 − Pz

)
(

f ∗(θ) −g∗(θ)e−iφ

g∗(θ)eiφ f ∗(θ)

)
(A.18)

Evaluating (A.17) and (A.18) and substituting in (A.16), P′ reduces to the form

P′ =

[
P.n̂ + S (θ)

]
n̂ + T (θ)n̂ ×

[
P × n̂

]
+ U(θ)

[
n̂ × P

]
1 + P.n̂S (θ)

(A.19)
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where

S (θ) = i
f g∗ − f ∗g
| f |2 + |g|2

, (A.20a)

T (θ) =
| f |2 − |g|2

| f |2 + |g|2
, (A.20b)

U(θ) =
f g∗ + f ∗g
| f |2 + |g|2

(A.20c)

A.3 Spin Hall effect

Now let us examine if the spin Hall effect can be explained as a natural conse-
quence of the scattering process from a spin-orbit potential. Consider the Pauli
spin matrices σx, σy, σz and the identity matrix I

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, I =

(
1 0
0 1

)
then M(θ, φ) can be expressed in terms of σx, σy, σzand I as

M(θ, φ) = f (θ)I − iσxg(θ) sin φ + iσyg(θ) cos φ (A.21)

Consider the case of an unpolarised wave of electrons (charge current) along the z
axis being scattered along the x axis by the spin-orbit interaction. ∴ φ = 0 we have
from (A.21)

M(θ, φ) = f (θ) + ig(θ)σy (A.22)

thus the beam scattered along x is polarized in y. This result can be written for a
general case

M(θ, φ) = f (θ)I + ig(θ)σ.n̂ (A.23)

with n̂ =
ki×k f
|ki×k f |

where ki and k f are the initial and final directions of the electron
respectively. or more generally using (A.19), setting P = 0 for an unpolarized
incident beam we get

P′ = S (θ)n̂ (A.24)

This is essentially the underlying mechanism of transverse spin current generation
in a solid by spin-orbit coupling. Now for a magnetic material we can imagine a
part of the incident charge current getting polarized in the direction of bulk magne-
tization. Let us consider the case of magnetization along ki i.e., along the incident
direction then from (A.19)

P′ = S (θ)n̂ + T (θ)Pk̂i + U(θ)Pk̂ f (A.25)

The component U(θ)Pk̂ f represents a transverse current component in addition
to the “usual” spin Hall component in magnetic materials. It is self evident that
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this component will change signs when the magnetization is reversed due to the
cross product. Such a transverse current generated due to a polarized current is
also referred to as a spin swapping current and was derived using a semi-classical
approach [40].

The component T (θ)Pk̂i is the diffusive Elliot-Yafet component.

A.4 Skew and side jump scattering

r

ki

kf

Figure A.1: Scattering of an electron by a spherical impurity centre. The skew
scattering leads to a finite scattering amplitude directed at an angle θ with respect
to the initial direction while the side-jump contribution shifts the scattered electron
by δr.

Figure A.1 shows the two important scattering mechanisms in play at T= 0K.
Skew scattering of itinerant electrons in solids due to the asymmetric scattering
by a spin-orbit potential was discussed in detail by Smit [222]. We will present
a simple picture of skew scattering in the spirit of multiple scattering. Consider
scattering events k → k′ and k′ → k with scattering rates Pkk′ and Pk′k. In order to
have a finite current we have

|Pkk′ − Pk′k| > 0 (A.26)

By applying Fermi’s golden rule we have

Pkk′ − Pk′k =
π

~
N
(
|Tkk′ |

2 − |Tkk′ |
2
)
δ(Ek − Ek′) (A.27)

where N is the number of scattering events and Tkk′ is the transition probability of
the scattering event k → k′. Note that we dropped a factor 2 in Fermi’s golden rule
since we are interested in the sum of all pairs of events like k → k′ and k′ → k.
Applying the famous optical theorem and by making use of the definition of Tkk′
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[223] (A.27) becomes

Pkk′ − Pk′k =
8π2~3

m2
eV2

Im(M2
kk′ −M2

k′k) (A.28)

where me and V are the electron mass and volume in which scattering occurs re-
spectively. Note that we recast the scattering amplitude M(θ, φ) as Mkk′ . Equation
(A.28) can be treated semi-classically using the Boltzman equation to obtain the
skew scattering elements of the conductivity tensor [224]. It is also instructive to
note that |T ↑↑kk′ |

2−|T ↑↑k′k|
2 is an antisymmetric matrix which gives rise to different signs

of spin current generated along two directions orthogonal to the incident direction
as required by symmetry.

We will now attack the case of side jump scattering. Consider the following
Hamiltonian describing the motion of an electron in a solid

H =
p2

2m
+ U(r) + Γ

[∇U(r) × s
]
.p (A.29)

the first two terms are the usual kinetic and potential energy terms while the last
term gives the spin-orbit coupling energy with an appropriate scaling Γ. From
(A.29) we have

ṙ =
∂H
∂p

=
p
m

+ Γ(∇U × s) (A.30)

ṗ = −
∂H
∂r

= −∇U − p.∇Γ(∇U × s) (A.31)

where we have used U→ U(r). The second term in (A.31) is second order in the
spin-orbit interaction and can be conveniently neglected in the limit of weak spin-
orbit coupling. Hence from (A.30) and (A.31) we have

ṙ =
p
m

+ Γ(s × ṗ) (A.32)

we can now write
ṙ = ṙ0 + δ̇r (A.33)

where ṙ0 is the "usual velocity" given by the first term in (A.32) and δ̇r can be
thought of as an additional velocity due to the spin-orbit termwhichmust be caused
by the side jump during scattering if we neglect other effects. Thus we have

δvs j = Γ(s × ṗ) (A.34)

Instead of integrating this equation and evaluating the side jump δr, we proceed
with finding the expectation value of the side jump velocity in order tomake contact
with the scattering amplitude M(θ, φ)

< δvs j >= 〈ψk|Γ(s × ṗ) |ψk〉 (A.35)
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A.4 Skew and side jump scattering

Using the generalised Ehrenfest theorem [225] the right hand side of (A.35) trans-
forms to

〈ψk|Γ(s × ṗ) |ψk〉 =
∑

f

Γ(s × (p f − pi))w f i (A.36)

where pi and p f are the incident and scattered momentum respectively and w f i is
the rate of change of scattering probability. Recalling the definition of scattering
cross section σ, one may write

w f i = σv (A.37)

where v is the electron velocity. Substituting p = ~k and using equations (A.36)
and (A.37), equation (A.35) reduces to

< δvs j >=
∑
θ

Γ′(s × k)(1 − cos(θ))σv (A.38)

where Γ′ = ~Γ and θ is the angle between initial and final k vectors in a scattering
event and σ is given by |M(θ, φ)| as in (A.11). We found that a similar result for side
jump was arrived through an alternate route in [226]. It is worthwhile noting that
there can be an additional side jump comparable to δrs j as a result of the dipole
generated immediately after scattering, which was rigorously treated in [227].
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Summary

I studied a number of topics in the field of electronic spin transport in transition
metals. Because of their partially filled d bands and complex Fermi surfaces with
spin-orbit coupling, transition metals are rich in spin phenomena that have poten-
tial for spintronics applications. Using a density functional theory based scattering
approach, I studied the generation and diffusion of spin currents in non-magnetic
5d and ferromagnetic 3d transition metals. By including thermal disorder I pre-
sented realistic calculations for these metals. I next studied lateral transport in
finite size geometries that are encountered in spintronics experiments. This form
the last three chapters of the thesis. The main focus of the thesis has been on the
determination of the two most important spin-orbit coupling related spin transport
properties, the spin flip diffusion length, lsf and the spin Hall angle, ΘsH.

I began by addressing the issue of the growing discrepancies in the values of
lsf and ΘsH reported for the Pt group of metals in Chapter 2. In this chapter I
presented benchmark values for lsf in bulk 5d transition metals as a function of the
temperature. The products lsf × ρ and lsf × ΘsH were found to be approximately
constant for these materials. The former confirms the validity of the Elliott-Yafet
mechanism as the dominant mechanism of spin relaxation in 5d transition met-
als. A major takeaway is that lsf is inversely proportional to the electron density
of states at the Fermi level. This may make it possible to tune lsf by alloying. The
complex interplay between various band structure parameters in determining the
values of lsf and ΘsH has been revealed by this study.

Using the same scattering calculations I studied the spin Hall effect in NixFe1−x

alloys by explicitly calculating the transverse currents excited by an applied charge
current. In Chapter 3, I demonstrated that the spin Hall effect observed in these
materials is comparable to that in Pt. A study of the concentration dependence
concluded that pure Ni has the largest value of ΘsH at room temperature, approx-
imately 7.5% compared to 4.2% in Pt. An intuitive theoretical framework based
on Mott scattering was derived to identify the various intrinsically generated cur-
rent components and how they interact with the magnetization of the ferromagnet.
Skew scattering was found to be the dominant contribution to the spin Hall and
spin swapping angles.
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Summary

In Chapter 4, I presented a “fully resolved" current scheme that makes it possi-
ble to study transport in all three spatial dimensions with atomic resolution. Using
this scheme I calculated how charge currents are distributed in thin films of Pt and
Au as well as in periodic Pt|Au and Pt|Ir multilayers. I demonstrated the validity of
the scheme by calculating the flow of charge currents in two limits, “classical" and
“Knudsen" determined by the ratio of the thickness of the film to the mean free path
of the material. My method made it possible to visualize the classical phenomenon
of charge shunting on an atomic level.

Using the fully resolved current scheme, I calculated the spin Hall effect in a
thin film of Pt and presented the numerical results and a phenomenological model
with which to interpret them in Chapter 5. I was able to perform calculations for
thicknesses of approximately 6lPt

sf which allowed me to study the diffusion of a spin
current towards the surface in a bulk-like sample. An existing model by Zhang
et al. [68] which is universally applied to interpret experiments including recent
MOKE experiments [105] did not agree with my calculated results. The analysis
led to the finding that a surface spin Hall angle is needed to correctly describe the
calculations. I derived an improved model based on Valet-Fert theory by including
the surface spin Hall angle Θ⊥S . The surface contribution to the spin current flowing
parallel to the surface as Θ

‖

S was also quantified.

Finally, in Chapter 6, I presented the results of calculations of the spin Hall
effect in non-magnetic Pt|Au and ferromagnetic Py(Ni)|Cu multilayers. I obtained
injection efficiencies of around 50% across Pt|Au as well as Py|Cu interfaces and ap-
proximately 20% across the Ni|Cu interface. The latter point towards a larger value
of the spin memory loss at the Ni|Cu interface compared to the other interfaces. By
incorporating the interface into the Valet-Fert theory, a model to describe the results
calculated for Pt|Au multilayer was derived. Using this model I extracted the spin
memory loss parameter δ and the interface spin Hall angle ΘI for the non-magnetic
interface. A semiclassical description of the injection of spin Hall currents through a
Py(Ni)|Cu interface requires carefully accounting for additional transport parame-
ters introduced by themagnetization of the ferromagnet. The computational results
highlight the need to extend the model I presented for a non-magnetic multilayer
to include ferromagnetic materials and to devise a scheme for extracting all impor-
tant spin transport parameters required to predict lateral spin injection by the spin
Hall effect.
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