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Summary

Contactless Transfer of Energy

3D Modeling and Design of a Position-Independent
Inductive Coupling Integrated in a Planar Motor

The power supply to the moving part of a linear or a planar motor is conven-
tionally realized by moving cables which limit the performance of the system. To
overcome these limitations, the cables can be replaced by a contactless energy
transfer (CET) system in which energy is transferred by means of an inductive
coupling, i.e. a transformer with an airgap between the primary and secondary
coil. A CET system with a planar movement with one or multiple secondary
coils, typically has an array of primary coils. Although energy can be transferred
along the entire stroke of the moving secondary coil(s), the amount of transferred
energy is extremely position dependent. Whereas, the variation in mutual induc-
tance between the primary and secondary coil(s) is a measure for the position
dependency of a CET system. This thesis concerns the three-dimensional mod-
eling and analysis of position-independent CET systems. The derived knowledge
has been applied in the design and realization of a magnetically suspended planar
motor with integrated CET system.

A major contribution of this work is the extension of the harmonic modeling
method by the formulation of the three-dimensional magnetic vector potential for
both the static and quasi-static field analysis, which makes it possible to describe
the magnetic fields of three-dimensional current-carrying coils. The current den-
sity distribution of a coil is modeled by four bars. Conducting and permeable
material properties, and the eddy-current reaction field are included in the model.
Furthermore, the mode-matching technique is extended towards three-dimensional
structures such that slots and cavities can be taken into account. The flux den-
sity distribution, self-inductances and mutual inductances are obtained with the
harmonic model, and they are validated with finite element analyses and measure-
ments. Differences below 7% have been obtained among the different methods.
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In addition, the magnetic model has been coupled with an electrical and thermal
one in a modeling framework allowing to analyze a CET system in each of these
domains. The developed modeling framework is adaptive to different ferromag-
netic structures around a coil and various configurations of the primary coil array,
such as numbers of energized primary coils and single or multi-layer coil arrays.
Furthermore, both linear and planar displacements of the coils with respect to
each other can be taken into account.

A second important contribution is the analysis of the position dependency of a
CET system consisting out of a planar primary coil array and a single secondary
coil. The analysis is conducted by comparing various topologies with respect to
the variation in mutual inductance and average output power along the stroke
of the moving secondary coil. A generic solution with a low variation in mutual
inductance has been obtained in CET systems with a non-conducting and tooth-
less structure around the coils, in which a secondary coil envelopes and receives
energy from multiple adjacent primary coils located in a single-layer coil array.
The desired output power can be reached by optimizing the electrical parameters
of the inductive coupling, and can be maximized within the thermal constraints
of the system.

The modeling framework and the obtained design considerations for a system with
a low variation in mutual inductance have been taken into account in the design
of a CET system entirely integrated in a novel type of planar motor in which the
translator is magnetically suspended underneath the stator. The array of thin
primary coils is located inside the airgap of the motor, and four secondary coils
are located on the translator. Each of the secondary coils receives energy from
three simultaneously-energized adjacent primary coils. The set of energized coils
dynamically switches with respect to the movement of the secondary coils. A
prototype of this unique system has been manufactured. The integrated CET
system supplies an average power equal to 230 W to the moving part of the planar
motor. Furthermore, a variation in output power equal to 32% and an efficiency
of 71% has been obtained along the stroke of the moving secondary coils.

Overall, this thesis presents ready-to-use theory, a completed set of equations,
and magnetic, electrical and thermal models, applicable for research and design of
contactless energy transfer systems as the replacement of cabled connections, in,
for example, linear or planar motors.
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1
Introduction

Contactless Energy Transfer (CET) systems are the solution to overcome the lim-
itations of traditional methods for the supply of electrical energy to objects with
a planar movement. Consider for example, industrial applications such as high-
speed positioning systems or electrical vehicles. Traditionally, energy is supplied
to a moving object by means of a physical connection, for example, a moving ca-
ble, or energy storage is established on a moving object by means of a battery.
A cabled connection limits the movements to predefined tracks and increases the
mechanical friction, the mass, and the stiffness. However, a constant and efficient
flow of energy to the moving object is guaranteed by a cabled connection. Storage
of energy on moving objects improves the freedom of movement, but also increases
the weight of these objects, and the finite storage capacity requires regular recharg-
ing. A CET system installed along the entire stroke of a moving object overcomes
the limitations of moving cables and energy storage.

Since the creation of the planet earth, energy has been transferred contactlessly
from the sun to the earth. It lasted to end of the 19th century until the electro-
magnetic fields of the sun could be directly converted into electricity because of
the invention of the photoelectric cell [41]. At the same time, Nikola Tesla demon-
strated the ability to send energy, retrieved from an electrical source, contactlessly
from one to another terminal over short distances [16, 100, 120]. The principles
of a CET system with magnetic resonance, applied by Tesla, are similar to the
techniques used nowadays. With the development of the semiconductors in the
20th century, the frequency of the alternating current was increased, which im-
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Figure 1.1: Block diagram of an (a) inductive, (b) capacitive, (c) far-field, and
(d) acoustic CET system.

proved the energy transfer capability of CET systems. In the last decades, research
has been conducted to CET technology for applications, varying from contactless
charging platforms for mobile phones and laptops [118, 135] where a few watts are
transferred across an airgap in the order of millimeters to electrical vehicles, in
which kilowatts are transferred across an airgap of the order of 20 cm [18, 98, 99].

1.1 Contactless energy transfer principles

A CET system generally consists of four energy conversion steps. In the first step,
a high frequency alternating current is created, usually from a dc-source. This
high frequency alternating current produces either a magnetic field, electric field,
electromagnetic field or an acoustic wave, which is used to transfer the energy
contactlessly from the source to the receiver in an inductive, capacitive, far-field
or acoustic coupling, respectively. The energy is recovered at the receiver, and, in
a final step, the electrical energy is converted towards to requirements of the load.
The different conversion principles are visualized in the four block diagrams in
Fig. 1.1, where a CET system with a dc input and output is taken as an example.

Inductive coupling
In an inductive coupling, energy is transferred contactlessly between two coils
by means of linked magnetic flux, as schematically shown by the block diagram
in Fig. 1.1(a). Similar to a conventional transformer, an alternating current in
a (primary) coil is the source of the magnetic flux. The time-varying magnetic
field is linked with another (secondary) coil and induces a voltage across that coil.
Comparable to a conventional transformer, a high magnetic coupling is desired
to obtain an efficient transfer of energy in a CET system. However, because of
the airgap between primary and secondary coils, the magnetic coupling in a CET
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system is often low and resonance techniques have to be applied to improve the
energy transfer capability [21]. In a resonant inductive coupling, the frequency
of the alternating current is matched with the resonance frequency of a capacitor
and the inductance of the coil. The capacitance in the resonant coupling can
be either the parasitic capacitance of a coil or an additional capacitor in the
electrical circuit. The resonant technique creates a path with a low impedance
for the current alternating at the resonance frequency, and, thereby, energy can
be efficiently transferred even in CET systems with a low magnetic coupling. A
resonant inductive coupling typically operates in the order of tens or hundreds
kilohertz.

The output voltage of a CET system is almost equal to the input voltage of the
system and the turn ratio, if the resistance of the primary and secondary coils is
negligible with respect to the impedance of the mutual inductance. The impedance
of the mutual inductance linearly increases with the resonance frequency. There-
fore, a resonance frequency in the order of hundred kilohertz does not only result
in a resonance capacitor with a low value, but also reduces the volume of the
primary and secondary coils while the transfer remains efficient.

A wide range of contactless energy transfer systems by means of an inductive
coupling exits, varying from low-power systems with an airgap in the order of a
meter between the coils to high-power systems with an airgap of several millimeters
and cores of ferromagnetic material around the coils to guide the magnetic flux
as presented in the overview given in [54]. A CET system is able to transfer
energy through different kind of materials as long as these materials do not have
an electrical conductivity. Examples of energy transfer systems by means of an
inductive coupling is further explored in Section 1.2.

Capacitive coupling
In a capacitive coupling, energy is transferred contactlessly by means of electric
fields between two sets of capacitive plates, as shown in Fig. 1.1(b) [54, 57, 121].
Two sets of capacitive plates are required to create a path for the current flow
between the primary and secondary side of the capacitive coupling, compared to a
single set of coils in an inductive coupling. The capacitance of a capacitive coupling
is an important measure for the amount of energy which can be transferred. Since
the capacitor value is inversely proportional to the airgap length, a capacitive
coupling is only implemented in applications with small airgaps. Furthermore, the
energy transfer is limited by the allowable voltage across the capacitive plates

vc =
ic
ωC

, (1.1)

where ic is the current through the capacitive plates, ω the operating frequency,
and the C capacitance of the plates. A higher output power can be obtained
by increasing the capacity of the capacitive plates, i.e. enlarging the area of the



4 Chapter 1: Introduction

plates. This could be undesired in a capacitive coupling with a horizontal airgap
between the primary and secondary side with respect to the involved volume. A
capacitive coupling operates typically at high frequencies, ω ≥ 106 rads−1, and an
inductor could be placed in series with the capacitive plates to operate the system
at resonance [54]. A CET system with a capacitive coupling can be optimized
by making a trade-off between the frequency and the value of the capacitor, i.e.
the switching losses, and the area of the capacitive plates. CET systems, that
are realized by means of an capacitive coupling, have a maximum output power
between 5-50 W and an efficiency of 50% [54]. Nevertheless, an advantage of the
capacitive coupling is that it can operate nearby electrical conducting materials,
which is not possible for an inductive coupling.

Far-field electromagnetic coupling
Far-field or microwave technology is another possible principle for a CET system,
which applies radiative electromagnetic fields instead of the non-radiative near
fields as used in the inductive and capacitive coupling. In a far-field electromag-
netic coupling, a transmitter in combination with a beam control generates the
electromagnetic waves which are received by a rectenna and transferred back to
electrical energy, as shown in Fig. 1.1(c). These CET systems are able to transfer
energy in the order of 30 kW across a distance of 1.5 km, and efficiencies between
80%-90% are achieved [16, 70]. However, when these systems are utilized over
longer distances, their practical application becomes limited because of diffractive
losses and the large dimensions of the antennas, respectively [23, 70].

Optical coupling
Optical systems operate with radiative electromagnetic fields [23, 54]. In an optical
coupling, a beam of light, generated by a laser, is sent towards a photovoltaic diode.
The photovoltaic diode converts the light back into electrical energy. An optical
coupling is able to transfer up to 10 W with an efficiency varying between 20%-50%
[90, 97]. A disadvantage of an optical coupling is the required line-of-sight.

Acoustic coupling
Energy could be transferred not only by means of electromagnetic fields, but also
by acoustic waves. In an acoustic coupling a pressure wave is generated by a
piezoelectric actuator, which can travel through different kinds of media such
as, air, living tissue and metal. Along the path of the sound wave, a receiving
transducer is positioned to transfer the motion of the wave back into electrical
energy, as schematically shown in Fig. 1.1(d). Through air, an acoustic coupling
is able to transfer power levels below 1 mW with a maximum efficiency of 17%,
but through a solid medium, such as a metal wall, power levels up to a 1 kW with
an efficiency of 84% can be reached [54, 93]. Contrary to the other methods, an
acoustic coupling is able to transfer energy through electrical conducting materials.

Comparison
Considering a planar moving object with an unlimited stroke in which the energy,
in the order or a few hundred watts, is provided by a CET system, the induc-
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tive coupling is the most suitable technological solution. Firstly, an optical and
far-field coupling require a line-of-sight, which cannot always be guaranteed in
a system with a planar movement. Secondly, the maximum power levels, so far
demonstrated in an acoustic and capacitive coupling, are low, 1 mW and 50 W,
respectively [54, 93]. Thirdly, an inductive coupling gives a wide range of solutions
in terms of the airgap length, the coil dimensions and the amount of energy which
can be transferred.

1.2 Inductive contactless energy transfer systems

Most of the CET systems, by means of an inductive coupling, are designed for
energy transfer in stationary applications, i.e. both the primary and secondary
coils are not moving during the transfer of energy. These stationary systems have in
common that they are designed for a specific distance between an aligned primary
and secondary coil, at which the system is operating at magnetic resonance, and
the maximum energy transfer is obtained. Such a stationary systems have an
output power and efficiency which are extremely position dependent and drop
significantly if the primary and secondary coils are not aligned [25, 27, 67].

Considering a planar moving object, the position dependency of a CET system
results in a variation in the energy transfer. This is a disadvantage compared to
an energy supply by means of a physical connection. To avoid a varying output
power, electrical energy can be temporarily stored on the moving object and a
continuous flow can be delivered to the embedded electronics. Another solution is
to ensure that the system remains operating at resonance while the secondary coil
is moving with respect to the primary coil. To establish resonance, the frequency
of the alternating current should be matched with the resonance capacitance and
leakage inductance of the inductive coupling. To establish this match during the
movement of the secondary coil, the frequency of the alternating current can be
modified by a self-tuning dc-ac converter [29]. Instead of a variable resonance
frequency, the resonance capacitor can be implemented by means of a variable
capacitor and the capacitance value can be modified as a function of position of
the moving object. In the magnetic domain, a constant mutual inductance can
be established along the trajectory of the secondary coil, such that the leakage
inductance remains unchanged and operation at resonance is ensured along the
trajectory of the moving object.

In the next sections various examples of CET systems designed for a secondary
coil with a rotating, linear or planar movement are presented. Each system is
designed for a different application, and, therefore, has a different output power.
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(a) (b)

rotating secondary coil

primary coil linear moving
secondary coil

Figure 1.2: Schematic overview of: (a) a rotary transformer [7], and (b) a sliding
transformer [8].

1.2.1 Systems with a rotating secondary coil

A CET system with a rotating secondary coils and a constant output power can
be found in a rotary transformer. A rotary transformer consists of two axial or
two radial symmetrical coils, from which one of them is rotating with respect to
the other side, as illustrated for two axial coils in Fig. 1.2(a). Rotary transformers
are, for example, applied to replace slip rings in a rotating motor [1, 77]. A rotary
transformer exhibits a mutual inductance, which is independent of the rotation of
the secondary coil because of the axisymmetry, and, therefore, provides constant
flow of energy from the primary to the secondary side [96, 104].

1.2.2 Systems with a linearly moving secondary coil

A CET system with a linearly moving secondary coil and a constant output power
can be found in a sliding transformer. A sliding transformer consists of a long
primary coil, which forms a loop along the trajectory of a shorter secondary coil,
as illustrated in Fig. 1.2(b). The secondary coil, which can freely move along
the primary coil, envelopes the primary coil or is embedded in a structure, and
closes a ferromagnetic path for the magnetic flux of the primary coil [8, 15]. The
advantage of a sliding transformer is a constant magnetic coupling between the
primary and secondary side since the magnetic geometry does not change as a
function of position. Furthermore, multiple secondary coils can be applied to one
long primary coil [88]. A major drawback is the fact that the long primary coil
creates a large leakage field, which does not contribute to the energy transfer and
may cause electromagnetic interference with electronic devices in the neighborhood
of the primary coil [7]. An alternative to this large primary coil is to replace the
coil by a long magnetic core, which guides the magnetic fields of a short primary
coil to the moving secondary coil [61].
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Figure 1.3: Schematic overview of: (a) a CET system integrated in a tubular
linear synchronous permanent-magnet motor [58], and (b) a linear
CET system with a segmented primary coil and multiple secondary
coils [30].

Sliding transformers are, for example, used to replace the moving cables in a linear
motor and are often not integrated but placed next to the linear motor [78, 101].
However, recently, the integration of CET systems is taken into account in the
design of mechatronic systems. For example, primary coils are integrated in the
design of the back-iron of a linear synchronous permanent-magnet motor [60, 62].
A second example is an electromagnetic bearing for an elevating system, in which
the secondary coil is wound around the center leg of an omega-shaped core. In
this system, the primary coil is embedded in the guide rail of the elevator and the
system is able to transfer 200 W with an efficiency of 70% [5]. A final example
is a tubular linear synchronous permanent-magnet motor, in which the primary
coil is placed inside the hollow shaft and the secondary coil is wound around the
core in the axial direction of the motor, as illustrated in Fig. 1.3(a) [58, 59]. This
integrated system is able to transfer 800 W with an efficiency of 80%.

Although the CET systems are integrated in linear motors, the long primary coil
remains present in all these examples. A solution to avoid this problem can be
obtained by segmentation of the primary coil and active control of the primary
segments [30]. A schematic overview of a segmented CET system for a linear
movement is shown in Fig. 1.3(b), in which a segment of the primary side trans-
fers energy to the three adjacent secondary coils. The dc output voltages of the
secondary coils are connected in series, resulting in an output power of 1 kW, with
a variation of 5% along one secondary coil segment with a system efficiency of
95%.

Linearly moving objects with a horizontal airgap between the primary and sec-
ondary coils can be, for example, found in on-road charging of electrical vehicles.
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Figure 1.4: Mutual inductance of three primary coils with a single secondary coil:
(a) schematic overview of the coils, and (b) mutual inductance with
respect to its maximum value for the round coils with rin=5 cm,
rout=15 cm, and τ=40 cm.

The energy transfer in these on-road charging system is extremely position de-
pendent because of the segmented primary coil [42, 63]. Such a on-road charging
system can be represented by multiple stationary CET system behind each other,
as for example illustrated in Fig. 1.4(a). The figure shows three primary coils and
a secondary coil with a linear movement along the primary coils. The mutual in-
ductance seen by the secondary coil is shown in Fig. 1.4(b) and has a variation of
30% between the maximum and minimum value. This results in a varying energy
transfer between the primary and secondary side. Therefore, energy has to be
temporarily stored in the electrical vehicles which are on-road charged by a CET
system. The combination of frequently contactless recharging of the batteries and
storage of a small amount of energy in the batteries, does not only enlarge the
range of the electrical vehicle, but it also reduces the required battery capacity
and, thereby, the weight of the vehicle [50].

The replacement of a single-phase CET system by a three-phase one, is a way
to remove the position dependency in a CET system for a linear movement with
a horizontal airgap between the primary and secondary coils [56]. Although the
output power becomes constant while the secondary coil is moving along the track,
the efficiency of the system decreases dramatically towards 19% as concluded in
[68].
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Figure 1.5: Schematic overview of (a) a CET system integrated in a planar motor
[13], and (b) a CET-charging pad for mobile devices [118].

1.2.3 Systems with a secondary coil with a planar movement

A CET system, which transfers energy to a device with a planar movement, usually
consists of an array of primary coils and one or multiple secondary coils. Similar to
a CET system for a linear movement, the horizontal airgap between the primary
and secondary side results in a position dependent magnetic coupling [2, 26, 99].
A solution to avoid this position dependency is to optimize the geometry of the
secondary coil with respect to the primary coils [12].

In [13], a CET system is connected next to a planar motor, as illustrated in
Fig. 1.5(a). The coil array at the stationary side of the planar motor embeds
coils for both the magnetic levitation of the translator and the contactless energy
transfer system. The coils underneath the permanent magnet array with quasi
Halbach magnetization levitate and propel the translator of the planar motor. The
nine coils underneath the secondary coil are able to transfer energy contactlessly to
the secondary coil connected to the levitated translator. Since a single coil is able
to fulfil only one of the two functions, the stroke of this planar motor is limited.
The secondary coil overlaps four round primary coils, from which one of them is
activated for the transfer of energy. The system energizes the next primary coil
if symmetry is obtained with respect to the position of the secondary coil above
the array of primary coils. The system has a variation in the magnetic coupling
of 6% with respect to the center of the secondary coil moving along the surface of
a single primary coil, and is able to transfer 150 W with an efficiency of 50%.

A constant transfer of energy is not only a beneficial property for planar motors.
Similar properties are required for planar pads for charging mobile devices such
as mobile phones or laptops, as shown in Fig. 1.5(b). In these applications the
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secondary coil is not moving, however, because the secondary coil can be placed at
any position of the planar charging pad, the system should be able to transfer an
equal amount of energy at every position. Similar to the CET system integrated in
the planar motor, as described in the previous section, in [118] the dimensions of
the secondary coil are optimized for a constant mutual inductance at a number of
different positions above three adjacent hexagonal primary coils. Instead of a single
layer of primary coils, multiple layers of primary coils can be positioned on top of
each other and shifted with respect to each other. With this topology an energy
transfer is obtained with a variation of 17% above the middle of the charging path
[43]. Instead of multiple layers, in [135], a variation in mutual inductance of 18% is
found in a charging pad with a single layer of primary coils wound around a tooth
and a secondary coil with a ferromagnetic plate behind the coil. The variation
in output power as a function of position can be further reduced by transferring
energy to multiple secondary coils [19]. A final solution to scale-down the position
dependency of a CET system is to place multiple secondary coils orthogonally
with respect to each other. On a system level it brings a lower variation in output
power compared to a single secondary coil solution [69].

1.3 Research goal and objectives

Transferring energy contactlessly by means of an inductive coupling to an object
with a planar movement can be realized by different approaches as presented in the
previous section. None of the examples proposes a solution in which a position-
independent CET system is integrated in a planar motor, and is able to transfer a
similar amount of energy to the moving part along the entire stroke of the planar
motor. This thesis concerns the three-dimensional modeling, analysis, design and
realization of a position-independent contactless energy transfer system integrated
in a planar motor, which is able to transfer energy along the infinite stroke of the
motor. In particular, the following objectives are identified:

• Extension of the three-dimensional harmonic modeling technique
to describe the magnetic fields around coils
Discussed in Chapter 2
The harmonic modeling technique is a modeling method which is used in
two-dimensional periodical and axisymmetric structures to model the mag-
netic fields around coils and magnets. The method is able to take different
kind of boundaries and materials into account, such as slots or conducting
materials. For three-dimensional structures, this technique has only been
applied to problems with permanent magnets as the sources of the magnetic
fields in combination with a magnetic scalar potential formulation. The
objective is to extend the harmonic modeling technique by formulating a
solution for the three-dimensional magnetic vector potential and to obtain
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the magnetic fields around a coil including different kind of boundaries such
as slots, cavities, and electrical conducting materials.

• Development of a multi-physical model for a contactless energy
transfer system for a planar movement
Discussed in Chapters 3 and 4
Generally, a contactless energy transfer system by means of an inductive
coupling consists of one primary and one secondary coil. In case of a linear
or planar movement, multiple primary and secondary coils can be used in the
transfer of energy. The magnetic and an electrical equivalent circuit model
for multiple primary and secondary coils are coupled with a thermal model,
in such a way that the parameters and performances of a contactless energy
transfer system can be accurately predicted.

• Investigation of the position dependency of a contactless energy
transfer system with flat coils for a linear and planar movement
Discussed in Chapter 4
The literature suggests different solutions to reduce the position dependency
of a contactless energy transfer system by means of an inductive coupling,
such as the presence of ferromagnetic structures around the coils, modifica-
tion of the geometry of the coils with respect to the primary and secondary
side, and the transfer between multiple primary coils towards a single sec-
ondary coil. Different methods are analyzed with respect to the position-
dependency of a contactless energy transfer system with a constant energy
transfer along the linear or planar trajectory of the secondary coil. The ob-
jective is to obtain a set of design considerations for a position-independent
contactless energy transfer system.

• Design of an integrated and position-independent contactless en-
ergy transfer system for a magnetically suspended planar motor
Discussed in Chapter 5
The obtained design considerations concerning the position dependency are
taken into account in the design of a contactless energy transfer system inte-
grated in a new type of planar motor. The planar motor consists of a wireless
translator which is magnetically suspended and propelled underneath a sta-
tionary frame. The design of the planar motor with integrated CET system
involves three challenges. Firstly, for the suspension and propulsion of the
translator, a magnetically suspended planar motor needs to be researched
[79]. Secondly, for a complete wireless operation of translator, a CET system
has to be designed which transfers an equal amount of energy at every posi-
tion of the translator. Thirdly, both the planar motor and the CET system
need to be integrated into each other and should be able to operate simul-
taneously. The objective is to design a position-independent CET system
for a secondary coil with a planar movement, which can be integrated in the
planar motor such that the transferred energy can be applied to power the
motor.



12 Chapter 1: Introduction

• Realization and test of the contactless energy transfer system in-
tegrated in the planar motor
Discussed in Chapter 6
A prototype of the planar motor with integrated CET system is designed and
manufactured. The predicted performance of the realized contactless energy
transfer system is experimentally verified, and the effects of the integration
on the CET system into the planar motor are analyzed.

The research on the magnetically planar motor with integrated CET system is
carried out by two PhD students. This thesis concerns the modeling, analysis and
design of the CET system and the thesis of T.T. Overboom [79] focusses on the
modeling, analysis and design of the planar motor.

1.4 Outline of the thesis

This thesis consists of seven chapters, including this introduction, and presents
the modeling, design and integration of a contactless energy transfer system by
means of an inductive coupling for a magnetically suspended planar motor. As
emphasized in the introduction, the contactless energy transfer system should be
position independent and supply a sufficient amount of output power to the load
at the moving part of the system.

The modeling of the inductive coupling in the CET system is presented in Chap-
ter 2 by describing the electromagnetic fields between the coil with the harmonic
modeling method. To apply this method with three-dimensional current sources,
the harmonic modeling method is extended by formulating the three-dimensional
magnetic vector potential for both static and quasi-static field conditions. The
magnetic vector potential is given for different type of materials and periodici-
ties, such that the harmonic modeling method is able to consider ferromagnetic
boundaries, cavities and electrical conducting materials including the eddy-current
reaction field. To be able to incorporate a coil as the source of the magnetic fields in
the harmonic model, the current density distribution is modeled by four current-
carrying bars. To model a coil, three different combinations with four bars are
presented in the chapter and the configurations are compared to each other with
respect to the magnetic flux density distribution and the self-inductance of coils.
Finally, the electromagnetic model is applied to obtain the electromagnetic quan-
tities, such as the self- and mutual inductances, which are used as the input for
the electrical model of the inductive coupling.

The electrical equivalent circuit of the CET system is presented in Chapter 3. The
transformer T-model is extended for an energy transfer between multiple primary
coils and a single secondary coil. Furthermore, resonance techniques are included
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in the system to provide a magnetic resonance at the operating frequency of the
system. The conduction losses limit the current flow in the CET system, and,
thereby, reduce the energy transfer. To maximize the output power, a thermal
model of the CET system is presented. The thermal model completes the modeling
framework of the CET system, which predicts the system performances starting
from the dimensions through estimation and analysis of the magnetic, electrical
and thermal loading up to the output power of the system.

In Chapter 4, the position-dependency of the CET system is analyzed by using the
modeling framework in terms of the variation in mutual inductance and average
output power along the trajectory of the secondary coil. The influence of the
different geometrical and electrical parameters is researched, and the results are
incorporated in a design algorithm for a CET system with a secondary coil with
a linear or planar movement. Furthermore, the design algorithm is applied to
investigate the position dependency of the CET system for different aspects of the
primary coil array, and different ferromagnetic structures around the coils.

The obtained design considerations for a position-independent CET system are
applied in Chapter 5 for the design of a CET system with a low variation in
output power integrated in a magnetically suspended planar motor. The design
of the planar motor is described in [79]. The design of the CET system and its
integration in the planar motor are intensively discussed in this chapter.

The manufactured prototype of the planar motor with integrated CET system is
presented in Chapter 6, and the predicted performance indexes of the CET system
are experimentally verified. Furthermore, the effects of the integration of the CET
system in the planar motor with respect to the performance of the CET system
and the planar motor are measured, analyzed, and discussed.

Finally, conclusions of the research and further recommendations are presented in
Chapter 7.
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2
Three-dimensional magnetic field

modeling

Electromagnetic fields are figuratively the beating heart of a Contactless Energy
Transfer (CET) system. These fields are generated by the time-varying current
flowing through a primary coil and induce a time-varying voltage across a sec-
ondary coil. In other words, the energy transfer is related to the amount of mag-
netic flux which is generated by the primary coil and is linked with the secondary
coil. To model this mutual flux, or the mutual inductance in the equivalent elec-
trical circuit of a CET system, an accurate prediction of the magnetic fields needs
to be obtained.

In the last decades, it has become a trend to model the (quasi-)static magnetic
fields of periodical problems by means of the harmonic modeling method. The har-
monic modeling method is a method which gives a direct solution of the Maxwell
equations in terms of harmonic functions. The method is first introduced in the
book of Hague [33] and has been further developed such that it can be applied
to different types of two-dimensional problems, such as rotary, linear and tubular
machines both for salient and non-salient structures [14, 31, 46, 83, 136]. In the
past years, the harmonic modeling technique is extended for three-dimensional
problems and is frequently applied to determine the magnetic fields for these
kind of problems with permanent magnets as the sources of the magnetic fields
[9, 22, 40, 46, 47, 72, 73]. Since no time-varying current source is present in these
three-dimensional problems, an expression for the magnetic fields could be ob-
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tained by the magnetic scalar potential. In case of a coil, a time-varying current
source is present, and, therefore, a solution for the magnetic fields has to be found
by means of the magnetic vector potential. In literature two examples can be found
in which a time-varying current source is modeled with the three-dimensional mag-
netic vector potential. In [89] a line current is modeled and in [133] the magnetic
vector potential is solved with the finite difference method.

This chapter presents the extension of the three-dimensional harmonic modeling
method with coils as the source of the magnetic fields, including the incorpora-
tion of the eddy-current reaction fields and various salient and non-salient three-
dimensional structures. The chapter starts with an overview of various three-
dimensional modeling methods which can be applied to model the magnetic fields
around a coil, and their advantages and limitations are listed. The following sec-
tions of this chapter introduce the three-dimensional magnetic vector potential and
the developed three-dimensional current density distributions for the coils. The
obtained expressions for the magnetic fields are applied to calculate the electro-
magnetic quantities, such as the self- and mutual inductances of a coil. Parameters
which are crucial for the design of a contactless energy transfer system.

The contributions of this chapter are published in:

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova
[2011], ’Three-Dimensional Magnetic Field Modeling for Coupling Calcu-
lation Between Air-Cored Rectangular Coils’, IEEE Transactions on Mag-
netics 47(10), pp. 2935-2938.

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova [2012],
’Mode-Matching Technique Applied to Three-Dimensional Magnetic Field
Modeling’, IEEE Transactions on Magnetics 48(11), pp. 3383-3386.

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova
[2013], ’Three-Dimensional Analytical Modeling Technique of Electromag-
netic Fields of Air-Cored Coils Surrounded by Different Ferromagnetic Bound-
aries’, IEEE Transactions on Magnetics 49(12), pp. 5698-5708.

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova [2014],
’Inductance Calculation nearby Conducting Material’, IEEE Transactions
on Magnetics 50(11), pp. 1-4.
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2.1 Three-dimensional modeling methods

The calculation of the magnetic fields in a contactless energy transfer system
starts from Maxwell’s equations [28]. The Maxwell’s equations are a set of four
generalized equations which describe the electromagnetic field phenomena. In
differential form they are given by

∇× ~H = ~J +
∂ ~D

∂t
, Ampère’s circuit law (2.1)

∇ · ~B = 0, Gauss’ law for magnetism (2.2)

∇× ~E = −∂
~B

∂t
, Faraday’s law (2.3)

∇ · ~D = ρ. Gauss’ law (2.4)

In these equations ~H is the magnetic field strength, ~B is the magnetic flux density,
~E is the electric field strength, and ~D is the electric flux density. The current
density is ~J and ρ is the electric charge density. The Maxwell equations (2.1)-
(2.4) are not a complete set. The following three constitutive equations provide a
relation between the field strength and the flux density in a given medium

~B = µ0

(
~H + ~M

)
, (2.5)

~D = ε0 ~E + ~P , (2.6)

~J = σ ~E, (2.7)

where the natural physical constants µ0 and ε0 are the permeability and the
permittivity of free space, respectively, and σ is the electrical conductivity of a
medium. The magnetization, ~M , and polarization, ~P , are the net magnetic and
net electric dipole moment per unit volume, respectively. The relation between
the magnetic field strength and the magnetization is related to the properties of
the medium and is given by

~M = χm ~H, (2.8)

where χm is the susceptibility of the medium. Based on this relation, (2.5) is
rewritten to

~B = µ0(1 + χm) ~H, (2.9)

~B = µ ~H. (2.10)
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The permeability, µ, consists of the permeability of free space and the relative
permeability of the specific material, µr,

µ = µ0µr. (2.11)

Different modeling methods can be applied to solve the Maxwell equations and to
obtain an expression for the magnetic fields around a coil or permanent magnet.
Often the quasi-static field theory is applied in which the four coupled first-order
differential Maxwell equations can be rewritten in terms of two uncoupled second-
order differential equations by expressing the variables in terms of the magnetic
vector potential, ~A, or magnetic scalar potential, ϕ. The magnetic vector potential
is defined by

∇× ~A = ~B. (2.12)

If no currents are modeled, the magnetic scalar potential can be introduced as well
according

~H = −∇ϕ. (2.13)

The second-order differential equations are written in as a Poisson or Laplace
equation, a form of differential equations which can be solved by means of standard
mathematical expressions. An overview of possible three-dimensional modeling
methods which may be applied to model the magnetic fields around a coil is
presented in the next sections.

The law of Biot-Savart
An often applied analytical modeling method to obtain the magnetic fields of
a coil is the law of Biot-Savart, which gives a direct solution to the magnetic
flux density. The law of Biot-Savart is a specific solution of the free-space Green’s
function, which may be applied to solve the Poisson equation in free space, µ = µ0,
[28]. The law calculates the magnetic flux density at a specific point with respect
to a current flowing in a segment of a wire,

~B =
µ0

4π

∮
c

Id~l × ~r
|r|3 , (2.14)

where I the current flowing through the wire, r the distance between the line
segment d~l and the point of interest, and c is the closed contour.

In case of a coil, the turns can be represented by segments or current-carrying bars
[123–126]. To obtain the total amount of flux density, the law of Biot-Savart must
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Figure 2.1: Schematic overview of the filament method for a cross-section of a part
of a coil: (a) cross-section of a coil, (b) enclosed area by the windings
of the coil, and (c) filament distribution in the enclosed area.

be applied to each segment and the separate contributions should be summed. In
case of a relative thick turn with respect to the distance between the coil and the
point of interest, this calculation may be rough and can be refined by applying
the filament method [3, 6, 95, 117]. The filament method does not approach a
coil as a number of individual turns, but as an enclosed volume in which the total
current is equally distributed. The turns of a coil, as shown in the cross-section in
Fig. 2.1(a), can be enclosed by a square area, Fig. 2.1(b), which can be divided into
an imaginary number of filaments as shown in Fig. 2.1(c). Assuming a uniform
current density distribution, the law of Biot-Savart can be applied to each filament
instead of each turn.

The law of Biot-Savart can only be applied for coils surrounded by air. If a medium
with a permeability is existing in the neighborhood of a coil, the imaging method
has to be applied to replace the boundary by an imaginary source such that the
distribution of the magnetic fields around the boundary remains identical without
the physical presence of the boundary [45]. After applying the imaging method,
the law of Biot-Savart can be applied to the real and imaginary sources to obtain
an expression of the magnetic fields.

Harmonic modeling method
The harmonic modeling method is a second method which can be applied to solve
the Poisson and Laplace equations. In this method, the Poisson and Laplace
equations are solved by means of separation of variables, which leads to a solution
for each harmonic as a product of the independent variables written as a Fourier
series [31, 33]. The expression of the magnetic vector potential in terms of periodic
functions reduces the geometry of the problem to a single period with periodic
boundaries. The harmonic modeling method divides the geometry into horizontal
regions, perpendicular to the direction of the periodicity. The regions distinguish
from each other with respect to the properties of the medium, the existence of
magnetic field sources, such as coils and magnets, and the spatial periodicity of the
region. Each region has uniform properties, or consists of a combination of media
with different properties, such as slots or cavities, which must be entirely enclosed
in the direction of the spatial periodicity by infinitely-permeable ferromagnetic
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material. This requirement limits the set of geometries which can be solved by the
harmonic modeling method. For example, the magnetic fields around an iron tooth
enclosed by air cannot be described by this method. To obtain a solution of the
magnetic flux density, an expression for the magnetic vector potential is written
for each region. These expressions are linked together by applying the boundary
conditions around and between the regions, such that a unique expression for the
magnetic fields is obtained.

The harmonic modeling technique is able to calculate the magnetic fields inside
regions with materials with an electrical conductivity and/or a permeability and
the eddy-current reaction field can be included in the model. Unfortunately non-
linear materials properties cannot be taken into account. Finally, a large number
of harmonics needs to be taken into account to model a relative small object in a
large period which can be problematic for the numerical stability of this method.

Magnetic equivalent circuit method
The Magnetic Equivalent Circuit (MEC) method models a magnetic circuit analog
to an electric circuit and follows from the integral form of Ampère’s circuit law
(2.1) and Gauss’ law for magnetism (2.2). Compared to the law of Biot-Savart
and the harmonic modeling method, the magnetic equivalent circuit method is able
to model the flux density distribution inside ferromagnetic material and to take
non-linear material properties into account. In the magnetic equivalent circuit,
the flux paths are modeled by reluctances, and the sources of the magnetic fields
are modeled as sources of magnetomotive force [94]. By solving Hopkinson’s law,
the magnetic flux flowing through the circuit can be obtained. Because of the
discretization of the magnetic flux paths, prior knowledge of these paths is required,
as, for example, shown in examples of a three-dimensional MEC models [4, 49, 52].
Therefore, this method is only suited for geometries with a small airgap, and is
usually applied in geometries with coils wound around a core [104].

Finite element method
The Finite Element Method (FEM) is the most used numerical method to model
the magnetic fields of complex three-dimensional structures. The method dis-
cretizes the magnetic problem into meshed elements, which are sufficiently small,
such that a linear or quadratic variation may be assumed between two mesh points.
Similar to the MEC method, this method requires prior knowledge of the mag-
netic fields to make a suitable mesh, i.e. a dens mesh in a volume with a strongly
varying magnetic flux and a coarse mesh elsewhere. An expression of the magnetic
fields is obtained by minimizing the total energy of the problem, which takes the
boundaries between different types of medium and borders of the problem into
account [91].

The advantage of the FEM in the modeling of three-dimensional problems is the
ability to include non-linear material properties, irregular geometrical shapes and
anisotropic materials. However, depending on the complexity of the structure,
a large number of mesh elements needs to be taken into account to obtain an
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accurate solution for the magnetic fields. For example, in case of conducting
materials, several mesh layers per skin-depth need to be used to accurately model
the eddy-currents.

Finite difference method
One of the oldest numerical methods is the finite difference method. This method
discretizes an electromagnetic problem into a grid of lines, for example, parallel
to the coordinate system. The nodal points are located at the intersection of
two lines, for which a finite difference expression is obtained with the adjacent
nodal points [10]. This set of equations is solved to obtain the magnetic fields.
A disadvantage of this method is the constant grid, which does not guarantee a
nodal point at all boundaries between the different media.

Comparison
A comparison is made among the different methods with respect to the ability to
model the three-dimensional magnetic fields of a coil which may be surrounded
by different type of structures and materials. The harmonic modeling method is
a method which should be able to include different kind of materials and different
types of boundaries, as shown by the two-dimensional electromagnetic problems
which have been solved with this method [32]. Compared to the law of Biot-Savart,
the harmonic modeling method is able to take a larger range of boundaries into
account. The MEC method is only suited for problems with small airgaps and a
ferromagnetic structure around the coils, which limits the possibility to calculate
the magnetic fields around a coil located in air. The numerical FEM method
could be applied, but, because of the required meshing of the problem after any
geometrical modification, this method is not flexible in terms of a parametric search
compared to an analytical method. Because of the flexibility and geometrical
options of the harmonic modeling method it is chosen to extend this method by
including the ability of coils as the source of the electromagnetic fields.

2.2 General solution of the three-dimensional
magnetic vector potential

The harmonic modeling method is applied to obtain a solution of the magnetic
fields in a periodic structure which is divided into regions. For each region, an
expression of the magnetic vector potential is formulated, from which in combi-
nation with the boundary conditions a solution for the magnetic fields within the
problem is obtained. In literature, only two-dimensional problems with a time-
varying current source can be found, in which the magnetic fields are solved by
applying the harmonic modeling method in combination with the one-dimensional
magnetic vector potential, such as, for example, rotating or linear electrical ma-
chines [83, 136]. In these cases, the two-dimensional harmonic model is sufficient
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Figure 2.2: Schematic overview of an example of single period of a geometry which
is solved by the harmonic modeling method.
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Figure 2.3: Example of a periodic geometry which is solved by the harmonic mod-
eling method, a coil above an infinitely permeable ferromagnetic plate:
(a) cross-section along y=0, and (b) top view.

since the part of the winding orthogonal to the direction of movement provides the
major contribution to the interaction of the magnetic fields, and the influence of
the end-windings may be ignored. In case of a planar movement, the complete coil
contributes to the interaction of the magnetic fields and two-dimensional magnetic
vector potential is not suitable, and, therefore, the problem needs to be solved by
means of the three-dimensional magnetic vector potential.

An array of coils above a ferromagnetic plate is a typical geometry of a periodic
problem which is solved by the three-dimensional harmonic modeling method. A
single period of such a problem is shown in Fig. 2.2. Figure 2.3(a) shows the cross-
section of the geometry along the y-axis. In the normal (z) direction, regions with
different material properties and current sources can be identified. The periodicity
in the tangential (x, y) direction can be visualized by the periodic boundaries as
shown in the top view in Fig. 2.3(b).
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In this next section the three-dimensional magnetic vector potential is formulated
and solutions of the magnetic vector potential are given for different kind of regions.

2.2.1 Three-dimensional magnetic vector potential

The formulation of the magnetic vector potential starts with a set of assumptions.
Firstly, the wave-length of the applied frequencies is assumed to be relative large
compared to the region of interest. Therefore, any change in the magnetic fields
is instantaneous across the whole region, and the quasi-static field theory may
be applied. The quasi-static field theory ignores the variation of the electric flux
density as a function of time

∂D

∂t
= 0, (2.15)

which reduces (2.1)-(2.4) to

∇× ~H = ~J, (2.16)

∇ · ~B = 0, (2.17)

∇× ~E = −∂
~B

∂t
, (2.18)

∇ · ~D = ρ. (2.19)

In the quasi-static field theory no time derivatives are present in (2.16) and (2.17).

Even when the current source ~J is time dependent, ~B and ~H are calculated as if
the system is static [28]. Furthermore, (2.16) implies that

∇ · ~J = 0. (2.20)

Secondly, it is assumed that the current in the coils and eddy-currents in electrical
conducting materials are only flowing in the xy-plane,

Jz = 0. (2.21)

Thirdly, the material properties of a medium are assumed to be linear, homoge-
neous and isotropic. Fourthly, in case of soft-magnetic materials, such as ferro-
magnetic plates and structures around non-periodic regions, the permeability is
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assumed to be infinite, µr = ∞. Finally, the solution of the magnetic vector
potential must fulfil the Coulomb Gauge condition

∇ · ~A = 0. (2.22)

The magnetic vector potential is related to the magnetic flux density by

∇× ~A = ~B, (2.23)

and can be expressed as a function of the current density, by substituting (2.23)
into (2.1), while taking the quasi-static field theory (2.15) and the constitutive
relation (2.11) into account

∇× ~H = ~J, (2.24)

1

µ

(
∇× ~B

)
= ~J, (2.25)

1

µ

(
∇
(
∇ · ~A

)
−∇2 ~A

)
= ~J. (2.26)

By applying the Coulomb Gauge condition, (2.26) reduces to

− 1

µ
∇2 ~A = ~J, (2.27)

which is known as Poisson’s equation. A solution of the magnetic vector potential
can be obtained by solving this second order differential equation.

The current density is defined as the current flowing through an area and consists
of one of the two components

~J = ~Jcoil + ~Jeddy. (2.28)

The first component, ~Jcoil, is related to the current density distribution of a coil
in a region of air, which is further explored in Section 2.4. The second component,
~Jeddy, is the current density distribution of the induced eddy-currents flowing in a
region with an electrical conductive material, which are induced by time varying
magnetic fields. An expression for the current density distribution related to the
eddy currents in a conducting medium can be obtained by Faraday’s law (2.3) in
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combination with one of the constitutive relations (2.10), and can be written as a
function of the material properties of a medium and the magnetic vector potential

∇× ~E +
∂
(
∇× ~A

)
∂t

= ∇×
(
~E +

∂ ~A

∂t

)
= 0, (2.29)

~Jeddy = σ ~E = −σ∂
~A

∂t
. (2.30)

Taking the relation of the eddy currents and the magnetic vector potential into
account, (2.27) can be rewritten as

∇2 ~A = −µ
(
~Jcoil − σ

∂ ~A

∂t

)
. (2.31)

A mathematical expression of (2.31) in matrix form is given by

∇2 ~A =


∂2Ax

∂x2 + ∂2Ax

∂y2 + ∂2Ax

∂z2

∂2Ay

∂x2 +
∂2Ay

∂y2 +
∂2Ay

∂z2

∂2Az

∂x2 + ∂2Az

∂y2 + ∂2Az

∂z2

 = −µ

 Jcoilx − σ ∂Ax∂t
Jcoily − σ ∂Ay∂t
Jcoilz − σ ∂Az∂t

 . (2.32)

Since there is no current density in the z-direction, the magnetic vector potential
in this direction is set equal to zero

Az = 0. (2.33)

This choice automatically defines the relation between the two remaining compo-
nents of the magnetic vector potential in the x- and y-direction

Ay = −
∫
∂Ax
∂x

dy. (2.34)

The above presented assumptions reduce (2.32) into the following two differential
equations which need to solved to obtain an expression for the magnetic fields

∂2Ax
∂x2

+
∂2Ax
∂y2

+
∂2Ax
∂z2

− µσ∂Ax
∂t

= −µJcoilx , (2.35)

∂2Ay
∂x2

+
∂2Ay
∂y2

+
∂2Ay
∂z2

− µσ∂Ay
∂t

= −µJcoily . (2.36)
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The differential equations are solved by applying the method of separation of
variables, which results in a multiplication of four functions, each depending on x,
y, z or t. The functions in the x- and y-direction are expressed as a Fourier series
because of the periodicity in those directions. The time variation is described as the
real part of a complex Fourier series such that the field quantities in the steady-
state have a constant amplitude and a variation identical to that of the source
component [10, 116]. The function in the z-direction is modeled by exponential
function. The current density distribution of a coil is independent of the z-direction
and modeled as a constant Ccoil. Summarized, the x- and y-components of the
magnetic vector potential are formulated in the form of

A =
(
c1ze

γz + c2ze
−γz + Ccoil

)(
a0x +

N∑
n=1

(b1x sin(ωnx) + b2x cos(ωnx))

)

×
(
a0y +

M∑
m=1

(b1y sin(ωmy) + b2y cos(ωmy))

)
ejωt. (2.37)

The Fourier series are obtained for N and M harmonics, and have a periodicity
with a length equal to 2τx and 2τy in the x- and y-direction respectively, as shown
in Fig. 2.3. The spatial harmonics for both Fourier series are given by

ωn =
nπ

τx
, (2.38)

ωm =
mπ

τy
. (2.39)

The exponential function in the z-direction has a propagation constant equal to

γ =
√
ω2
n + ω2

m + jωµσ. (2.40)

In the next sections the solution for the magnetic vector potential is presented for
different type of regions. The solutions are written in the form of (2.37) and are
found by fulfilling the Coulomb Gauge condition and (2.34) with respect to source
terms.

2.2.2 Magnetic vector potential in a conducting medium

In a solid conducting medium, such as iron, aluminum or copper, the magnetic
fields induce eddy currents, and, therefore, a solution is given in the form of
the complex double Fourier series (2.37). Since such a region consists of a solid
conducting medium, it is assumed that only eddy-currents in the region appear
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and no external current source, such as a coil, is present, i.e. ~Jcoil is equal to
zero. In regions with a conducting medium, the magnetic vector potential can be
expressed as

Ax =

M∑
m=0

N∑
n=0

ωm
γ

[ (
c1e

γz + c2e
−γz) cos(ωnx) sin(ωmy)

+
(
c3e

γz + c4e
−γz) sin(ωnx) cos(ωmy)

+
(
c5e

γz + c6e
−γz) cos(ωnx) cos(ωmy)

+
(
c7e

γz + c8e
−γz) sin(ωnx) sin(ωmy)

]
ejωt, (2.41)

Ay =

M∑
m=0

N∑
n=0

ωn
γ

[ (
−c1eγz − c2e−γz

)
sin(ωnx) cos(ωmy)

+
(
−c3eγz − c4e−γz

)
cos(ωnx) sin(ωmy)

+
(
c5e

γz + c6e
−γz) sin(ωnx) sin(ωmy)

+
(
c7e

γz + c8e
−γz) cos(ωnx) cos(ωmy)

]
ejωt, (2.42)

Az = 0. (2.43)

The coefficients c1-c8 are unknown constants which are solved by applying the
boundary conditions.

Based on the magnetic vector potential, the expression of the flux density distri-
bution is equal to

Bx =

M∑
m=0

N∑
n=0

ωn

[ (
c1e

γz − c2e−γz
)

sin(ωnx) cos(ωmy)

+
(
c3e

γz − c4e−γz
)

cos(ωnx) sin(ωmy)

+
(
−c5eγz + c6e

−γz) sin(ωnx) sin(ωmy)

+
(
−c7eγz + c8e

−γz) cos(ωnx) cos(ωmy)

]
ejωt, (2.44)
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By =

M∑
m=0

N∑
n=0

ωm

[ (
c1e

γz − c2e−γz
)

cos(ωnx) sin(ωmy)

+
(
c3e

γz − c4e−γz
)

sin(ωnx) cos(ωmy)

+
(
c5e

γz − c6e−γz
)

cos(ωnx) cos(ωmy)

+
(
c7e

γz − c8e−γz
)

sin(ωnx) sin(ωmy)

]
ejωt, (2.45)

Bz =

M∑
m=0

N∑
n=0

ω2
m + ω2

n

γ

[ (
−c1eγz − c2e−γz

)
cos(ωnx) cos(ωmy)

+
(
c3e

γz + c4e
−γz) sin(ωnx) sin(ωmy)

+
(
c5e

γz + c6e
−γz) cos(ωnx) sin(ωmy)

+
(
−c7eγz − c8e−γz

)
sin(ωnx) cos(ωmy)

]
ejωt. (2.46)

2.2.3 Magnetic vector potential in air

For regions with a non-conductive material, for example air or vacuum, the solution
for the magnetic field becomes time independent, since ~Jeddy is equal to zero.
Therefore, γ is equal to

k =
√
ω2
n + ω2

m. (2.47)

Furthermore, if a coil is present in the region, the current density distribution of
the coil should be taken into account in the solution of the magnetic vector po-
tential. Therefore, beside a homogeneous solution, which is similar to the solution
presented in Section 2.2.2, a particular solution for the differential equations is
obtained in the expression of the magnetic vector potential.

The magnetic vector potential for a region of air is equal to

Ax =

M∑
m=0

N∑
n=0

[
(
ωm
k

(
c1e

kz + c2e
−kz)+ Cxcs

) cos(ωnx) sin(ωmy)

+(
ωm
k

(
c3e

kz + c4e
−kz)+ Cxsc) sin(ωnx) cos(ωmy)

+(
ωm
k

(
c5e

kz + c6e
−kz)+ Cxcc

) cos(ωnx) cos(ωmy)

+(
ωm
k

(
c7e

kz + c8e
−kz)+ Cxss

) sin(ωnx) sin(ωmy)

]
, (2.48)
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Ay =

M∑
m=0

N∑
n=0

[
(
−ωn
k

(
c1e

kz + c2e
−kz)+ Cysc) sin(ωnx) cos(ωmy)

+(
−ωn
k

(
c3e

kz + c4e
−kz)+ Cycs) cos(ωnx) sin(ωmy)

+(
ωn
k

(
c5e

kz + c6e
−kz)+ Cyss) sin(ωnx) sin(ωmy)

+(
ωn
k

(
c7e

kz + c8e
−kz)+ Cycc) cos(ωnx) cos(ωmy)

]
, (2.49)

Az = 0. (2.50)

The constants Cxcs -Cycc in the particular solution of the differential equations are
related to the current density distribution and are equal to

Cxcs =
−µjxcs

ω2
n + ω2

m

, (2.51)

Cxsc
=
−µjxsc

ω2
n + ω2

m

, (2.52)

Cxcc
=
−µjxcc

ω2
n + ω2

m

, (2.53)

Cxss
=
−µjxss

ω2
n + ω2

m

, (2.54)

Cysc =
−µjysc
ω2
n + ω2

m

, (2.55)

Cycs =
−µjycs
ω2
n + ω2

m

, (2.56)

Cyss =
−µjyss
ω2
n + ω2

m

, (2.57)

Cycc =
−µjycc
ω2
n + ω2

m

, (2.58)

The current density distribution, jxcs
-jycc , is formulated in Section 2.4. Since

the current density of a coil is modeled by four finite bars, the Coulomb Gauge
condition is not satisfied in the particular solution of the magnetic vector potential,
since

−ωnCx − ωmCy 6= 0. (2.59)

This is caused by the fact that the conservation of free charge is not continuous,
and, as is shown in Section 2.4.5, may be ignored.

The flux density distribution for a region of air with a current-carrying coil inside
is given by

Bx =

M∑
m=0

N∑
n=0

ωn

[ (
c1e

kz − c2e−kz
)

sin(ωnx) cos(ωmy)

+
(
c3e

kz − c4e−kz
)

cos(ωnx) sin(ωmy)

+
(
−c5ekz + c6e

−kz) sin(ωnx) sin(ωmy)

+
(
−c7ekz + c8e

−kz) cos(ωnx) cos(ωmy)

]
, (2.60)
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By =

M∑
m=0

N∑
n=0

ωm

[ (
c1e

kz − c2e−kz
)

cos(ωnx) sin(ωmy)

+
(
c3e

kz − c4e−kz
)

sin(ωnx) cos(ωmy)

+
(
c5e

kz − c6e−kz
)

cos(ωnx) cos(ωmy)

+
(
c7e

kz − c8e−kz
)

sin(ωnx) sin(ωmy)

]
, (2.61)

Bz =

M∑
m=0

N∑
n=0

[

−
(
ω2
m + ω2

n

k

(
c1e

kz + c2e
−kz)+ Cxcsωm − Cyscωn

)
cos(ωnx) cos(ωmy)

+

(
ω2
m + ω2

n

k

(
c3e

kz + c4e
−kz)+ Cxscωm − Cycsωn

)
sin(ωnx) sin(ωmy)

+

(
ω2
m + ω2

n

k

(
c5e

kz + c6e
−kz)+ Cxcc

ωm + Cyssωn

)
cos(ωnx) sin(ωmy)

−
(
ω2
m + ω2

n

k

(
c7e

kz + c8e
−kz)+ Cxss

ωm + Cyccωn

)
sin(ωnx) cos(ωmy)

]
.

(2.62)

Notice that the contribution of the current density distribution only appears in
the normal component of the flux density distribution. As a result, the expression
of the flux density distribution in the x- and y-direction, obtained by the magnetic
vector potential, similar to the one obtained by the magnetic scalar potential, as
is shown in the next section.

2.2.4 Magnetic scalar potential

Regions with non-conductive material and without a current-carrying coil can
either be modeled by the magnetic vector potential or by the magnetic scalar
potential

~H = −∇ϕ. (2.63)

Similarly to the magnetic vector potential, the solution of the magnetic scalar
potential is formulated using the method of separation of variables, and is equal
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to

ϕ =

M∑
m=0

N∑
n=0

[ (
c1e

kz + c2e
−kz)) cos(ωnx) cos(ωmy)

+
(
c3e

kz + c4e
−kz) sin(ωnx) sin(ωmy)

+
(
c5e

kz + c6e
−kz) cos(ωnx) sin(ωmy)

+
(
c7e

kz + c8e
−kz) sin(ωnx) cos(ωmy)

]
. (2.64)

The flux density distribution is equal to

Bx =

M∑
m=0

N∑
n=0

µ0ωn

[ (
c1e

kz + c2e
−kz) sin(ωnx) cos(ωmy)

+
(
−c3ekz − c4e−kz

)
cos(ωnx) sin(ωmy)

+
(
c5e

kz + c6e
−kz) sin(ωnx) sin(ωmy)

+
(
−c7ekz − c8e−kz

)
cos(ωnx) cos(ωmy)

]
, (2.65)

By =

M∑
m=0

N∑
n=0

µ0ωm

[ (
c1e

kz + c2e
−kz) cos(ωnx) sin(ωmy)

+
(
−c3ekz − c4e−kz

)
sin(ωnx) cos(ωmy)

+
(
−c5ekz − c6e−kz

)
cos(ωnx) cos(ωmy)

+
(
c7e

kz + c8e
−kz) sin(ωnx) sin(ωmy)

]
, (2.66)

Bz =

M∑
m=0

N∑
n=0

µ0k

[ (
−c1ekz + c2e

−kz) cos(ωnx) cos(ωmy)

+
(
−c3ekz + c4e

−kz) sin(ωnx) sin(ωmy)

+
(
−c5ekz + c6e

−kz) cos(ωnx) sin(ωmy)

+
(
−c7ekz + c8e

−kz) sin(ωnx) cos(ωmy)

]
. (2.67)

Both the magnetic vector potential, (2.60)-(2.62), and the magnetic scalar poten-
tial, (2.65)-(2.67), result in similar expressions for the flux density distribution
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Figure 2.4: Schematic overview of a single period in x- and y-direction of a (a)
cavity, (b) slot in the y-direction, and (c) slot in the x-direction.

in the x- and y-direction. The flux density distribution in the z-direction differs
with respect to both methods, where the flux density distribution obtained from
the magnetic vector potential, (2.62), includes constants related to the current
density distribution. Because of the similarity, both the magnetic vector potential
and the magnetic scalar potential can be used next to each other in a problem
which is solved by the harmonic modeling method. Furthermore, the tangential
components of the magnetic vector potential need to be rewritten towards an ex-
pression similar to the magnetic scalar potential to fulfil the tangential boundary
conditions of the magnetic field strength, as is shown in Section 2.3.

2.2.5 Magnetic vector potential in a cavity

In the previous sections the magnetic vector potential is presented for regions with
a length equal to the periodicity of the problem, i.e. continuous regions. In case
of a slotted structure, the length of the region is smaller as the periodic length of
the problem, and, therefore, the region inside the slot is called a discontinuous or
a non-periodic region. Examples of discontinuous regions, i.e. slots or cavities, are
shown in Fig. 2.4. A cavity is defined as a gap in a plate constructed of material
with an infinitely permeability, and is both in the x- and y-direction bounded
within a single period of the adjacent continuous region by the plate, as shown in
Fig. 2.4(a). Multiple cavities can be modeled in a plate with the length equal to
single period of a continuous region, as long as each cavity is surrounded by a layer
of infinitely permeable material. A slot is defined as a region with a continuous
gap in the x- or y-direction in which the length of the gap is equal to the periodic
length and the width of the gap is smaller as the periodic length, and bounded by
ferromagnetic material in that direction, as shown in Fig. 2.4(b). Other structures,
such as a tooth surrounded by air cannot be modeled.
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Figure 2.5: Top view of a single period of a (a) cavity, (b) slot in the y-direction,
and (c) slot in the x-direction.

The presence of the infinitely permeable material introduces a Neumann boundary
condition at the borders of the cavity, indicated by the solid black line in Fig. 2.5.
The appearance of this boundary condition implies that the components of the
magnetic field strength perpendicular to the direction of the boundary are equal
to zero at the boundary.

In the cavity shown in Fig. 2.5(a), the origin of the coordinate system is located in
the middle of the cavity. A description of the magnetic flux density in the normal
direction, containing a cosine function in the x- and y-direction, fulfils the Neu-
mann boundary condition at the borders of the cavity. Because of this boundary
condition, the imaging method needs to be applied to describe the magnetic field
sources in the cavity, as is presented in Section 2.4.6. The Neumann boundary
condition at the border of the cavity results in a periodicity of the magnetic fields
inside the cavity (4lsx , 4lsy) which is equal to twice the length of the cavity (2lsx ,
2lsy). The spatial harmonics in a cavity are equal to

ωv =
vπ

2lsx
, (2.68)

ωw =
wπ

2lsy
, (2.69)

where v and w are the harmonics in the x- and y-direction, respectively. To fulfil
the Neumann boundary condition, only odd-numbered harmonics need to be taken
into account.

If the center of a coil, located inside the cavity, is shifted with respect to the
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origin of the coordinate system of the cavity, the imaging method results in a
source description containing both cosine and sine components in the x- and y-
direction. To solve the Poisson equation within this non-periodic region, the center
of the coordinate system of the cavity needs to be shifted as well, such that both
descriptions have equal trigonometric functions. Therefore, a local coordinate
system (xs,ys) is introduced according to

xs = x∗ + ∆x, (2.70)

ys = y∗ + ∆y, (2.71)

where x∗ and y∗ are the coordinate system with the origin in the center of the
cavity and ∆x and ∆y are the displacement of the center of the coil with respect
to the coordinate system (x∗,y∗), as illustrated in Fig. 2.5(a). With respect to the
local coordinate system, the magnetic vector potential in a cavity becomes equal
to

Ax =

W∑
w=1,3,5,..

V∑
v=1,3,5,..

[
(
ωw
r

(
c1e

rz + c2e
−rz)+ Cxcs) cos(ωv∆x) cos(ωw∆y) cos(ωvx

∗) sin(ωwy
∗)

+ (
ωw
r

(
c3e

rz + c4e
−rz)+ Cxsc) sin(ωv∆x) sin(ωw∆y) sin(ωvx

∗) cos(ωwy
∗)

+ (
ωw
r

(
c5e

rz + c6e
−rz)+ Cxcc

) cos(ωv∆x) sin(ωw∆y) cos(ωvx
∗) cos(ωwy

∗)

+ (
ωw
r

(
c7e

rz + c8e
−rz)+ Cxss) sin(ωv∆x) cos(ωw∆y) sin(ωvx

∗) sin(ωwy
∗)

]
,

(2.72)

Ay =

W∑
w=1,3,5,..

V∑
v=1,3,5,..

[
(
−ωv
r

(
c1e

rz + c2e
−rz)+ Cysc) cos(ωv∆x) cos(ωw∆y) sin(ωvx

∗) cos(ωwy
∗)

+ (
−ωv
r

(
c3e

rz + c4e
−rz)+ Cycs) sin(ωv∆x) sin(ωw∆y) cos(ωvx

∗) sin(ωwy
∗)

+ (
ωv
r

(
c5e

rz + c6e
−rz)+ Cyss) cos(ωv∆x) sin(ωw∆y) sin(ωvx

∗) sin(ωwy
∗)

+ (
ωv
r

(
c7e

rz + c8e
−rz)+ Cycc) sin(ωv∆x) cos(ωw∆y) cos(ωvx

∗) cos(ωwy
∗)

]
,

(2.73)

Az = 0. (2.74)

This results in the following expression for the flux density distribution in a cavity
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Bx =

W∑
w=1,3,5,..

V∑
v=1,3,5,..

ωv

[
(
c1e

rz − c2e−rz
)

cos(ωv∆x) cos(ωw∆y) sin(ωvx
∗) cos(ωwy

∗)

+
(
c3e

rz − c4e−rz
)

sin(ωv∆x) sin(ωw∆y) cos(ωvx
∗) sin(ωwy

∗)

−
(
c5e

rz − c6e−rz
)

cos(ωv∆x) sin(ωw∆y) sin(ωvx
∗) sin(ωwy

∗)

−
(
c7e

rz − c8e−rz
)

sin(ωv∆x) sin(ωw∆y) cos(ωvx
∗) cos(ωwy

∗)

]
,

(2.75)

By =

W∑
w=1,3,5,..

V∑
v=1,3,5,..

ωw

[
(
c1e

rz − c2e−rz
)

cos(ωv∆x) cos(ωw∆y) cos(ωvx
∗) sin(ωwy

∗)

+
(
c3e

rz − c4e−rz
)

sin(ωv∆x) sin(ωw∆y) sin(ωvx
∗) cos(ωwy

∗)

+
(
c5e

rz − c6e−rz
)

cos(ωv∆x) sin(ωw∆y) cos(ωvx
∗) cos(ωwy

∗)

+
(
c7e

rz − c8e−rz
)

sin(ωv∆x) cos(ωw∆y) sin(ωvx
∗) sin(ωwy

∗)

]
,

(2.76)

Bz =

W∑
w=1,3,5,..

V∑
v=1,3,5,..

[(
ω2
w + ω2

v

r

(
−c1erz − c2e−rz

)
− Cxcs

ωw

+Cyscωv

)
cos(ωv∆x) cos(ωw∆y) cos(ωvx

∗) cos(ωwy
∗)

+

(
ω2
w + ω2

v

r

(
c3e

rz + c4e
−rz)+ Cxscωw

−Cycsωv
)

sin(ωv∆x) sin(ωw∆y) sin(ωvx
∗) sin(ωwy

∗)

+

(
ω2
w + ω2

v

r

(
c5e

rz + c6e
−rz)+ Cxccωw

+Cyssωv

)
cos(ωv∆x) sin(ωw∆y) cos(ωvx

∗) sin(ωwy
∗)

+

(
ω2
w + ω2

v

r

(
−c7erz − c8e−rz

)
− Cxss

ωw

−Cyccωv
)

sin(ωv∆x) cos(ωw∆y) sin(ωvx
∗) cos(ωwy

∗)

]
.

(2.77)
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The constants related to the current density distribution in the slot are equal to

Cxcs = Cxss = µ0
jxslot

ω2
w + ω2

v

, (2.78)

Cxsc
= Cxcc

= −µ0
jxslot

ω2
w + ω2

v

, (2.79)

Cysc = Cyss = µ0
jyslot

ω2
w + ω2

v

, (2.80)

Cycs = Cycc = −µ0
jyslot

ω2
w + ω2

v

, (2.81)

where the components of the description of the current density distribution in the
slot, jxslot

, and jyslot , are introduced in Section 2.4.6. The propagation constant
r is equal to

r =
√
ω2
v + ω2

w. (2.82)

Not only cavities can be modeled, but also slots along one of the periodic directions
can be modeled with the harmonic modeling method. Two examples are shown
in Figs. 2.5(b) and (c). The dashed-dotted line in the figure indicates a periodic
boundary condition, and the solid line a Neumann boundary condition. For a slot
along the y-direction, shown in Fig. 2.5(b), the following set of spatial harmonics
is obtained

ωv =
vπ

2lsx
, (2.83)

ωm =
mπ

τy
, (2.84)

and for a slot along the x-direction, shown in Fig. 2.5(c), the spatial harmonics
are equal to

ωn =
nπ

τx
, (2.85)

ωw =
wπ

2lsy
. (2.86)

A description for the magnetic vector potential for a slot along the x- or y-direction
can be obtained by a combination of the magnetic vector potential in air, Sec-
tion 2.2.3, and the magnetic vector potential in a cavity (2.72). Because of the
separation of variables, the independent spatial harmonics in the x- and y-direction
can be multiplied with each other.
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2.2.6 Two-dimensional magnetic vector potential

From the three-dimensional magnetic vector potential, the two-dimensional one
can be written by an additional set of assumptions. If it is assumed that the
current in the two-dimensional model is only flowing in the infinite y-direction,
the current density and the magnetic vector potential in the x-direction may be
set to zero, similar as applied to the magnetic vector potential in the z-direction
in the three-dimensional case

Jx = 0, (2.87)

Ax = 0. (2.88)

This assumption automatically satisfies the Coulomb-Gauge condition, ∇ · ~A = 0.
Finally, the partial derivative of the magnetic vector potential in the y-direction
is equal to zero because of the infinite length

∂Ay
∂y

= 0. (2.89)

These assumptions reduce the differential equations (2.35) and (2.36) to

∂2Ay
∂x2

+
∂2Ay
∂z2

− µσ∂Ay
∂t

= −µJcoily . (2.90)

Similar solutions of the magnetic vector potential and current density distributions
can be obtained as presented in Section 2.2 and 2.4. Because of the finite length
in the y-direction no harmonics in the y-direction are taken into account, and the
two-dimensional magnetic vector potential is equal to

Ax = 0, (2.91)

Ay =
(
c1ze

γz + c2ze
−γz)

×
(
a0x +

N∑
n=1

(b1x sin(ωnx) + b2x cos(ωnx))

)
ejωt, (2.92)

Az = 0. (2.93)
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2.3 Boundary conditions

The descriptions of the magnetic vector potential of the different regions in a single
electromagnetic problem are coupled to each other by the boundary conditions.
The boundary conditions at the tangential borders of a region are satisfied by the
choice of the harmonic description for the components in the x- and y-direction of
the magnetic vector potential, as shown in Section 2.2. The unknown coefficients
in the z-component of the magnetic vector potential are found by applying one
the following three boundary conditions:

• Dirichlet boundary condition,

• Neumann boundary condition,

• continuous boundary condition,

at the boundaries in the normal (z-) direction of a region.

At the boundary of a region with infinitely-permeable ferromagnetic material or
at the border of a region with infinite height the Neumann and Dirichlet boundary
condition must be fulfilled, respectively. The Dirichlet condition defines that the
magnetic vector or magnetic scalar potential is equal to zero. The Neumann
boundary condition, defines that the tangential components of the magnetic field
strength with respect to the boundary are equal to zero [45]. A schematic overview
of the Neumann boundary condition is shown in Fig. 2.6, where

Hx = 0

∣∣∣∣
z=hR

, (2.94)

Hy = 0

∣∣∣∣
z=hR

, (2.95)

at the top of region R. The Neumann boundary condition gives no restriction
for the normal component of the magnetic field strength at the boundary. The
Dirichlet and the Neumann boundary condition can both be applied for periodic
and non-periodic regions.

The continuous boundary condition defines that the magnetic flux density in the
normal direction and the magnetic field strength in the tangential direction should
be equal at both sides of a border between two regions. This implies the following
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Figure 2.6: Schematic overview of the Neumann boundary condition in (a) a pe-
riodic and (b) a non-periodic region.
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Figure 2.7: Schematic overview of the continuous boundary conditions between
(a) two periodic and (b) two non-periodic regions.

set of constraints, for example, between regions R and S of Fig. 2.7,

HxS
= HxR

∣∣∣∣
z=hR

, (2.96)

HyS = HyR

∣∣∣∣
z=hR

, (2.97)

BzS = BzR

∣∣∣∣
z=hR

. (2.98)

To match the periodicity of all regions, a distinction is made between boundaries
of regions with a continuous periodicity and boundaries with a discontinuous pe-
riodicity, as is explained in the next sections.
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2.3.1 Boundary conditions between continuous regions

The normal component of the magnetic flux density and the tangential compo-
nents of the magnetic field strength between two continuous regions have a similar
periodicity, and, therefore, only the functions in the z-direction have to be equal-
ized. Furthermore, the summation of different terms in the expression of the
magnetic fields allows that these boundary conditions can be separately solved for
each combination of cosine and sine in the x- and y-direction. Nevertheless, the
boundary conditions at the border of two continuous regions result in an overdeter-
mined problem, in which the number of boundary conditions is higher compared
to the number of unknown coefficients. Consider, for example, the two regions
shown in Fig. 2.7(a), three boundary conditions are defined between the two re-
gions, (2.96)-(2.98), and, another four conditions are introduced if the Neumann
boundary condition is applied to the top of region S and the bottom of region R,
(2.94)-(2.95). These seven conditions should be fulfilled to solve the four unknown
coefficients per combination of sine and cosine functions in the x- and y-direction.
This results in an overdetermined problem in which three boundary conditions
remain unsolved. The solution to solve this problem, and thereby, obtain an ex-
pression for the magnetic vector potential is to reduce the number of boundary
conditions.

If no current density distribution is present in the regions R and S, these regions
can be modeled by the magnetic scalar potential instead of the magnetic vector
potential. In this case, the two continuous boundary conditions of the magnetic
field strength, (2.96) and (2.97), are replaced by a single boundary condition which
defines that the magnetic scalar potential is equal on both sides of the boundary

ϕS = ϕR

∣∣∣∣
z=hR

, (2.99)

where

ϕ = −
∫
Hxdx = −

∫
Hydy, (2.100)

and, as a result, the problem is not over-constrained.

The boundary condition for the tangential components of the magnetic field
strength is obtained from Ampere’s law, and can be expressed for R and S as

lim
z→hR

∮
~Hdl =

∫
HSx

dx−
∫
HRx

dx =

∫
S

~JfscdS, (2.101)

where Jfsc is the free surface charge density at the boundary between the two
regions. It is assumed that Jfsc is equal to zero, and, that no surface charge is
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Figure 2.8: Schematic overview of the boundary conditions between a periodic
and non-periodic region: (a) cross-section of the xz-plane, and (b)
cross-section of the xy-plane.

present at the boundary between two regions. Furthermore, the two tangential
components of the magnetic field strength retrieved from the magnetic vector po-
tential (2.60)-(2.61), have no component related to the current density distribution
of a coil, and are, therefore, similar to the tangential components obtained from
the magnetic scalar potential, (2.65)-(2.66). Summarized, locally at the bound-
ary, the magnetic vector potential may be expressed in the terms of the magnetic
scalar potential by applying (2.100) to (2.60)-(2.61). This reduces the number of
boundary conditions, and, thereby, the problem is not over-constrained.

2.3.2 Boundary conditions between discontinuous regions

The boundary conditions at the normal interface of a periodic and non-periodic
region are position dependent. Figure 2.8(a) shows a cross-section of the boundary
between a periodic and a non-periodic region in the xy-plane. The periodic region
experiences a combination of boundary conditions at the interface between the
two regions; the continuous boundary conditions between the overlapping area of
the periodic and the non-periodic region, and, the Neumann boundary condition
over the remaining area of the periodic region, as shown in Fig. 2.8(b),

ϕR =


ϕS

∣∣∣∣
z=hR

for x ≤ ±lsx and y ≤ ±lsy

0

∣∣∣∣
z=hR

elsewhere
, (2.102)

BzS = BzR . (2.103)

Boundary condition (2.102) implies that the tangential components of the mag-
netic fields in the continuous region are equal to the tangential components of the
magnetic fields inside the cavity across the common area of both regions, and are
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equal to zero elsewhere. The boundary condition in the normal direction (2.103)
implies that the normal component of the magnetic flux density distribution in-
side the cavity is equal to the sum of the normal components of the magnetic
flux density in the continuous region over the area of the cavity. This boundary
condition is evaluated across the overlapping area of the periodic and non-periodic
region, since the normal component of the magnetic flux density is not defined in
the periodic region outside the area of the cavity.

The magnetic fields in the periodic and non-periodic region are described with a
different fundamental harmonic. Therefore, the boundary conditions cannot be
solved directly since there is no relation in the position-depending trigonometric
components of the field expression. The mode-matching technique is applied to
correlate the magnetic fields at both sides of the boundary, and, thereby, obtain
an expression which can be solved [31, 65, 87].

The mode-matching technique is based on fact that the periodic functions in the
x− and y-direction of the magnetic flux density distribution and magnetic field
strength are written in terms of a Fourier series, and the fact that the boundary
conditions imply that the fields are equal at both sides of the boundary. Consider
for example, two general double Fourier series with different spatial frequencies

R(x, y, z) =

M∑
m=0

N∑
n=0

Cr(z) cos(ωmy) cos(ωnx), (2.104)

S(x, y, z) =

W∑
w=odd

V∑
v=odd

Cs(z) cos(ωwy) cos(ωvx), (2.105)

where Cr and Cs present the coefficients of the Fourier series, which may represent
region R and S of Fig. 2.8. For illustration of the mode-matching technique, only
the double cosine component is taken into account. The coefficient Cr is obtained
by applying the Fourier transform to R(x, y, z)

Cr(z) =
rz(z)

τxτy

∫ τx

−τx

(
N∑
n=0

cos(ωnx)

)2

dx

∫ τy

−τy

(
M∑
m=0

cos(ωmy)

)2

dy. (2.106)

At the boundary between regions R and S, the boundary condition implies that
both expressions give a similar solution. In other words, the coefficient Cr can
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also be obtained applying the Fourier transform to S(x, y, z)

Cr(z) =
sz(z)

τxτy

∫ lsx

−lsx

(
V∑

v=odd

cos(ωvx) ·
N∑
n=0

cos(ωnx)

)
dx

×
∫ lsy

−lsy

(
W∑

w=odd

cos(ωwy) ·
M∑
m=0

cos(ωmy)

)
dy. (2.107)

By applying this technique to the components of the magnetic flux density and
the magnetic field strength, the position dependency in the boundary conditions
between the periodic and non-periodic regions is removed, and the boundary con-
ditions can be solved.

2.4 Modeling of the current density distribution

The current-carrying coils are the sources of the magnetic fields in the CET sys-
tem. Therefore, an accurate model of their current density distribution is impor-
tant for a good prediction of the magnetic fields and the inductances of the coils
in a contactless energy transfer system. A single coil, as shown in Fig. 2.9(a),
can be decomposed into four straight segments and four round segments. The
current density distribution of the straight segments can be modeled by a double
Fourier series, resulting in expressions with similar position depending trigono-
metric components as the tangential components of the magnetic vector potential,
(2.60)-(2.61). The current density distribution of the round segments, or corner
parts of the coil, cannot be modeled since the x− and y-components are related
to each other, and the separation of variables cannot be applied. Therefore, the
current density distribution of a single coil is modeled by four segments which all
have a finite length in the direction of the current.

2.4.1 Geometry of a coil

Modeling of the magnetic fields around a coil by dividing the coil into segments
and superposition of the individual parts is analogous to the procedure as applied
by using the Biot-Savart law, in which the flux density distribution of a coil is
also modeled by segments with a finite length. As the quasi-static field theory
is applied, it is assumed that there is conservation of free charge over the global
volume. However, locally, at the beginning and end of a finite segment, a negative
and a positive charge appears, respectively. In [51], it is proven that the flux
density distribution obtained from the charges at the end of a segment gives a
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Figure 2.9: Top view of different modeling configurations of a coil: (a) original
shape, (b) non-overlapping bars, (c) overlapping bars, and (d) trape-
zoidal bars.

similar expression of the flux density distribution obtained by the law of Biot-
Savart. Therefore, the appearance of an electric charge may be ignored for a finite
section of a single wire, since the end of one segment is the beginning of the next
segment.

In practice, a current-carrying segment may consist of multiple wires. The mag-
netic fields around such a segment can be modeled by obtaining the flux density
distribution around a single wire by applying the Biot-Savart law, and integrating
the field of a single wire over the cross-section of the segment [122] or by using the
filament method which is introduced in Section 2.1 [117]. One of the assumptions
of the filament method is that there is a continuous current density distribution
over the cross-section of the segment, i.e. the area which envelopes the multiple
turns of a coil. With respect to the harmonic modeling technique, modeling of the
magnetic fields around individual wires of a segment would require many harmon-
ics in a geometry with a large pitch. Therefore, the same assumption as in the
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Figure 2.10: Harmonic model of a coil with a region of air above and below: (a)
top view, and (b) side view.

filament method is assumed, while the wires inside the finite segments are ignored,
and the segments are modeled as one volume with a constant current density. A
segment of a coil including all turns is referred to as a current-carrying bar in the
remaining part of this thesis.

To model the current density distribution of a coil in the harmonic modeling
method, three configurations are compared, in which the four current-carrying
bars are positioned in a different manner with respect to each other. The three
configurations consist of a geometry in which: four rectangular bars are placed
against each other, Fig. 2.9(b); four rectangular bars which overlap each other,
Fig. 2.9(c); and four intersected trapezoidal bars, Fig. 2.9(d).

A single coil and the parameters, which define the dimensions of the coil, are shown
in Fig. 2.10(a). As shown in the figure, the dimensions of a coil can be presented
by five parameters with respect to the center of the coil. As seen from the origin
of the coil, the half inner width is defined by parameter ciw, the half outer width is
defined by parameter cw. All parameters, which define the dimensions of the coil,
have a subscript x or y to indicate the width or length of a bar with respect to the
coordinate system. In this case, the center of the coil is equal to the origin of the
coordinate system. This is possible for a single coil, but is impossible if multiple
coils are present in a single period of the periodical system. In the latest case, the
position of a coil with respect to the center of the problem is indicated by ∆x and
∆y for displacements in the x- and y-direction, respectively.
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Figure 2.11: Finite rectangular bars in y-direction: (a) cross-section along y-axis,
and (b) cross-section parallel to x-axis.

2.4.2 Rectangular non-overlapping bars

A coil surrounded by air and composed of four non-overlapping finite rectangular
bars, as shown in Fig. 2.9(b), is modeled for the current flowing in the x- and
y-direction. The current density in the y-direction is shown in Fig. 2.11, where
cl is the half length of a current-carrying bar. By expressing the current-carrying
bars by a double Fourier series, the following description for the current density
distribution Jy is obtained

Jy(x, y) =

N∑
n=1

M∑
m=0

[jycc cos(ωnx) cos(ωmy) + jycs cos(ωnx) sin(ωmy)

+ jyss sin(ωnx) sin(ωmy) + jysc sin(ωnx) cos(ωmy)] ,
(2.108)

where

jycc =


−2Jcly
τxτyωn

[cos (ciwx
ωn)− cos (cwx

ωn)] sin (∆xωn) for m = 0,

−4J
τxτyωnωm

sin
(
clyωm

)
cos (∆yωm)

× [cos (ciwx
ωn)− cos (cwx

ωn)] sin (∆xωn) for m 6= 0,

(2.109)

jycs =


−2Jcly
τxτyωn

[cos (ciwx
ωn)− cos (cwx

ωn)] sin (∆xωn) for m = 0,

−4J
τxτyωnωm

sin
(
clyωm

)
sin (∆yωm)

× [cos (ciwx
ωn)− cos (cwx

ωn)] sin (∆xωn) for m 6= 0,

(2.110)



2.4: Modeling of the current density distribution 47

jyss =


2Jcly
τxτyωn

[cos (ciwx
ωn)− cos (cwx

ωn)] cos (∆xωn) for m = 0,

4J
τxτyωnωm

sin
(
clyωm

)
sin (∆yωm)

× [cos (ciwxωn)− cos (cwxωn)] cos (∆xωn) for m 6= 0,

(2.111)

jysc =


2Jcly
τxτyωn

[cos (ciwxωn)− cos (cwxωn)] cos (∆xωn) for m = 0,

4J
τxτyωnωm

sin
(
clyωm

)
cos (∆yωm)

× [cos (ciwx
ωn)− cos (cwx

ωn)] cos (∆xωn) for m 6= 0,

(2.112)

and, J is the amplitude of the current density. Notice, that the finite length of
the bars introduces a dc-term in the y-direction, because of the even symmetry
around the z-axis, as shown in Fig. 2.11(b). To invoke the dc-term in the general
expression, the summation over m starts at zero.

A similar expression is obtained for the current density in the x-direction Jx

Jx(x, y) =

N∑
n=0

M∑
m=1

[jxcc cos (ωnx) cos (ωmy) + jxcs cos (ωnx) sin (ωmy)

+ jxss sin (ωnx) sin (ωmy) + jxsc sin (ωnx) cos (ωmy)] , (2.113)

where

jxcc =


+2Jclx
τxτyωm

[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

sin (∆yωm) for n = 0,

+4J
τxτyωnωm

sin (clxωn) cos (∆xωn)[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

sin (∆yωm) for n 6= 0,

(2.114)

jxsc =


+2Jclx
τxτyωm

[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

sin (∆yωm) for n = 0,

+4J
τxτyωnωm

sin (clxωn) sin (∆xωn)[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

sin (∆yωm) for n 6= 0,

(2.115)
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Figure 2.12: Top view of the current density distribution with four non-
overlapping bars, cw = 22.5 mm, ciw = 10.0 mm, ~J = 5 Amm−2,
N=M=15 harmonics.

jxss =


−2Jclx
τxτyωm

[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

cos (∆yωm) for n = 0,

−4J
τxτyωnωm

sin (clxωn) sin (∆xωn)[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

cos (∆yωm) for n 6= 0,

(2.116)

jxcs =


−2Jclx
τxτyωm

[
cos
(
ciwy

ωm
)
− cos

(
cwy

ωm
)]

cos (∆yωm) for n = 0,

−4J
τxτyωnωm

sin (clxωn) cos (∆xωn)[
cos
(
ciwyωm

)
− cos

(
cwyωm

)]
cos (∆yωm) for n 6= 0.

(2.117)

The finite lengths of the non-overlapping rectangular bars are equal to

2clx = 2ciwx
, (2.118)

2cly = 2cwy
. (2.119)

The resulting current density distribution for the configuration with four non-
overlapping bars, Fig. 2.9(b), is shown in Fig. 2.12. The figure clearly shows the
four bars with the different directions of the current flow. The current density
distribution along the y-axis is shown in Fig. 2.13(a), with M = N = 15 har-
monics. The maximum value of the current density should be equal to 5 Amm−2,
however peak values up to 6 Amm−2 are obtained. These peaks can be decreased
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Figure 2.13: Cross-section of the current density distribution of Fig. 2.12(a) with
(a) N=M=15 harmonics, and (b) N=M=75 harmonics.

by increasing the number of harmonics as shown by the current density distribu-
tion in Fig. 2.13(b), with M = N = 75 harmonics, five times more compared to
Fig. 2.13(a). The remaining overshoot can be further reduced by increasing the
number of harmonics. However, some overshoot is always present because of the
Gibbs phenomenon [35].

2.4.3 Rectangular overlapping bars

The expressions for the current density distribution of the coil with overlapping
bars are similar to (2.108) and (2.113). However, in this case the finite lengths are
equal to

clx = 0.5 (ciwx + cwx) , (2.120)

cly = 0.5
(
ciwy + cwy

)
. (2.121)

The modeled current density distribution of the four overlapping bars is shown
in Fig. 2.14. Because of the overlapping bars, the absolute value of the current
density at the inside part of each corner has a value of

√
2J , and is equal to zero

at the outside part of each corner, respectively.
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Figure 2.14: Top view of the current density distribution with four overlapping
bars, cw = 22.5 mm, ciw = 10.0 mm, ~J = 5 Amm−2, N=M=15
harmonics.

2.4.4 Trapezoidal bars

Instead of rectangular current-carrying bars, the bars can be modeled by a trape-
zoidal shape as is applied for pieces of magnets in [22, 134]. The length of the
trapezoidal bars is position dependent, and can be modeled by linear functions,
as shown in Fig. 2.15(a) for the two trapezoidal bars with a current flowing in
the y-direction. The trapezoidal shape introduces a dependency among the x-
and y-components, which complicates the separation of variables. As it is shown
in this section, such a dependency can be removed by applying a second Fourier
transformation. Unfortunately, because of the required modeling parameters to
obtain the trapezoidal shape, this configuration can only be applied for coils which
have equal dimensions in the x- and y-direction.

The finite length of the trapezoidal bars can be modeled as a linear function

clx(y) = αlxy, (2.122)

cly (x) = αlyx, (2.123)

where

αly =
cwx
− ciwx

cwy − ciwy

, (2.124)

αly =
cwy − ciwy

cwx
− ciwx

. (2.125)

Normally, the modeling parameters, clx and cly should always be equal to one or
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Figure 2.15: (a) Top view of two trapezoidal bars and (b) periodic function ζ.

zero, such that the amplitude of the current density distribution is not influenced
by the shape of the current-carrying bar. However, because of the linear functions,
in (2.122) and (2.123) this is not the case anymore. To correct for the negative
part in the function describing the position dependent finite length, the current
density description is multiplied with a periodic function

ζ(x) =

Na∑
na=1

2(−1 + cos(τxωna))

τxωna

(sin(∆xωna
) cos(ωna

x)

− cos(∆xωna
) sin(ωna

x)) , (2.126)

ζ(y) =

Ma∑
ma=1

2(−1 + cos(τyωma))

τyωma

(sin(∆yωma) cos(ωmay)

− cos(∆yωma
) sin(ωma

y)) , (2.127)

This function, shown in Fig. 2.15(b), has an amplitude equal to one or to minus
one and a similar pitch to the length of a period of the original problem.

The total current density distribution in the y-direction can be formulated by
multiplying the periodic function (2.126) with the general expression of the current
density in the y-direction (2.108), including the finite length of the trapezoidal
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bars, cly (x) (2.123). This results for the double cosine component in

Jycc = J

(
αlyx

τy
+

M∑
m=1

2

τyωm
sin(αlyxωm) cos(∆yωm) cos(ωmy)

)

×
Nb∑
nb=1

−2

τxωnb

(cos(ciwx
ωnb

)− cos(cwx
ωnb

)) sin(∆xωn) cos(ωnb
x)

×
Na∑
na=1

2(−1 + cos(τxωna
))

τxωna

(sin(∆xωna) cos(ωnax)

− cos(∆xωna) sin(ωnax)) . (2.128)

Notice, that this function consists of three summations, where the spatial frequen-
cies of harmonics na and nb are equal to each other

ωna
=
naπ

τx
, (2.129)

ωnb
=
nbπ

τx
. (2.130)

Equation (2.128) consists of multiple terms depending on x, and not on a single
term as preferred with respect to the method of separation of variables. Since the
separated terms in the x-direction have a common periodicity, a Fourier transfor-
mation is applied to rewrite the function in a single x-term.

In case of a rectangular coil, the finite length of a bar is modeled with a linear
function including an offset. To assure that the amplitude of the current density
distribution is only depending on the direction of the current, the offset in the linear
function needs to be multiplied with the periodic function, ζ(y). This additional
multiplication introduces a component in the expression of the current density
distribution in the form of sin(αlyωmx + b sin(ωmy)). This component cannot be
separated by means of separation of variables, and, therefore, the current density
description with trapezoidal bars can only be applied for square coils.

Applying the Fourier transformation on (2.128) gives the following expression for
the current density distribution in the y-direction, for n 6= 0 and m = 0

Jy(x, y) =

N∑
n=1

Na∑
na=1

Nb∑
nb=1

2Jαly
τxτyωnb

(
2(−1 + cos(τxωna))

τxωna

)
× (cos(ciwx

ωnb
)− cos(cwx

ωnb
)) (βsy1 sin(ωnx) + βcy1 cos(ωnx)) ,

(2.131)
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where

βsy1 =
1

τx

∫ τx

−τx
[x (− sin(∆xωnb

) cos(ωnb
x) + cos(∆xωnb

) sin(ωnb
x))

× (sin(∆xωna) cos(ωnax)− cos(∆xωna) sin(ωnax)) sin(ωnx)] dx,

(2.132)

βcy1 =
1

τx

∫ τx

−τx
[x (− sin(∆xωnb

) cos(ωnb
x) + cos(∆xωnb

) sin(ωnb
x))

× (sin(∆xωna
) cos(ωna

x)− cos(∆xωna
) sin(ωna

x)) cos(ωnx)] dx,

(2.133)

and for n 6= 0 and m 6= 0

Jy(x, y) =

M∑
m=1

N∑
n=1

Na∑
na=1

Nb∑
nb=1

4J

τxτyωnb
ωm

(
2(−1 + cos(τxωna

)

τxωna

)
× (cos(ciwxωnb

)− cos(cwxωnb
)) (cos(∆yωm) cos(ωmy)

+ sin(∆yωm) sin(ωmy)) (βsy2 sin(ωnx) + βcy2 cos(ωnx)) ,

(2.134)

where

βsy2 =
1

τx

∫ τx

−τx

[
sin(αlyωmx) (− sin(∆xωnb

) cos(ωnb
x) + cos(∆xωnb

) sin(ωnb
x))

× (sin(∆xωna
) cos(ωna

x)− cos(∆xωna
) sin(ωna

x)) sin(ωnx)] dx,

(2.135)

βcy2 =
1

τx

∫ τx

−τx

[
sin(αlyωmx) (− sin(∆xωnb

) cos(ωnb
x) + cos(∆xωnb

) sin(ωnb
x))

× (sin(∆xωna
) cos(ωna

x)− cos(∆xωna
) sin(ωna

x)) cos(ωnx)] dx.

(2.136)

Similar, the current density distribution in the x-direction can be obtained, for
n = 0 and m 6= 0

Jx(x, y) =

M∑
m=1

Ma∑
ma=1

Mb∑
mb=1

2Jαlx
τxτyωmb

(
2(−1 + cos(τyωma

))

τyωma

)
×
(
cos(ciwy

ωmb
)− cos(cwy

ωmb
)
)

(βsx1 sin(ωmy) + βcx1 cos(ωmy)) ,

(2.137)
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where

βsx1 =
1

τy

∫ τy

−τy
[y (− sin(∆yωmb

) cos(ωmb
y) + cos(∆yωmb

) sin(ωmb
y))

× (sin(∆yωma
) cos(ωma

y)− cos(∆yωma
) sin(ωma

y)) sin(ωmy)] dy,

(2.138)

βcx1 =
1

τy

∫ τy

−τy
[y (− sin(∆yωmb

) cos(ωmb
x) + cos(∆yωmb

) sin(ωmb
x))

× (sin(∆yωma
) cos(ωma

y)− cos(∆yωma
) sin(ωma

y)) cos(ωmy)] dy,

(2.139)

and for n 6= 0 and m 6= 0

Jx(x, y) =

N∑
n=1

M∑
m=1

Ma∑
ma=1

Mb∑
mb=1

4J

τxτyωnωmb

(
2(−1 + cos(τyωma)

τyωma

)
×
(
cos(ciwy

ωmb
)− cos(cwy

ωmb
)
)

(cos(∆xωn) cos(ωnx)

+ sin(∆xωn) sin(ωnx)) (βsx2 sin(ωmy) + βcx2 cos(ωmy)) ,

(2.140)

where

βsx2 =
1

τy

∫ τy

−τy
[sin(αlxωny) (− sin(∆yωmb

) cos(ωmb
x) + cos(∆yωmb

) sin(ωmb
y))

× (sin(∆yωma
) cos(ωma

y)− cos(∆yωma
) sin(ωma

y)) sin(ωmy)] dy,

(2.141)

βcx2 =
1

τy

∫ τy

−τy
[sin(αlxωny) (− sin(∆yωmb

) cos(ωmb
y) + cos(∆yωmb

) sin(ωmb
y))

× (sin(∆yωma
) cos(ωma

y)− cos(∆yωma
) sin(ωma

y)) cos(ωmy)] dy,

(2.142)

where spatial frequencies are equal to

ωma
=
maπ

τy
, (2.143)

ωmb
=
mbπ

τy
. (2.144)

The current density distribution of the four trapezoidal bars is shown in Fig. 2.16.
The trapezoidal shape can be clearly seen in the figure.
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Figure 2.16: Top view of the current density distribution with four trapezoidal
bars, cw = 22.5 mm, ciw = 10.0 mm, ~J = 5 Amm−2, N=M=15
harmonics.

2.4.5 Comparison of the coil configurations

To compare the three coil configurations, the magnetic fields above a coil sur-
rounded by air are calculated by the three-dimensional harmonic model and com-
pared to magneto-static FEM simulations using Flux 3D. A cross-section of the
problem, solved by the harmonic model, is shown in Fig. 2.10 and consists of three
regions. The coil is located in the middle region, and the regions above and below
the coil are filled with air, and have an infinite height. The coils modeled in the
FEM are meshed and have geometry similar to the coil presented in Fig. 2.9, in-
cluding the round corners. The difference between the results obtained with the
FEM model and the harmonic model is expressed as percentage of the value pre-
dicted in the FEM model. The average difference between the values from FEM
model and the harmonic model is, for example, for the flux density distribution
calculated as

diffave =
1

DxDy

Dx∑
dx=1

Dy∑
dy=1

∣∣∣∣BFEM (xdx , ydy )−Bhm(xdx , ydy )

BFEM (xdx , ydy )

∣∣∣∣ , (2.145)

where D is the number of points in the xy-plane at which the values by both
methods are obtained.

The magnetic flux density distribution simulated by the three-dimensional har-
monic model using the current density distribution with four non-overlapping bars
is shown in Fig. 2.17(a). The difference between the absolute values predicted by
both methods is shown in Fig. 2.17(b), and an average difference of 18% is ob-
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Figure 2.17: Magnetic flux density distribution at 1 mm above a coil mod-
eled by four rectangular non-overlapping bars with cw = 22.5 mm,
ciw = 10.0 mm, ~J = 5 Amm−2, and N=M=15 harmonics: (a) abso-
lute value obtained by the harmonic model, and (b) difference of the
flux density distribution between the analytical and FEM results.

tained. The largest difference, approximately 50%, appears outside the coil along
the positive and negative x-axis. This difference is caused by the relatively large
distance between the end of the bars in the y-direction and the beginning of the
bars in the x-direction.

Figure 2.18(a) shows the magnetic flux density above a coil modeled with four
overlapping bars, and the difference with respect to the FEM model is shown in
Fig. 2.18(b). In comparison with the large difference of the previous configuration,
an average difference of only 1.7% between the analytical model and the FEM
simulation is obtained. The largest difference, approximately 20%, can be found
at the outside part of the corner, where the analytically calculated distribution of
the current density has an amplitude equal to zero.

The magnetic flux density distribution above the configuration with four trape-
zoidal bars is shown in Fig. 2.19. Similar to the configuration with four overlapping-
bars, an almost constant magnetic flux density is achieved in the area of the pe-
riodic region outside the coil, which is not obtained in the configuration with the
non-overlapping bars. An average difference of 0.4% for the configuration with
four trapezoidal bars is estimated compared to the FEM model. Furthermore, a
maximum difference of approximately 20% occurs at the transition between the
adjoining bars, as shown in Fig. 2.19(b).

From these simulations, it might be concluded that a topology, in which the end
and the beginning of two adjoining bars are close to each other, results in a dis-
tribution of the magnetic flux density comparable to the flux density distribution
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Figure 2.18: Magnetic flux density distribution at 1 mm above a coil mod-
eled by four rectangular overlapping bars with cw = 22.5 mm,
ciw = 10.0 mm, ~J = 5 Amm−2, and N=M=15 harmonics: (a) abso-
lute value obtained by the harmonic model, and (b) difference of the
flux density distribution between the analytical and FEM results.
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Figure 2.19: Magnetic flux density distribution at 1 mm above a coil modeled
by four trapezoidal bars with cw = 22.5 mm, ciw = 10.0 mm,
~J = 5 Amm−2, and N=M=15 harmonics: (a) absolute value ob-
tained by the harmonic model, and (b) difference of the flux density
distribution between the analytical and FEM results.
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y x
z

Figure 2.20: Schematic overview of a coil placed in a cavity for a single period of
the harmonic model.

with a coil with round corners, as simulated by FEM. As the magnetic flux density
distribution is only an initial step in the prediction of the electromagnetic quan-
tities of the CET system, such as self- and mutual inductances, the comparison
of the three configurations is continued in Section 2.5.1, in which measured self-
inductances of coils with different dimensions are compared to the ones obtained
with the three different configurations. Based on the conclusion drawn from the
comparison of the flux density distribution, the topologies with overlapping and
trapezoidal bars give the most accurate prediction of the flux density distribution.
Since the configuration with overlapping bars allows to model square and rectan-
gular coils, the current density distribution for a coil in a cavity is presented in
the next section.

2.4.6 Coil in a cavity

The current density distribution of a coil in a cavity, as illustrated in Fig. 2.20, is
different to the one outside a cavity because of the non-periodicity of the region.
To satisfy the Neumann boundary condition in the tangential direction of the
magnetic fields in the cavity, the magnetic field is modeled with a periodicity
of the double length of the cavity (2.68). The imaging method is applied to
obtain a current density description with similar periodicity. The imaging method
replaces the Neumann boundary by an imaginary source, such that the magnetic
field remains the same at the boundary [28, 45, 86]. The current-carrying bars
parallel to the Neumann boundary are mirrored with respect to the boundary
as shown in Fig. 2.21(a). The current-carrying bars orthogonal to the boundary
are mirrored and, as a consequence, the current flows in opposite direction in the
imaginary source, as shown in Fig. 2.21(c). Because of the opposite direction of
the current, the amplitude of the imaginary source becomes negative with respect
to the description of the current density distribution, as shown in Fig. 2.21(d).
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Therefore, a finite bar including its image can be modeled by a complete sine or
cosine function, and, as a result, the dc-term as required to model the finite length
of a current-carrying bar in a continuous region, (2.108), disappears.

The current density distribution for a coil in a cavity, consisting of four overlap-
ping bars, can be written as

Jx(x, y) =

V∑
v=1,3,5,..

W∑
w=1,3,5,..

jxslot

×
[

cos(ωv∆x) cos(ωw∆y) cos(ωvx
∗) sin(ωwy

∗)

− sin(ωv∆x) sin(ωw∆y) sin(ωvx
∗) cos(ωwy

∗)

− cos(ωv∆x) sin(ωw∆y) cos(ωvx
∗) cos(ωwy

∗)

+ sin(ωv∆x) cos(ωw∆y) sin(ωvx
∗) sin(ωwy

∗)

]
, (2.146)

Jy(x, y) =

V∑
v=1,3,5,..

W∑
w=1,3,5,..

jyslot

×
[

cos(ωv∆x) cos(ωw∆y) sin(ωvx
∗) cos(ωwy

∗)

− sin(ωv∆x) sin(ωw∆y) cos(ωvx
∗) sin(ωwy

∗)

+ cos(ωv∆x) sin(ωw∆y) sin(ωvx
∗) sin(ωwy

∗)

− sin(ωv∆x) cos(ωw∆y) cos(ωvx
∗) cos(ωwy

∗)

]
, (2.147)

where

jxslot
=

8J

τvωvτwωw

(
− cos

(
ciwyωw

)
+ cos

(
cwyωw

))
×

(
sin
(τwωw

2

))2
(−1 + cos (τvωv)) sin (clxωv) (2.148)

jyslot =
8J

τvωvτwωw
(− cos (ciwx

ωv) + cos (cwx
ωv))

×
(

sin
(τvωv

2

))2
(−1 + cos (τwωw)) sin

(
clyωw

)
. (2.149)
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Figure 2.21: Source description for non-periodic regions using the imaging
method: (a) current density perpendicular to the x-axis and (b)
the corresponding model for the harmonic description, (c) current
density parallel to the y-axis and (d) the corresponding model for
the harmonic description.

clx = 0.5 (ciwx
+ cwx

) , (2.150)

cly = 0.5
(
ciwy

+ cwy

)
. (2.151)

The magnetic flux density distribution of a coil located in a cavity is calculated
with the harmonic model and shown in Fig. 2.22(a) at 1 mm above the cavity.
The calculated flux density distribution is compared to results achieved from FEM
simulations, and the difference between the two methods has an average value of
6.8%, as shown in Fig. 2.22. Differences of 10% are obtained at the borders of the
cavity and periodic in the x- and y-direction. They are caused by the correlation of
the different spatial harmonics at the border of the cavity and the periodic region
with the mode-matching technique.
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Figure 2.22: Magnetic flux density distribution at 1 mm above a cavity with a coil
inside, with 2lsx = 2lsy = 30.0 mm, cw = 13.0 mm, ciw = 5.0 mm,
~J = 5 Amm−2, N=M=10 harmonics, V=W=5 harmonics, and the
coil is modeled by four overlapping bars: (a) absolute value obtained
by the harmonic model, and (b) difference of the flux density distri-
bution between the analytical and FEM results.

2.5 Electromagnetic quantities

The distribution of the magnetic fields is an important measure for the electromag-
netic quantities, such as inductance and force. The inductances are a direct input
for the lumped-parameter model of the contactless energy transfer system, which
is presented in Chapter 3. In the next sections, the electromagnetic quantities are
presented with respect to magnetic fields.

2.5.1 Self-inductance

The inductance of a coil is defined as the flux, λ, produced by a coil per ampere,
i, flowing through that coil

L =
dλ(i)

di
, (2.152)

which is known as the incremental inductance and evaluated at the actual opera-
tion point of the λ-i curve of the media surrounded by the coil. In case of a coil
surrounded by air, the coil is assumed to be a magnetic linear system and (2.152)
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becomes equal to

L =
λ

i
, (2.153)

which is known as the apparent inductance. With respect to the magnetic field
parameters, the self-inductance of a coil can be obtained by either one of the two
integrals

L =
N2

I2

∫
v

~J · ~Advdomain, (2.154)

=
N

I

∫
s

~B · dscoil, (2.155)

where N is the number of turns of the coil, I the current through the coil, v is the
volume of the coil, and s the area enclosed by the turns of the coil.

In case of a non-periodic region, where the height of a coil is equal to the height of
the cavity, the magnetic vector potential contains an offset which is not included
in the expression, and, therefore, not well defined at the boundary between the
periodic and non-periodic region [92]. Because the flux density is obtained by
differentiating the magnetic vector potential, this offset is not present in the flux
density distribution, and, therefore, (2.155) should be used to calculate the self-
inductance of a coil in a cavity. Since every turn of the coil is linked with a different
amount of flux, (2.155) might lead to an inaccurate solution. A way to avoid this
inaccurate solution, is to apply the filament method, as described in Section 2.1,
and to calculate the average flux linkage per turn [3, 117].

To compare the three different configurations for the current density distribution
of a coil, the self-inductance of various coils surrounded by air and of coils located
above an aluminum plate are measured and calculated by means of the harmonic
modeling method. A photo of the four coils is shown in Fig. 2.23 and the di-
mensions of the two round coils, A and B, and two square coils, C and D, are
listed in Table 2.1. The parameters related to the harmonic modeling method are
listed in Table 2.2, a similar model as shown in Fig. 2.10 is taken into account.
For comparing, the self-inductance is also calculated by the law of Biot-Savart in
combination with the filament method.

The self-inductances obtained by the different methods are listed in Table 2.3.
It can be observed that the self-inductances calculated based on the coil config-
uration with the non-overlapping straight bars do not match with the measured
self-inductances. For example, a difference above 100% is found for coil A and
C. The inductances calculated with the current density distribution based on the
configuration with the trapezoidal and the overlapping bars results in an average



2.5: Electromagnetic quantities 63

Coil A

Coil B

Coil CCoil D

Figure 2.23: Photo of the sample coils, including the distribution of the four over-
lapping bars on top of a square and round coil.

Table 2.1: Dimensions of the sample coils

Coil cwx
(mm) ciwx

(mm) cwy
(mm) ciwy

(mm) N (turns)
A 101 51 101 51 34
B 36 21 36 21 11
C 85 45 85 45 26
D 33 23 33 23 10

difference of 5.6% and 1.6% compared to the measured values for the two round
coils, coils A and B, respectively. The calculated self-inductances for the square
coils, coils C and D, are in better agreement with the current density description
of the trapezoidal bars than with the overlapping bars. A difference of 6.0% and
17.4% is found between the two methods and the measured values, respectively.
Since the self-inductance of a single coil surrounded by air is measured, the law
of Biot-Savart gives with an average difference of 1.2% a good prediction of the
self-inductance for all four coils.

To validate the harmonic model, which includes the eddy-current reaction field,
the self-inductances of coil A and D positioned on top of an aluminum plate are
calculated using the harmonic modeling method and are compared to measure-
ments. In the harmonic model, the layer of air underneath the coil is replaced
by a region with conduction material with the properties listed in Table 2.2, and
the coil is modeled by four overlapping rectangular bars. Furthermore, the alu-
minum plate has a thickness of 10 mm, and, therefore, the amplitude of the mag-
netic field at the bottom of the plate is assumed to be equal to zero, and the
Neumann boundary condition is applied at this boundary. The calculated and
measured self-inductances for frequencies between 10 kHz and 150 kHz are shown
in Fig. 2.24. In the frequency domain, an average difference of 2.2% and 2.4% is
obtained between the calculated and measured self-inductances of Coil A and D,
respectively. As shown in Fig. 2.24, the differences decrease with respect to an
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Table 2.2: Obtained parameters for the harmonic model

par. value
hcoil 1.5 mm
hair hair >> hcoil
τx 1.5cwx

τy 1.5cwy

N 15 harmonics
M 15 harmonics
µrAL

1
σAL 26·106 Sm−1

Table 2.3: Self inductances of the sample coils

Method LA (µH) LB (µH) LC (µH) LD (µH)
Measured 220.30 9.70 124.90 10.6
3D FEM 219.43 9.42 118.60 10.7
Overlapping bars 202.45 9.37 104.40 8.65
Non-overlapping bars 533.73 13.6 242.81 12.8
Trapezoidal bars 218.88 9.93 121.72 9.60
Biot-Savart law 219.00 9.45 124.15 10.7
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Figure 2.24: Calculated and measured self-inductance of (a) Coil A, and (b) Coil
D on top of an aluminum plate for various frequencies.

increasing frequency, and they are also lower with respect to the differences found
with the self-inductances of the coils surrounded by air. The eddy-current reaction
field decreases the self-inductance of a coil compared to a coil surrounded by air.
For example, at a frequency of 100 kHz the self-inductance of Coil A is equal to
19.9 µH, which is approximately 10 times lower compared to the self-inductance
measured in air, as listed in Table 2.3.
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Based on the comparison of the difference between the calculated and measured
value of the self-inductance, both the current density descriptions with overlapping
and trapezoidal bars give a result close to the measured values. Although, the
current density description with the four trapezoidal bars gives a better prediction
with respect to the measured values, the requirement of a square coil limits the
geometric possibilities, and, therefore, the configuration of overlapping bars is
taken into account.

2.5.2 Mutual inductance

The mutual inductance is defined by the ratio of the flux linked with the turns
of a second coil with the current flowing through the first coil. Similar to the
self-inductance, the mutual inductance between the primary and secondary coil
can be calculated using two methods depending on the type of region in which the
coil is positioned

Mps =
NpNs
IpIs

∫
vs

~Js · ~Apdvdomains
, (2.156)

=
Ns
Ip

∫
ss

~Bp · dscoils , (2.157)

where subscripts p and s present primary and secondary, respectively. Similar to
the self-inductance, (2.156) can be evaluated over the entire volume of the region
since the volume of the coil is embedded in the current density description. If a coil
is located in a cavity, (2.157) should be applied. Similar to the self-inductance, the
accuracy of (2.157) can be improved by applying the filament method to calculate
an average flux linkage per turn.

2.5.3 Electromagnetic force

The time varying electromagnetic field generates an electromagnetic force between
the primary and secondary coil of a contactless energy transfer system. Based on
the magnetic field distribution, the attraction force can be calculated using the
Maxwell stress tensor

T =


B2

x−B2
y−B2

z

2 BxBy BxBx

ByBx
B2

y−B2
x−B2

z

2 ByBz

BzBx BzBy
B2

z−B2
x−B2

y

2

 . (2.158)
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Integration of the stress tensor over an enclosed surface gives the force acting on
the enclosed volume

~F =
1

µ0

∮
s

T · ~nds. (2.159)

The use of ferromagnetic plates or cavities increases the magnetic flux density,
and, thereby, the force between the coils. Therefore, the electromagnetic force
may not be neglected in design of a contactless energy transfer system.

2.5.4 Eddy-current losses

The magnetic fields of the primary coils do not only introduce a voltage in the
secondary coil, but also a circulating current in the nearby conducting materials.
If the CET system is integrated into a linear or planar motor nearby volumes with
conducting material are, for example, an array of permanent magnets or a stainless
steel cooling plate. These induced eddy currents not only decrease the flux linkage
between the primary and secondary coil, but also induce a magnetic flux which
opposes to the magnetic flux of the primary coils. The eddy currents are modeled
by taking the diffusion equation into account as presented in Section 2.2.2. The
losses generated by the eddy currents can be obtained using Poynting’s theorem
[137]

Peddy =
1

2

∮
s

Re
(
~E × ~H

)
ds, (2.160)

where the conducting is bounded by surface s.

The generated eddy-current losses cause a temperature increase in the conducting
material. By segmentation of the conducting material or laminating of an iron-
core, the width of the area with eddy currents is decreased, and hence, the enclosed
variation in magnetic flux density. Moreover, the resistance of the path increases,
and, as a result, the eddy-current losses are reduced.

If the conducting material is segmented, different approaches can be obtained to
model the eddy-current losses with respect to the harmonic modeling method. A
first approach takes the eddy-current reaction fields into account, by modeling
the conducting material as a solid layer of conducting material in the harmonic
model. However, this approach neglects the segmentation in the calculation of
the magnetic fields and losses [55, 137]. A second approach neglects the reaction
field of the eddy currents, but takes the segmentation into account during the
determination of the magnetic fields by modeling the eddy-currents as an external
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current source [75, 102]. This second approach is only valid in topologies with cur-
rent with a fundamental frequency up to a few hundred Hertz, since the reaction
fields have no signification effect on the magnetic field distribution in those cases.
A third approach is to model the layer as a solid conducting material with an
anisotropic equivalent conductivity and permeability, which are obtained with re-
spect to the dimensions of the segments of conductive and non-conductive material
in the region [34, 129].

A CET system operates usually at a frequency in the order of 100 kHz, and,
therefore, the eddy-current reaction field may not be ignored in the determination
of the magnetic field and inductances, as, for example, is shown in Section 2.5.1
for coils located above an aluminum plate. This requirement eliminates the second
approach in which the segmentation is included in the geometry, and the eddy-
current reaction field is neglected.

2.6 Summary and conclusions

The harmonic modeling method is presented in this chapter as an alternative for
the law of Biot-Savart and numerical methods to obtain a description of the mag-
netic field around an air-cored coil. The harmonic modeling method divides the
electromagnetic problem in horizontal regions, which differ from each other with
respect to the presence of permanent magnets or coils as the source of the mag-
netic fields, different material properties and different periodicities. The three-
dimensional magnetic vector potential is formulated for each different type of
region. A mathematical description of the magnetic flux density distribution is
obtained by solving the unknown coefficients in the description of the magnetic
vector potential within the different regions in combination with the boundary
conditions around and between the regions. The boundary conditions between the
different regions are solved by expressing the tangential components of the mag-
netic field strength in terms of the magnetic scalar potential and extending the
mode-matching technique to two dimensions. The extension of the mode-matching
technique allows to obtain a solution for the magnetic fields in geometries with
slots and cavities. Furthermore, the model is able to include regions with an
electrical conductivity. Therefore, the eddy-current reaction fields are taken into
account, which have a major influence on the inductances in a CET system with
an operating frequency in the order of hundred kilohertz.

The current density distribution of a coil in the harmonic modeling method is
represented by four straight bars. Three different configurations are presented:
straight bars, which are placed against each other; straight bars, which are over-
lapping each other; and bars with a trapezoidal shape, which are positioned against
each other. A mathematical description for each configuration is given, and they
are compared to each other with respect to the magnetic flux density and self-
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inductances of a coil. Both the configurations with overlapping and trapezoidal
bars give a value of the inductance of a coil within 10% for various coil dimen-
sions with respect to measurements and FEM simulations. The current density
distribution of a coil is presented both for continuous and discontinuous regions.

The derivation of the magnetic fields is a first step in the design of a contactless
energy transfer system. The electromagnetic quantities, such as self- and mutual
inductances are used in the next chapters as input for the electrical model of a
CET system.



3
Lumped parameter model of a

contactless energy transfer system

The main component of a Contactless Energy Transfer (CET) system is a trans-
former with an airgap between the primary and secondary side, which can in the
electric domain be represented by an electrical equivalent circuit. Two differ-
ent electrical equivalent circuits for a CET system are presented in this chapter:
the coupled inductance model, and the transformer T-model. The models are
presented for a single primary and single secondary coil, and are extended for
multiple primary coils. A CET system is often referred to as a loosely coupled
inductive coupling, because the mutual inductance is usually a small percentage
of the self-inductance of the coils [11, 130]. Although the magnetic coupling is
low, resonance techniques can be applied to improve the energy transfer. The res-
onance technique is introduced and applied to formulate the transfer function of
an inductive coupling with multiple primary coils and a single secondary coil. The
energy transfer capability of a CET system is limited by the losses in the coils of
the inductive coupling, or the temperature of the coils. To calculate the maximum
energy that can be transferred, a thermal model of a contactless energy transfer
system is presented.
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3.1 Electrical equivalent circuits

The transfer of magnetic energy in a transformer can be represented by two electri-
cal equivalent circuit models: the coupled inductance model and the transformer
T-model. The coupled inductance model can be directly obtained from Faraday’s
and Lenz’s law and is rewritten in the more commonly used transformer T-model.

The coupled inductance model for a single primary and secondary coil is shown in
Fig. 3.1. Each coil is represented by a self-inductance and a winding resistance.
The voltage across the self-inductance of a coil, can be obtained by Faraday’s law

vLp
= Np

dΦp
dt

=
dλ

dt
=

d (Lip)

dt
= L

dip
dt
, (3.1)

where Φp is the flux produced by the primary coil. With respect to the coupling of
the primary and secondary coil, the voltage across the mutual inductance at the
secondary side is defined in opposite direction with respect to the primary side,
since the magnetic fields of both coils are counteracting each other. Therefore,
a combination of Faraday’s and Lenz’s law is applied to formulate the induced
voltage across the mutual inductance

vM = −NpNs
dΦsp

dt
= −M dis

dt
, (3.2)

where Φsp is the flux linked by the primary coil produced by the secondary coil.
In combination with the voltage drop across the resistance of the coil, Kirchhoff’s
voltage law describes the voltages at the input and output terminals of the induc-
tive coupling, [20],

vp = Rpip + Lp
dip
dt
−M dis

dt
, (3.3)

vs = −Rsis − Ls
dis
dt

+M
dip
dt
, (3.4)

where Rp and Rs are the resistance of the primary and secondary coil, respectively.

Another way to represent the transfer of energy in a transformer by an electrical
equivalent circuit is given by the transformer T-model, as shown in Fig. 3.2. The
electrical equivalent circuit embeds an ideal transformer in the circuit is defined as
a transformer with an efficiency equal to 100%, and only modifies the amplitude
of the voltages and currents with respect to the turn ratio. In the transformer
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Rp isip Rs
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Lp Ls
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Figure 3.1: Electrical equivalent circuit of a transformer: coupled inductance
model.

Rp isip Rs
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im

i′s

Figure 3.2: Electrical equivalent circuit of a transformer: T-model.

T-model, the self- and mutual inductance are rewritten into a leakage and mag-
netizing inductance, Llk and Lm, respectively. The magnetizing inductance is
a fraction of the self-inductance which is coupled with the secondary coil. The
current through this inductance is required to establish a coupled magnetic field.
The leakage inductance represents the uncoupled flux. Furthermore, the sum of
the magnetizing and leakage inductance is always equal to the self-inductance of
a coil.

The leakage and magnetizing inductances depend on the turn ratio, (a = Np /Ns),
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and the self- and mutual inductances, and are defined as

Llkp = Lp − aM, (3.5)

Llks = Ls −
M

a
, (3.6)

Lmps
= aM, (3.7)

Lmsp
=

M

a
. (3.8)

An expression for the primary and secondary voltages of the T-model is obtained
by rewriting (3.3) and (3.4), using (3.5)-(3.8)

vp = Rpip + (Lp − aM)
dip
dt

+ aM
d
(
ip − is

a

)
dt

, (3.9)

vs = −Rsis −
(
Ls −

M

a

)
dis
dt

+
M

a

d (aip − is)
dt

, (3.10)

and is further simplified to

vp = Rpip + Llkp
dip
dt

+ Lmps

dim
dt

, (3.11)

vs = −Rsis − Llks
dis
dt

+ Lmsp

d (aim)

dt
, (3.12)

where im is the current through the magnetizing inductance.

A contactless energy transfer system may not be limited to a single primary coil,
but multiple primary coils can transfer simultaneously energy towards a secondary
coil. The induced voltage across the secondary coil, when the mutual inductances
between the primary coils are assumed to be negligible, is given by

vM =

K∑
k=1

Mpks
dipk
dt

, (3.13)

where K is the number of primary coils [1, 118]. The total mutual inductance
between the primary and secondary coils is equal to the sum of the individual
contributions of each primary coil to the secondary coil

Mtot =

K∑
k=1

Mpks. (3.14)
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Figure 3.3: Transformer T-model for multiple primary coils and a single sec-
ondary coil.

Based on (3.13) and (3.14), an equivalent circuit based on the transformer T-
model, as shown in Fig. 3.3, can be obtained. The voltage across each primary
coil can be modeled similarly to (3.11), and the voltage across the secondary coil
is equal to

vs = −isRs − Llks
dis
dt

+

K∑
k=1

Lmpks

ak

dimk

dt
. (3.15)

As can be observed in the figure, the circuit embeds an ideal transformer in which
each primary side is connected to the same secondary side. For illustration the
secondary side of the ideal transformer is split in an equivalent amount of seg-
ments as there are primary coils. From this ideal transformer, two properties of
a contactless energy transfer system between multiple primary and a single sec-
ondary coil can be obtained. Firstly, in an ideal transformer the currents on the
primary and secondary side are equal to each other with respect to the turn ratio.
Therefore, the reflected secondary current, i′s, on the primary side of each ideal
transformer is similar, with respect to the turn ratio, in all primary coils. Secondly,
the voltage across the secondary side of the ideal transformer is equal to the sum
of the voltages across the primary sides

vp
vs

=
Np
KNs

, (3.16)

in case of a primary voltage of same amplitude and phase.
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3.2 Resonant circuits

An ideal inductive coupling has a high magnetizing inductance and a low leakage
inductance, which results in an efficient system with an almost unity power factor.
However in practice, the leakage inductance of the inductive coupling in a contact-
less energy transfer system is not negligible, and causes a voltage drop and a phase
shift between the voltages and currents in the circuit. A voltage drop across the
primary leakage inductance decreases the voltage across the magnetizing induc-
tance, i.e. the voltage transferred from the primary to the secondary side, as can
be observed in Fig. 3.2. Furthermore, on the secondary side, the output voltage is
lower because of a voltage drop across the secondary leakage inductance. Finally,
a large leakage inductance decreases the power factor and, thereby, the efficiency
is reduced.

Based on the fundamental principle that resonant objects exchange energy more
efficiently then non-resonant objects, both the primary and secondary side are
made resonant by using an additional resonance capacitance [36, 107]. This res-
onance capacitance can be tuned such that the imaginary part of the transfer
function, caused by the impedance of the leakage inductance, is reduced to zero
[130, 131]. The resonance technique reduces the phase angle between the volt-
age and the current, and, thereby, improves the efficiency and boosts the energy
transfer capability of the CET system [76, 98]. Furthermore, since the resonance
technique reduces the imaginary part of the transfer function, the quality factor
of the inductive coupling is improved as well. The quality factor Q of a series and
parallel resonance circuit is defined by

Qseries =
ωresL

R
, (3.17)

Qparallel =
R

ωresL
, (3.18)

where R is the resistance of the tuned circuit, and ωres the resonance frequency.
The quality factor determines the bandwidth of the impedance of the resonant
circuit. A high quality factor results in a low resistance and a small bandwidth,
and vice versa. The resonance capacitance can be placed in series or in parallel
with respect to the leakage inductance, which results in four combinations for an
inductive coupling with a single primary and secondary coil which are shown in
Fig. 3.4

A series resonance capacitor on the secondary side results in a stable output volt-
age with the characteristics of a voltage source output. The impedance of the
series resonance capacitance completely compensates the impedance of the leak-
age inductance. Therefore, the primary side exhibits a purely resistive reflected
impedance from the secondary side which allows the primary capacitance to be
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Figure 3.4: Resonance topologies: (a) series - series, (b) series - parallel, (c)
parallel-series, and (d) parallel - parallel.

tuned independently of the magnetic coupling and the load.

A resonance capacitor parallel to the secondary coil, results in a circuit with the
characteristics of a current source and has a stable output current. The secondary
side reflects a capacitive load to the primary side, which means that the imaginary
part of the reflected impedance is not equal to zero as realized by a series resonance
capacitance on the secondary side. Consequently, the primary resonance capacitor
has to be chosen such that it compensates for both the imaginary impedance of
the leakage inductances.

On the primary side, the resonance capacitance can be placed in series or parallel,
as well. A capacitance in series with the primary coil increases the voltage across
the magnetizing inductance, by compensating the voltage drop across the leakage
inductance. A capacitance placed in parallel with the primary coil results in a large
primary current. To limit this current, an additional inductor should be placed
between the voltage source and the parallel resonance capacitance. Furthermore, a
parallel primary capacitor is dependent on the equivalent load of the CET system,
and should, therefore, be tuned for the required power of the system [130]. In case
of a series primary capacitor, the capacitance should be tuned such that in case
of a series resonance capacitance on the secondary side, the value of the primary
resonance capacitance is only compensating for the primary leakage inductance. If
the secondary side contains a parallel resonance capacitor, the primary capacitor
should compensate the impedance of both leakage inductances.

In a CET system with multiple primary coils and a moving secondary coil, both
the mutual and leakage inductances are position dependent, and a trade-off can
be made among the different resonance topologies. In case of a series-parallel,
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a parallel-parallel, or a series-parallel resonance topology, the primary capacitor
is not only tuned with respect to the primary leakage inductance, but also with
the mutual inductance and secondary leakage inductance [76, 130]. In case of a
series-series resonance topology, both the primary and secondary leakage induc-
tance are independently compensated by the resonance capacitors at the primary
and secondary side, respectively. With respect to a position dependent primary
and secondary leakage inductance, both sides of the inductive coupling should
be compensated individually, which can be realized by the series-series resonance
topology. The resonance frequency of a series resonance capacitor in combination
with the leakage inductance is defined as

ωres =

√
1

LlkminCres
. (3.19)

The resonance frequency decreases for an increasing leakage inductance, a property
which is also advantageous for the power converters in a CET system, as is shown
in Section 5.3.2.

Although the magnetic coupling factor

k =
Mps√
LpLs

, (3.20)

is a measure for the ratio of the mutual inductance and the self-inductances, it
does not give an indication of the efficiency of an inductive coupling. To illustrate
this statement, the output power and efficiency of an inductive coupling with and
without resonance capacitors are shown in Fig. 3.5. In the simulation, the self-
inductances are kept constant and the mutual inductance between the primary
and secondary coil is increased. Furthermore, the values of the resonance capaci-
tors are modified with respect to leakage inductance during the simulation. The
figure shows that in an inductive coupling without magnetic resonance, the output
power increases quadratically with the coupling factor. In the given example, the
output power of an inductive coupling with magnetic resonance reaches 90% of its
maximum value at a coupling factor of 25%, as shown in Fig. 3.5(a). The out-
put power remains increasing for a larger coupling factor, which is a result of the
voltage division between the coil resistance and impedance of the magnetizing in-
ductance, where an increasing magnetic coupling increases the mutual inductance,
and, thereby, the impedance of the magnetizing inductance. The efficiency of an
inductive coupling with resonance reaches a value above 90% for a coupling factor
above 5% since the leakage inductance is compensated and, as a consequence, a
circuit with a high power factor is obtained. The inductive coupling without mag-
netic resonance reaches an efficiency of 90% for a magnetic coupling above 55%.
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Figure 3.5: (a) Output power and (b) efficiency as a function of the coupling
factor for a CET system with Lp=Ls=20·10−5 H, Rp=Rs=0.25 Ω,
ip=5 A, Rload=10 Ω and ωres=100 kHz.

3.3 Coil resistance and packing factor

The coils in an inductive coupling are typically made of Litz wire. This type of
wire consists of multiple isolated strands to reduce the skin effect of the high-
frequency current. The individual strands are combined into a single wire, woven
in a pattern such that the proximity effect is reduced [66]. Nevertheless, because
of the high-frequency currents in a CET system, the ac-part of the coil resistance
should also be taken into account. The ac-part can be obtained by scaling the
dc-part of the coil resistance. The dc-part is calculated by

Rdc = ρ
N2
p lturn

Awindingkf
, (3.21)

where lturn is the average turn length of a coil, Awinding is the cross-section of the
coil, and kf is the copper packing factor of the cross-section, i.e. the total area of
copper compared to the total cross-section. The ac-part of the coil resistance can
be obtained as a function of the dc-part by [103, 119]

Rac = Rdc

(
1

ks

)(
1 +

β4
R

192 + β4
R

)
, (3.22)
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Figure 3.6: Comparison of the calculated and measured resistance of 1 m Litz
wire, with 100 strands, each with a diameter of 0.10 mm, as a function
of the frequency.

where ks is the correction factor for the skin-depth, δ, equal to

ks =

{
1 for δ ≥ rs,

r2s−(rs−δ)2
r2s

for δ < rs,
(3.23)

δ =

√
ρ

πfresµ0µr
, (3.24)

β2
R =

8πfres · 10−7

Rdc
. (3.25)

Finally, the temperature dependency of the resistance of a copper coil is modeled
by

RdcT = (1 + 0.004∆T )Rdc, (3.26)

where ∆T is the increase in temperature.

The resistance of 1 m Litz wire is calculated and measured for a frequency range
between 10 and 150 kHz. As shown in Fig. 3.6, the calculated and measured values
differ at maximum 7.5% with respect to each other.

To increase the effective copper area of a coil, and, thereby, the packing factor, the
primary and secondary coils are wound with the orthocyclic winding method [64],
as illustrated in Fig. 3.7. The number of turns in a coil can be obtained based on
the number of layers of turns

N =

nl∑
l=odd

Nlo +

nl∑
l=even

Nle , (3.27)
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Figure 3.7: Cross-section of a coil in the xz-plane illustrating the orthocyclic
winding.

where

Nlo =

⌊
hc

Dwire

⌋
, (3.28)

Nle =

⌊
hc −

√
3Dwire

Dwire

⌋
+ 1, (3.29)

Dwire =
cw − ciw

0.5
√

3(nl − 1) + 1
. (3.30)

Nlo and Nle are the number of turns in an odd and even layer, and Dwire is the
related wire diameter. The coil dimensions cw and ciw are defined in Fig. 2.10.

3.4 Transfer function

The energy transfer of an inductive coupling including the resonance capacitors
can be defined and optimized by the transfer function of the circuit. In this section
the transfer function is first defined for a single primary and single secondary coil,
and extended later for multiple primary coils.

The current through the load is a measure for the output power in a contactless
energy transfer system. In case of a single primary and secondary coil, as shown
in Fig. 3.8, this current, expressed as a complex number, is equal to

i′s =
jωLmps

R′load +R′s + j(ω2C ′sL
′
lks
− 1) + jωLmps

ip. (3.31)

In the figure, the ideal transformer is removed and the circuit components of the
secondary side are reflected to the primary side with respect to the winding ratio
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Figure 3.8: Equivalent circuit of a CET system with a single primary and sec-
ondary coil and series resonance.

by

i′s = isN
−1
p Ns, (3.32)

Z ′ = ZN2
pN
−2
s . (3.33)

The voltage at the terminals of the primary side of the contactless energy transfer
system, expressed as a complex number, is equal to

vp =

(
Rp + j(ω2CpLlkp − 1)

+
jωLmps

(
R′load +R′s + j(ω2C ′sL

′
lks
− 1)

)
R′load +R′s + j(ω2C ′sL

′
lks
− 1) + jωLmps

)
ip. (3.34)

If the circuit is operating at the resonance frequency, the resonance capacitors
compensate the leakage inductance and their impedance may be ignored.

Similar to an inductive coupling with a single primary and secondary coil, a trans-
fer function can be obtained for a coupling with multiple identical primary coils
towards a single secondary coil

i′s =
jω
(∑K

k=1 Lmpksipk

)
R′load +R′s + j

(
ωL′lks − 1

ωC′
s

)
+ jω

(∑K
k=1 Lmpks

) , (3.35)
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Figure 3.9: Comparison of analytically and numerically (FEM) obtained (a) sec-
ondary current and (b) primary voltage for an inductive coupling with
three primary coils and a single secondary coil with cpw = 20 mm,
cpiw = 5 mm, τp = 35 mm, csw = 95 mm, csiw = 50 mm,
hp = hs = 5 mm, hgap = 2 mm, Np=Ns=20 turns, Rp = Rs = 0.25 Ω,
ip = 5 A, Rload = 10 Ω, and ωres = 100 kHz.

vpk = ipk

(
Rpk + j

(
ω2CpkLllkpk − 1

)
+

jωLmpks
(
R′s +R′load + j

(
ω2C ′sL

′
lks − 1

))
jω
(∑K

k=1 Lmpks

)
+R′s +R′load + j (ω2C ′sL

′
lks − 1)

)
. (3.36)

The mathematical transfer function is validated with a two-dimensional steady-
state FEM simulation for different positions of a single secondary coil above an ar-
ray of three adjacent primary coils. The secondary current is shown in Fig. 3.9(a).
The calculated values are identical to the ones obtained from the FEM simula-
tion. The corresponding input voltage of the middle primary coil is shown in
Fig. 3.9(b). In this example, the calculate voltage is 9.3% higher compared to
the one obtained from the FEM simulation, because of the neglected interaction
between the primary coils. Since the secondary voltage and current are the most
important parameters with respect to the output of a CET system, and can be
directly obtained from the primary currents in the CET system, the difference in
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input voltage has no influence in the prediction of the output power and position
dependency of the CET system.

3.5 Thermal model

A three-dimensional thermal model is derived to estimate the temperature rise in
the system. The temperature rise is caused by the conduction losses (I2R) in the
coils, and is limited by the wire of the coils and the materials in the environment
of the coils. Therefore, the maximum output power of a CET system is a trade-off
between the thermal constraints and current flowing through the coils.

The steady-state temperature distribution in a medium with temperature inde-
pendent properties can by obtained by solving the heat equation, which is given
by

∇2T =
q

κ
, (3.37)

where T is the temperature, q is the volume power density, and κ the thermal
conductivity of the medium [37]. The heat transfer rate can be obtained from the
thermal conduction inside a medium and thermal convection and radiation from
the surface of a medium.

Heat transfer by means of thermal conduction can be expressed by Fourier’s law
of heat conduction. The law gives an expression for the heat flow in x-, y-, and
z-direction, which for the x-direction is equal to

qx = −κAx
∂T

∂x
, (3.38)

where Ax is the area to which the heat if flowing in the x-direction. A similar
expression as (3.38) can be obtained for the heat flow in the other two directions.
The heat transfer from the surface of a medium towards a moving fluid or air is
called convection, and it is described by Newton’s law of cooling

qx = hconAx (T − T∞) , (3.39)

where hcon is the convection heat-transfer coefficient which typically has a value
between 6 and 10 Wm−2K−1 in case of natural convection.

Heat transfer between two surfaces through a transparent medium is called radi-
ation and occurs by means of emission and absorption of electromagnetic waves.
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The Stefan-Boltzmann equation describes the heat transfer by means of radiation

qx = εσSB(T 4
1 − T 4

2 ), (3.40)

where ε is the emissivity, σSB is the Stefan-Boltzmann constant (σSB = 5.67·108

Wm−2K−4), and T1 and T2 are the temperatures of the surfaces between which the
radiation occurs. If the temperature difference is small, (3.41) can be linearized
and expressed as

qx = hrA1(T1 − T2), (3.41)

where hr is the radiation heat transfer coefficient equal to 6ε for T = 273 K, and
A1 the surface from which the radiation occurs. The heat transfer by radiation
and convection can be combined to a single transfer heat-coefficient equal to 12
and 16 Wm−2K−1.

The heat equation (3.37) can be analytically solved by means of a Thermal Equiv-
alent Circuit (TEC), a model which is comparable to the MEC method, as intro-
duced in Section 2.1. In a TEC, the heat transfer is described as a function of
the temperature distribution between two points and the thermal resistance, Rth,
between two points

q =
∆T

Rth
. (3.42)

where

Rthcond
=

1

κA
, (3.43)

Rthconv
=

1

hA
, (3.44)

in case of thermal conduction and convection, respectively.

A three-dimensional TEC is formulated for a CET system with multiple primary
and secondary coils. The model consists of a nodal three-dimensional grid, where
the temperature can be obtained at each node, and the heat transfer between the
adjacent nodes is modeled by a thermal resistance [39, 74, 115]. In a CET system
with different layers of solid media around the coils, each different type of media is
modeled as a layer in the three-dimensional grid of the TEC model. For example,
the TEC model in the xy-plane for a layer with three primary coils next to each
other is shown in Fig. 3.10(a). The losses in the coils are the heat sources of the
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Figure 3.10: Cross-section of the thermal equivalent circuit: (a) a single layer in
the xy-plane in the middle of the primary coils at z=0, and (b) a
single layer and boundaries in the xz-plane for y=0.
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Table 3.1: Thermal properties of the media in the TEC model

Layer Description height (mm) κ (Wm−1K−1)
1 non-magnetic material 5.0 0.7
2 magnetic material 5.0 10
3 non-magnetic material 0.3 0.4
4 coils 1.5 1
5 non-magnetic material 0.3 0.4

thermal model, qRp
, which insert a heat flow at the node in the center of the coil.

From the center of the coil, the heat flow is modeled in the x-, y- and z-direction.
The main heat flow in the coil array is assumed in positive or negative z-direction,
and therefore, no heat transfer is assumed in the x- and y-direction outside the
area enveloped by the set of nodes outside the coil, as shown in Fig. 3.10(a).

The cross-section of the TEC model in the xy-plane, shown in Fig. 3.10(a), is
representative for different layers of media above or underneath the coils. The
nodes of these layer are connected in the z-direction to each other by means of
thermal resistances, as for the presented example shown in Fig. 3.10(b). The figure
show a cross-section of the TEC model in the xz-plane, again through the middle
of the coils. Above and below the solid media around the coils, the heat flow is
modeled by means of convection.

The presented TEC model, presented in Fig. 3.10, is verified by means of a three-
dimensional steady-state thermal finite element simulation. The model consists
of three primary coils and different layers of magnetic material and non-magnetic
material above and below the coil, as listed in Table 3.1. The ambient and airgap
temperature are equal to 20◦C. A part of the cross-section of the xz-plane of the
CET system and its environment in shown in Fig. 3.11(a). The figure shows the
geometry from the middle of the first coil towards the middle of the second coil.
A symmetrical distribution is obtained for the positive x-axis. The black dots in
the cross-section indicate the points where the thermal model is compared to a
three-dimensional steady-state thermal FEM simulation. The obtained temper-
ature distribution along the similar cross-section from the FEM model is shown
in Fig. 3.11(b). The obtained temperatures are listed in Table 3.2. The thermal
model has temperatures up to 1.2 degree Celsius higher compared to the FEM
model, which is equal to an deviation of 9.2% with respect to the temperature
rise above the ambient temperature. The thermal model is applied to maximize
the currents in the CET system reaching the thermal constraints, and, thereby,
maximize the output power of the CET system.
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Figure 3.11: Model for verification of the TEC: (a) schematic overview of the
different layers of the model on a part of the cross-section in the
xz-plane for y=0, and (b) simulated temperature distribution in the
cross-section, Tamb = 20 ◦C.

Table 3.2: Temperature obtained in the TEC model and FEM simulation
(Fig. 3.11), Tamb = 20 ◦C.

TTEC(◦C) TFEM (◦C) TTEC(◦C) TFEM (◦C)
(left dots) (right dots)

33.2 32.7 34.3 34.7
34.2 33.0 36.9 35.7
36.2 35.6 37.2 36.4
36.6 35.8 37.6 36.5
36.6 35.7 37.5 36.3

3.6 Summary and conclusions

An electrical and a thermal model of the inductive coupling in a contactless energy
transfer system are presented in this chapter. The electrical T-model is formulated
for multiple primary coils in combination with a single secondary coil. Resonance
techniques are introduced and integrated in the electrical circuit of the inductive
coupling to avoid the voltage drop across the leakage inductances in the system.
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The conduction losses in combination with the thermal properties limit the energy
transfer of the CET system. To estimate the temperature distribution as a function
of the losses in the coil resistances, a three-dimensional thermal model is presented.
The thermal model is verified with steady-state thermal FEM simulations and gives
a prediction of the temperature rise with at maximum difference of 9% with to
the ambient temperature.

In the next chapter, the magnetic, electrical, and thermal model are combined
in a modeling framework for a CET system with a secondary coils with a linear
or planar movement. The magnetic model, which is presented in Chapter 2, is
applied to define the inductances of a CET system, which are the input of the
electrical model. Based on a given geometry, the currents in the electrical model
can be maximized to the thermal constraints of a CET system.



4
Position-independent contactless

energy transfer systems

A Contactless Energy Transfer (CET) system replaces a physical cable connection
between the stationary and the moving part of a system. Similar to a cabled
connection, a CET system should provide a constant energy transfer, or practically
an output power with a low variation at every position of the moving part with
respect to the stationary part. This required low variation in output power can
be electronically obtained by temporarily storing the transferred energy at the
secondary side of the system and regulating the output power. This electronic
solution actively controls the output power, whereas a passive solution can be
obtained in the magnetic domain of the CET system. A low variation in output
power is obtained by an almost constant secondary current, or from a magnetic
point of view, it requires a position-independent mutual inductance. In other
words, the flux linked with the secondary coils must be almost constant at every
position of the moving part relative to the stationary part of the system.

In this chapter, a design method for a position-independent CET system is pre-
sented based on the magnetic, electrical and thermal model, which are discussed
in the previous two chapters. The method is applied to analyze the influence of
the different geometrical and electrical parameters of a CET system with a hori-
zontal airgap between an array of primary coils and a single secondary coil, which
is moving in a linear or planar stroke over the primary coil array. With respect to
the integration of the CET system in a moving object, the coil height and airgap
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length are limited to several millimeters. The chapter focusses on the energy trans-
fer to a single secondary coil. Multiple secondary coils, i.e. multiple CET systems
connected in series, can compensate the variation in mutual inductance of each
other, and, as a result, the total variation in output power decreases. Multiple
secondary coils are taken into account in the next chapter.

Besides the influence of the dimensions and the electrical parameters, there are
several examples of CET systems in which the position dependency is reduced by
modification of the coil configurations [17, 24, 26, 44, 71]. In this chapter, the
following configurations are analyzed with respect to the position dependency of
a CET system with secondary with a linear or planar movement:

• ferromagnetic structures around the coils,

• energy transfer from multiple primary coils,

• multi-layer primary coil array,

• different phase angles in the primary coils.

Finally, the analysis are summarized in a set of design considerations for a position-
independent CET system.

The contributions of this chapter are published in:

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova [2013],
’Modeling Framework for Contactless Energy Transfer Systems for Linear
Actuators’, IEEE Transactions on Industrial Electronics, 60(1), pp. 391-
399.

J. P. C. Smeets, T. T. Overboom, J. W. Jansen, and E. A. Lomonova [2013],
’Comparison of Position Independent Contactless Energy Transfer Systems’,
IEEE Transactions on Power Electronics, 28(4), pp. 2059-2067.
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Figure 4.1: Part of a primary coil array with symmetry lines (dashed lines) and
periodic area in which the variation in mutual inductance and average
output power are investigated (dashed area).

4.1 Definition of position dependency

The CET systems considered in this thesis consist of a primary coil array, as shown
in Fig. 4.1, and one or multiple secondary coils which move in a plane over the
primary coil array. It is assumed that the primary coils have similar dimensions,
and that the primary coil array has a symmetrical structure. Furthermore, to
avoid a large leakage inductance only the primary coils which transfer energy to
the secondary coil are energized. Switching between adjacent primary coils occurs
when the center of the secondary coil is located at a symmetry line between the
primary coils.

The position dependency of the CET systems in this chapter are defined by con-
sidering the variation in mutual inductance for a movement of the center of the
secondary coil along a quarter of a single primary coil, i.e. the dashed area shown
in the primary coil array of Fig. 4.1. The variation in mutual inductance is defined
by

∆Mtot =
max (Mtot(x, y))−min (Mtot(x, y))

max (Mtot(x, y))
, (4.1)

where Mtot in the total mutual inductance between all primary coils and the
secondary coil. The average mutual inductance is calculated by

Mave =
1

DxDy

Dx∑
dx=1

Dy∑
dy=1

Mtot(xdx , ydy ), (4.2)

where Dx and Dy are the number of positions taken into account in the x−, y-
direction, respectively. The variation in mutual inductance is chosen as a figure of
merit over the flux linkage and secondary current. Firstly, the mutual inductance
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is independent of the primary current, which is not the case with the flux linkage,
and only dependent on the dimensions of the primary and secondary coils and
the relative position between the coils. Secondly, the number of primary and
secondary turns only scale the amplitude of the mutual inductance, and, therefore,
the variation can be obtained without knowledge of the number of turns and other
electrical parameters of the CET system.

The average output power of the CET system is calculated for a movement of the
secondary coil along the similar quarter of a single primary coil and obtained by

Pave =
1

DxDy

Dx∑
dx=1

Dy∑
dy=1

Pout(xdx , ydy ), (4.3)

where

Pout(x, y) = |is(x, y)|2Rload, (4.4)

Similar to the variation in mutual inductance, the variation in output power is
defined by

∆Pout =
max (Pout(x, y))−min (Pout(x, y))

max (Pout(x, y))
. (4.5)

The output power and the mutual inductance are related to each other with respect
to the circuit parameters which are linked to the dimensions of the coil, the number
of turns, the operating frequency, and the input current,

Pout =
γpM

2
tot

αpM2
tot + βpMtot + ζp

, (4.6)

where

γp = R′loadω
2a2i2p, (4.7)

αp = −ω
2

a2
(
a2 − C ′sω

)2
, (4.8)

βp =
2ω

a

(
a2 − C ′sω

) (
1− C ′sL′sω2 + j (R′load +R′s)

)
, (4.9)

ζp =
(
R′load +R′s + j

(
ω2C ′sL

′
s − 1

))2
. (4.10)
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Figure 4.2: Variation in mutual inductance versus variation in output power, data
points analysis Section 4.4.1, Fig. 4.12(c).

Equation (4.6) shows that output power has a second order relation with the
mutual inductance depending on the remaining circuit components in the CET
system. For the planar coil configurations taken into account in this thesis, the
relation between the variation in mutual inductance and the variation in output
power can be generalized by the curve shown in Fig. 4.2. The difference between
the variation in mutual inductance and output power is related to the quality fac-
tor of the resonance circuit, which is determined by the electrical components and
resonance frequency of the circuit. A variation in mutual inductance results in a
variation in leakage inductance, which results in a shift of resonance frequency.
Systems with a low quality factor have an impedance with a large bandwidth
around the resonance frequency, which in a lower variation in output power com-
pared to the variation in mutual inductance, and vice versa.

Although the overall goal is to obtain a CET system with a constant output power,
the analysis in this chapter is mainly focused on the dimensions and layout of the
primary coil array. Since the set of electrical variables and constraints is chosen
and not defined for a specific system, the results in this chapter are presented in
terms of the average output power of a CET system as a function of the variation
in mutual inductance.

4.2 Design method

A position-independent CET system has a low variation in mutual inductance and
a specified average output power, within the given geometrical, electrical and ther-
mal constraints. The magnetic, electrical, and thermal lumped parameters models
presented in the previous two chapters, are combined into a modeling framework
which is used in the design algorithm of a position-independent CET system. Thir-
teen parameters; eight coil dimensions (cpwx

, cpwy
, cpbw, hp, cswx

, cswy
, csbw, and
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Table 4.1: Parameters and initial values of the reference CET system of Section
4.2

Parameter Value
coil pitch 2τ 48.0 mm
outer width 2cw 45.0 mm
inner width 2ciw 20.0 mm
coil height hc 1.50 mm
number of turns N 100 turns
airgap length hgap 1.00 mm
primary voltage Vp 50.0 V
equivalent load Rload 10.0 Ω
resonance frequency fres 100 kHz
variation mutual inductance ∆Mtot 97.4 %
average output power Pave 15.8 W

hs) and five electrical variables (Np, Ns, |Vp|, fres, and Rload), are the inputs of
the modeling framework. In the design method, each set of possible combinations
of coil dimensions is evaluated in the magnetic model to define the inductances
and variation in mutual inductance. The calculated inductances together with
the electrical variables are the input of the electrical model, in which the aver-
age output power is calculated along the trajectory of the moving secondary coil.
The energy flow is limited by the losses in the system. The output of the elec-
trical model is the input of the thermal model to predict the coil temperature.
The electrical variables are modified during the optimization to obtain the maxi-
mum average output power within the electrical and thermal constraints. Finally,
based on different sets of coil dimensions a design with a low variation in mutual
inductance and the desired average output power can be selected.

In the next sections, the coil dimensions and the electrical parameters are sepa-
rately investigated with respect to their influence on the position dependency and
average output power of a CET system with one primary and one secondary coil.
The CET system, referred to as the reference system and illustrated in Fig. 4.3,
is surrounded by air, has an average output power of 16 W, and a variation in
mutual inductance equal to 97% for a movement of the center of the secondary
coil along quarter of the primary coil area in positive x- and y-direction, i.e. the
dashed area in Fig. 4.3(a). It is chosen to start the investigation with a single
primary and a single secondary coil with similar dimensions, which are listed in
Table 4.1. The average output power for the initial dimensions is low because of
the similar coil dimensions. During the investigation, single or multiple variables
of the CET system are varied and normalized with respect to the initial values
of the reference system. The influence of the different variables with respect to
the variation in mutual inductance and output power is described in the following
sections, resulting in a practical implementation of the design method.
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Figure 4.3: Geometry of the reference CET system with a similar primary and
secondary coil aligned above each other: (a) top view of a single coil
and (b) side view.

4.2.1 Analysis of the coil dimensions

In the magnetic model, the dimensions of a coil describe an enclosed volume with
a constant current density. Therefore, the magnetic model defines the inductance
of a coil as if the coil consists of a single turn. As shown in (2.154), the total
inductance of a coil can be obtained by multiplication of the inductance of a coil
with a single turn by the number of turns squared

L = N2L0, (4.11)

where L0 represents the inductance of a coil with a single turn. Because the number
of turns only scales the value of the inductance, this parameter has no influence on
the variation in mutual inductance. Therefore, the variation in mutual inductance
is only depending on the geometrical parameters of the CET system.

The dimensions of a coil can be divided into two sets; one set which defines the
enclosed area of a coil in the xy-plane, and a next set which determines the height
of a coil. With respect to a planar coil, the enclosed height is irrelevant for the
variation in mutual inductance, as shown in Fig. 4.4(a), in which the variation
in mutual inductance differs less than 1% with respect to the different combina-
tions of primary and secondary coil heights. Fig. 4.4(b) shows that the output
power increases for a higher coil. The increased height decreases the coil resis-
tance with respect to a constant number of turns, and, therefore, a higher primary
and secondary current can flow which results in a larger output power.
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Figure 4.4: (a) Variation in mutual inductance and (b) normalized average output
power for a varying height of the primary and secondary coil.

The enclosed area of a coil can be described by the inner and outer width, which
together define the bundle width. The effect on the variation in mutual inductance
and the average output power for a change of these parameters while one of them
is kept constant is shown in Fig. 4.5. The bundle width is kept constant while
the inner width of the primary and secondary coil is increasing. The figure shows
that the variation in mutual inductance decreases for the geometries where the
inner width of the secondary coil approaches or envelopes the outer width of the
primary coil, and, consequently, the flux linkage becomes more uniform for a larger
displacement of the secondary coil with respect to the primary coil.

A similar observation can be made in Fig. 4.5(c), where the inner width of the
primary and secondary coil is kept constant, and the outer width of both coils
is increasing. Also in this case, the variation in mutual inductance decreases if
the secondary coil widely overlaps the primary coil. For the case with a constant
outer width and a decreasing inner width, the variation in mutual inductance, as
shown in Fig. 4.5(e), differs within 10% for the obtained coil dimensions, which is
much lower than the difference of 60% which is found for a varying outer width.
Based on Figs. 4.5(a) and (c), it can be concluded that a low variation in mutual
inductance can be obtained if the secondary coil overlaps the primary coil.

For the case of a constant bundle width, the highest average output power is
obtained for the situation in which the inner width of the secondary coil is larger
than the outer width of the primary coil, as shown in Fig. 4.5(b). These coil
dimensions result in a variation in mutual inductance which is approximately 60%
lower compared to the reference value, and, therefore, the output power has a
lower variation and a higher average value. With respect to a constant inner width
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Figure 4.5: Normalized variation in mutual inductance and normalized average
output power for: (a, b) a constant bundle width equal to 12.5 mm
with an increasing inner and outer width, (c, d) constant inner width
equal to 10 mm with an increasing bundle and outer width, and (e,
f) a constant outer width equal to 22.5 mm with an increasing inner
width and decreasing bundle width.
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and an increasing outer width, the average output power increases for larger coil
dimensions, as shown in Fig. 4.5(d). A similar observation can be made for the
case of constant outer width and an increasing inner width, as shown in Fig. 4.5(f).
Again the highest average output power is obtained if the maximum bundle width
is reached, i.e. for the coil dimensions with the smallest inner width. Similar to
the case of an increasing coil height, a higher average output power is obtained
because of a lower coil resistance with respect to the constant number of turns.

4.2.2 Analysis of the electrical variables

The output power of a CET system can be obtained by the transfer function of a
CET system and the input voltage of the primary coils. The electrical variables
in the CET system, such as the number of turns, the equivalent load, and the
resonance frequency have no influence on the variation in mutual inductance, and,
therefore, only the output power is taken into account in this section.

The number of turns of the coils does not only define the ratio between the pri-
mary and secondary voltage and current, but also influences all other electronic
components and, thereby, the energy transfer in a CET system. With respect
to the electrical components, the inductances and the winding resistances scale
with the number of turns squared. Furthermore, a growing number of turns in a
constant coil volume increases the magnetizing inductance, and, as a result, the
magnetizing and the primary current is decreased. Although a higher number of
turns results in a lower primary current, the conduction losses in the coils,

Pcond = I2R,

=

(
JAkf
N

)2(
ρN2lturn
Akf

)
,

= ρJ2lturnAkf , (4.12)

are independent of the number of turns assuming a constant current density, an
equal coil geometry, and a constant packing factor.

The resonance frequency defines the value of the resonance capacitances. At res-
onance the operating point with the lowest impedance of the total CET system
is obtained. A high resonance frequency increases the impedances of the induc-
tances, and, as a result, the magnetizing current decreases. The impedance of
the primary coil and the magnetizing inductance can be seen as a voltage divider,
where the voltage across the magnetizing inductance approaches the input voltage
for an increasing resonance frequency. Consequently, both the induced voltage
at the secondary side and the voltage across the load resistance also reach the
input voltage with respect to the turn ratio and assuming a low impedance of the



4.2: Design method 99

n
o
rm

.
P
o
u
t
(p
.u
.)

fres (kHz)
50 100 150

0

0.5

1

n
o
rm

R
p
(%

)

fres (kHz)
50 100 150

×

−5

0

5

(a) (b)

Figure 4.6: Normalized output power (a) and (b) primary coil resistance of the
reference CET system for an increasing resonance frequency.

secondary coil. Finally, this results in a constant output power for an increasing
resonance frequency as shown in Fig. 4.6(a). The figure shows that the reference
CET system reaches its largest output power already at a frequency of 25 kHz. A
higher frequency has neither a negative nor a positive effect on the output power,
since the resistance of the primary coil remains almost constant for an increasing
resonance frequency as shown in Fig. 4.6(b). The frequency, at which the highest
output power is obtained, differs for each CET system and depends on the coil
resistance and the impedance of the magnetizing inductance.

If the coils of a CET system are surrounded by air or non-conducting material, no
eddy currents are induced by the high-frequency magnetic fields, and the frequency
may be increased towards its maximum value with respect to the ac-resistance of
the Litz wire. But if conducting materials are present in the neighborhood of
the coils, the eddy-current reaction field influences the inductances of the coils as
presented in Section 2.5.1 and [113]. Consequently, the frequency and amplitude
of the primary current should be taken into account in the calculation of the
inductances.

The output power of a CET system can be regulated by defining three of the
following five parameters: primary voltage, primary current, secondary voltage,
secondary current, and equivalent load resistance. With two of those parameters
and the transfer function of the electrical equivalent circuit, the remaining param-
eters can be calculated. It is chosen to vary the primary voltage and the load
resistance, and to specify the secondary voltage

vs =
Ns
Np

[(
K∑
k=1

jωLmpks (ipk(Vp)− i∗s(Rload))
)

−
(
R∗s − j

(
ωLlks −

1

ωC∗s

))
i∗s(Rload)

]
, (4.13)
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Table 4.2: Geometrical constraints for the parametric sweep.

Primary coil Secondary coil
0 ≤ cpiwx

< cpwx
0 ≤ csiwx

< cswx

0 ≤ cpiwy < cpwy 0 ≤ csiwy < cswy

cpwx − cpiwx = cpwy − cpiwy cswx − csiwx = cswy − csiwy

cpwx
≤ τpx cswx

≤ τsx
cpwy

≤ τpy cswy
≤ τsy

0 ≤ hp ≤ hpmax
0 ≤ hs ≤ hsmax

where the primary and secondary current can be obtained as a function of the
primary voltage and the load resistance, respectively. It is chosen to specify the
secondary voltage, since the output of the CET system is generally connected to
a dc-bus, similar to a cabled connection, and the current flow in the system is
depending on the load. By varying the primary voltage and the load resistance,
the currents in the system can be maximized based on the thermal constraints to
obtain a maximum output power.

4.2.3 Implementation of the design method

The previous two sections have shown a clear separation between the geometrical
and electrical parameters of a CET system, which in their turn are responsible for
the variation in mutual inductance and output power, respectively. Practically,
this means that the value of the inductances can be separately obtained without
knowledge of the electrical parameters of the CET system. Therefore, the opti-
mization of the dimensions and electrical parameters of a position-independent
CET system is conducted in two steps.

In the first step, a parametric search is performed to obtain the values and variation
of the inductances along the trajectory of the secondary coil related to all possible
geometrical combinations. The constraints involved in the parametric search are
listed in Table 4.2. The step size in the parametric search in this work is set
equal to 0.5 mm for the coil height and to 5 mm for the widths of the coil. A
large geometric domain results in many options which have to be evaluated in the
parametric search. To reduce the number of options, the height of the coil can
be set to its largest value instead of varied during the parametric sweep, since, as
illustrated in Section 4.2.1, a maximum output power is obtained for the largest
coil height, and the widths of a coil have more influence on the variation in mutual
inductance compared to the height of a coil.

In the second step of the design method, the obtained data set of the parametric
search is optimized for a maximum output power by using a Sequential Quadratic
Programming (SQP) algorithm. The optimization is performed within the ther-
mal constraints of the CET system, the voltage ratings, the minimum required
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Table 4.3: Electrical constraints for SQP.

Npmin ≤ Np ≤ Npmax

Nsmin ≤ Ns ≤ Nsmax

Vpmin
≤ Vp ≤ Vpmax

fres ≤ fresmax

Rloadmin
≤ Rload ≤ Rloadmax

Vs ≈ Vsrated

Tcoil ≤ Tcoilmax

ηave ≥ 80 %.

efficiency, and the maximum allowable number of turns, as listed in Table 4.3,
and results in an optimal set of electrical variables for each possible geometrical
combination.

In the SQP the number of turns is constraint between a maximum and minimum
value, which are depending on the dimensions of the coil. The minimum number
of turns of a coil is defined by a single layer of turns filled for 70%

Nmin = 0.7
cw − ciw

hc
. (4.14)

The maximum number of turns is defined by a predefined maximum number of
layers in combination with the orthocyclic winding method (3.27). Furthermore,
it is assumed that the wide range of available Litz wire diameters is able to result
in a coil in which the entire volume is filled with turns.

The turn ratio in combination with the currents and the desired secondary voltage
determine the input voltage, which is equal for each primary coil in case of an
energy transfer between multiple primary coils towards a single secondary coil.
The optimized input voltage is, therefore, a trade-off between the coil resistances,
mainly defined by the number of turns, and the primary and secondary currents.
The resonance frequency is be maximized, which is advantageous with respect
to a decrease in magnetizing current and, as a result, a larger fraction of the
primary current is transferred to the secondary side. The maximum frequency
can only be obtained if it is assumed that the Litz wire has a strand diameter
which is smaller as the skin-depth of the conductor for the related frequency. The
minimum required efficiency for the inductive coupling is set equal to 80%.

Finally, based on the variation in mutual inductance and the output power, a
design is selected from the different optimized solutions. The separation of the two
steps in the optimization method, allows the method to optimize the geometrical
structures for different sets of electrical variables without repeating the analysis
in the magnetic domain.

The separation of the design method in two steps becomes invalid with the presence
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of conducting materials in the neighborhood of the primary and or secondary coils.
In these cases, the inductances are influenced by the eddy-current reaction field
which is related to the amplitude of the current and the frequency of the time
varying current [113]. This should be taken into account in the design of a position-
independent CET system, and the two design steps should be combined into one,
in which the geometrical parameters are also optimized with the SQP algorithm.
This combination makes the design method more sensitive for a local optima. To
guarantee convergence of the SQP programming algorithm, the optimization is
conducted multiple times starting with different initial values, and afterwards the
different sets of optimized CET systems can be compared to each other.

4.3 Ferromagnetic structures around the coils

The output power of a CET system in which a single primary coil is transfer-
ring energy towards a similar secondary coil is extremely position dependent, as
demonstrated in the previous section and as is shown for the CET system with
a linear moving secondary coil in Section 1.2.2. A method to reduce the position
dependency is to modify the geometry of the secondary coil and to transfer energy
from multiple simultaneously activated primary coils towards a single secondary
coil. An example of this principle is shown in Fig. 4.7, where the secondary coil
overlaps a set of three adjacent primary coils. Figures 4.7(a)-(c) illustrate the
transition between the three activated sets of primary coils with respect to the
position of the secondary coil. A transition occurs when the center of the sec-
ondary coil is at a symmetry point between the middle energized primary coil
and an adjacent coil in the direction of movement. For example, the transition
between the set activated in Figs. 4.7(a) and (b) occurs at the dashed line shown
in Fig. 4.7(a), and the transition towards the activated set of primary coils of
Fig. 4.7(c) occurs at the dashed line in Fig. 4.7(b). The mutual inductance from
each set of primary coils has a similar shape as a function the position of the center
of the secondary coil. The mutual inductances overlap each other if symmetry is
obtained between the different sets, i.e. the peak values in the mutual inductance
as shown in Fig. 4.7(d). The solid line shows the total mutual inductance between
the secondary coil and the activated set of primary coils along the movement of
the secondary coil. In the example, the mutual inductance varies 6.3% during the
movement of the secondary coil along the x-axis.

Up to now, all the analyzed CET systems are surrounded by air, but as observed
in Section 2.5.1, the material around a coil could have a positive or negative ef-
fect on the inductance of a coils, and, therefore, influences the energy transfer
capability of a CET system. Ferromagnetic material around the coils of a CET
system guides the flux between the primary and secondary coil, and increases the
mutual inductance [17, 24, 71]. In a planar structure, a ferromagnetic plate or a
toothed structure of ferromagnetic material can be placed behind the coils. To
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Figure 4.7: Displacement of the secondary coil and activation of three primary
coils with respect to the position of the secondary coil: (a) primary
coils p1-p3 activated, (b) primary coils p2-p4 activated, (c) primary
coils p3-p5 activated, and (d) corresponding mutual inductances.

investigate the effect of these different ferromagnetic structures around the coils,
six topologies, as shown in Fig. 4.8, are compared to each other with respect to
the variation in mutual inductance and the average output power. For example,
in topology A, the volume around the coils is filled with air or non-magnetic ma-
terial. In topology C, the coils are placed against a ferromagnetic plate, and in
topology E, the coils are located in a slotted structure. The different combinations
are summarized in Table 4.4. On the secondary side of topologies E and F a small
tooth is added at the beginning and end of the period for the ease of calculation
of the magnetic flux density by using the harmonic modeling method. The three
possible geometric boundaries on both sides of the CET system give nine unique
combinations. Only the six presented combinations are compared, since the effect
of a ferromagnetic plate versus a boundary of non-magnetic material can be com-
pared based on topologies A - C. Furthermore, the effect of a ferromagnetic plate
versus slots can be examined in topologies C - F.

The comparison of the different ferromagnetic structures around the primary and
secondary coil is performed on a two-dimensional representation of a CET system,
consisting of five primary coils and a single secondary coil. During the comparison,
three adjacent primary coils are energized simultaneously, and the secondary coil
moves in the x-direction above the primary coils. A two-dimensional geometry
is chosen because of the fact that the three-dimensional magnetic model is not
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Figure 4.8: Schematic overview of the six CET systems with different ferromag-
netic structures around the coils.
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Table 4.4: Different combinations of ferromagnetic structures around the coils.

Topology Primary side Secondary side
A non-magnetic material non-magnetic material
B ferromagnetic plate non-magnetic material
C ferromagnetic plate ferromagnetic plate
D ferromagnetic slots ferromagnetic plate
E ferromagnetic slots ferromagnetic slots
F ferromagnetic plate ferromagnetic slots

Table 4.5: Parameters and constraints for the comparison of different ferromag-
netic structures around the coils.

Parameters Constraints
τpx = 30 mm 10 mm ≤ cpwx

≤ 30 mm
τsx = 105 mm 5 mm ≤ cpiwx ≤ 25 mm

depthy = 50 mm 20 mm ≤ cswx ≤ 105 mm
hgap = 1 mm 5 mm ≤ cswx ≤ 100 mm

hp = hs = 2 mm cpwx
+cpiwx

≤ τpx (top. d, e)
fres = 100 kHz cswx

+csiwx
≤ τsx (top. e, f)

Np = 3 horizontal layers Nsmin
≤ Ns ≤ Nsmax

Vs = 100 V 10 V ≤ Vp ≤ 500 V
1 Ω ≤ Rload ≤ 250 Ω

Tcoil ≤ 50 ◦C

able to model planar geometries with coils wound around a tooth. The different
topologies are compared to each other with respect to variation in mutual induc-
tance for different coil dimensions in which the average output power is maximized
using the design method presented in Section 4.2.3. During the analysis the coil
height, number of primary turns, and resonance frequency are kept constant. The
remaining variables are optimized for a maximum output power subjected to the
constraints listed in Table 4.5. The dimensions with respect to the different slotted
and slottless structures are defined in Fig. 4.9. Furthermore, in the topologies
with a ferromagnetic boundary at the primary or secondary side, the core losses
are taken into account in the efficiency calculation of the CET system

η =
Pout

Pout + Pcorep + Pcores + Pcondp + Pconds
, (4.15)

where the core losses, Pcore, are obtained by the Steinmetz equation

Pcore = Cstf
γst
resB

ζstVcore. (4.16)

Parameters Cst, γst, and, ζst are material depending parameters and are equal



106 Chapter 4: Position-independent contactless energy transfer systems

τpx

cpwx

cpiwx

cswx

csiwx

hp

τpx

hp

τsx

hs

(a)

(b)

(c)

(d)

cpiwx

cpwx

cpiwx

τsx

cswx

csiwx
hs

csiwx

Figure 4.9: Schematic overview of the geometric parameters for a single coil pitch:
(a) slottless primary side, (b) slotted primary side, (c) slotless sec-
ondary side, and (d) slotted secondary side.

to 0.25 Wm−3Hz−γstT−ζst , 1.6, and, 2.5, respectively, assuming that 3F3 ferrite
material is used [38].

The results of optimization are shown in Fig. 4.10. The figures show that the
addition of ferromagnetic boundaries increases the average output power, but that
the number of solutions which fulfill the constraints, mainly the required secondary
output voltage, as listed in Table 4.5, decreases if either the primary or secondary
coil(s) are embedded in a slotted structure. For topologies with similar dimensions,
the mutual inductance is almost eight times larger if a ferromagnetic plate is
located behind the coils compared to the case in which the coils are surrounded
by air. A higher mutual inductance results in a larger magnetizing inductance,
and, as a result, the voltage drop across the primary coil resistance decreases. This
improved voltage balance is beneficial for the conduction losses in the primary coils,
and, therefore, a higher average output power can be achieved. For the topologies
with a slotted structure at the primary and/or secondary side, a lower number of
solutions with a low variation in mutual inductance can be obtained because of
the predefined flux paths through the teeth of the geometry. As a low variation
in mutual inductance is obtained by a constant flux linkage, a slotted structure at
the primary side, in this particular case at the side which is not moving, is more
beneficial than a slotted structure at the secondary side. This occurs because
the secondary side has no preferred flux paths, and the flux density distribution
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Figure 4.10: Average output power as a variation in mutual inductances for: (a)
topology A, (b) topology B, (c) topology C, (d) topology D, (e)
topology E, and (f) topology F.

from the primary towards the secondary coil remains the same for every position
of the secondary coil. Furthermore, the self-inductance of a coil does not remain
constant in case of a moving ferromagnetic slotted structure, and, therefore, the
system does not remain operating at resonance.

The CET systems with the lowest variation in mutual inductance and the highest
average output power are extracted from the set of possible solutions, and listed
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Table 4.6: Minimum variation in mutual inductance for the topology comparison
with different ferromagnetic boundaries around the coils.

Topology A B C D E F
cpwx

(mm) 30.0 30.0 15.0 15.0 15.0 20.0
cpiwx

(mm) 5.00 5.00 10.0 10.0 5.00 15.0
cswx (mm) 80.0 80.0 65.0 65.0 75.0 75.0
csiwx (mm) 15.0 15.0 5.00 5.00 30.0 30.0
∆Mtot (%) 5.70 5.06 0.01 0.02 26.6 4.99
Pave (W) 48.8 100 83.3 137 107 155
∆Pout (%) 30.4 30.3 29.0 32.1 98.9 99.6
Np (turns) 101 101 18.0 18.0 38.0 18.0
Ns (turns) 120 60.0 30.0 21.0 36.0 18.0
Vp (V) 163 316 116 188 194 152
Rload (Ω) 163 75.5 144 109 66.4 31.1
Fzpeak

(N) 0.00 0.00 0.14 0.23 2.61 0.61
ηave (%) 86.1 92.7 95.1 48.3 47.6 67.3

in Table 4.6 and 4.7, respectively. Since a ferromagnetic plate does not only
provide a low reluctance path for the magnetic fields, but also introduces a normal
force between the primary and secondary side, the peak normal force, Fzpeak

is
also included in the table. The normal force is dependent on the amplitude of
the current flowing in the primary and secondary side. The secondary current
has a phase-shift compared to the primary current, therefore, the normal force is
calculated for different angles of primary current at each position of the secondary
coil using (2.159).

The parameters for the CET systems with the lowest variation in mutual induc-
tance are listed in Table 4.6. All solutions have a variation in mutual inductance
below 6% except for topology E, in which a variation of 26.6 % is obtained. The
highest average output power, equal to 137 W, is obtained in topology D, and the
lowest average output power, equal to 48.8 W is obtained in topology A. Topolo-
gies A - D have a variation in the output power around 30%. In topologies E and
F, the secondary coil is placed in a slotted structure which increases the varia-
tion in output power to almost 100%, because of the predefined flux path to the
secondary coil. Efficiencies above 90% are obtained in topologies A, B, and C,
and with the presence of a toothed structure at the primary and or the secondary
side, the efficiency drops towards a value around 50% because of the increased core
losses. The highest peak normal force is predicted for topology E, and is equal to
2.61 N.

The CET systems with the highest average output power for each topology are
listed in Table 4.7. Among the selected solutions, the highest output power is
obtained in topology C, and the lowest amount of energy is transferred with topol-
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Table 4.7: Maximum average output power for the topology comparison with
different ferromagnetic boundaries around the coils.

Topology A B C D E F
cpwx

(mm) 30.0 30.0 30.0 25.0 15.0 30.0
cpiwx

(mm) 5.00 5.00 25.0 5.00 5.00 25.0
cswx (mm) 90.0 105 80.0 105 80.0 75.0
csiwx (mm) 80.0 80.0 60.0 100 20.0 15.0
∆Mtot (%) 80.9 53.7 23.0 13.7 85.9 16.5
Pave (W) 238 444 858 663 178 602
∆Pout (%) 95.0 71.7 86.0 55.3 99.8 46.6
Np (turns) 101 101 18.0 80.0 38.0 18.0
Ns (turns) 38.0 27.0 7.00 16.0 20.0 21.0
Vp (V) 69.3 104 173 183 201 162
Rload (Ω) 34.2 22.3 11.4 15.3 25.9 19.3
Fzpeak

(N) 0.00 0.03 0.63 1.39 2.94 0.28
ηave (%) 95.3 97.1 98.5 54.0 42.0 22.8

ogy E. The combination of a high output power does not benefit to the variation in
mutual inductance, which is increased to a minimum value of 13% for topology D
and a maximum value of 86% for topology E. The increased variation in mutual
inductance results in a higher variation in output power, which varies between 47%
for topology F and almost 100% for topology E. Although a high average output
power is obtained in these designs, the high variation in output power makes the
designs unrealistic for a CET system with a low position dependency. The peak
normal forces in the topologies with a slotted structure at the primary and/or
secondary side has increased, up to a peak value of 2.94 N for topology E, with
slots on both sides. Similar efficiencies are reached as in Table 4.6.

The designs with the lowest variation in mutual inductance have an average output
power which is by average five times lower compared to the designs with the
highest average output power. Furthermore, the designs with the highest average
output power have a high variation in output power which results in a position
dependent CET system. To compare the six configuration for a realistic design of
a CET system, the highest average output power with a variation in output power
below 20% are listed in Table 4.8. Both for topologies E and F no results are
obtained with a variation in output power below 20% within the given electrical
constraints. The highest average output power is obtained in topology C, in which
a ferromagnetic plate is present behind the primary and secondary coil.

Overall, the comparison of the six different (non)-ferromagnetic structures around
the coils has shown that the toothless topologies result in many possible solutions
for a CET system with a low variation in mutual inductance. Ferromagnetic
structures around the coils increase the mutual inductance, which results in a
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Table 4.8: Maximum average output power for ∆Pave < 20% for the topology
comparison with different ferromagnetic boundaries around the coils.

Topology A B C D
cpwx

(mm) 30.0 30.0 25.0 20.0
cpiwx

(mm) 5.00 5.00 20.0 10.0
cswx (mm) 105 105 70.0 100
csiwx (mm) 90.0 90.0 5.00 15.0
∆Mtot (%) 32.0 32.3 4.67 21.7
Pave (W) 173 340 442 385
∆Pout (%) 17.5 19.6 15.1 18.0
Np (turns) 101 101 18.0 38.0
Ns (turns) 59.0 30.0 22.0 29.0
Vp (V) 44.1 85.2 188 193
Rload (Ω) 54.3 27.2 29.3 32.0
Fzpeak

(N) 0.00 0.03 0.51 1.24
ηave (%) 93.2 96.5 98.0 39.1

larger energy transfer. Slotted structures are not preferable since they give a
limited amount of geometrical solutions with a low variation in mutual inductance,
and, meanwhile, these CET systems exhibit a normal force.

4.4 Primary coil array configurations

This section analyzes several properties of a primary coil array with a single sec-
ondary coil with a planar movement over the primary coil array, such as the
simultaneously-active number of primary coils, the effect of multiple layers, and
the phase angle of the current flowing through the activated primary coils. As
shown in the previous section, a slotted ferromagnetic structure at either the pri-
mary or secondary side of the CET system does not result in a system with a low
variation in mutual inductance, and, therefore, the primary and secondary coils
are surrounded by air in this section.
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Figure 4.11: Schematic overview of the different sets of active coils in the 3x3
primary coil array with: (a) a single primary coil and (b) three, (c)
four, (d) five, and (e) nine primary coils.

4.4.1 Number of active primary coils

In the analysis of the previous section a set of three primary coils is investigated
to examen the variation in mutual inductance for various ferromagnetic structures
around the coils of a CET system. If an array of 3x3 primary coils is considered,
a single and sets of three, four, five, and nine coils can be used to transfer energy
towards a secondary coil, as shown in Fig. 4.11. The variation in mutual induc-
tance and the average output power of the different sets are analyzed for a fixed
dimension of the primary coils and for various dimensions of the secondary coil.
The analysis is conducted with the design method presented in Section 4.2. To
reduce the number of variables, which are included in the optimization process, it
is chosen to predefine the height of the primary and secondary coil, the number of
turns of the primary coil, and the resonance frequency. The remaining variables
are optimized for a maximum output power with respect to the constraints listed
in Table 4.9. Based on the observation that a low variation in mutual inductance
is obtained if the secondary coil tends to envelope the primary coils, the shape of
the secondary coil is set similar to the contour of the set of active primary coils.
Therefore, the possible secondary coil dimensions of the sets with one, four, five
and nine active primary coils are limited to a square shape. A secondary coil with
a rectangular shape is taken into account in the set with three primary coils.

The optimized average output power of the different sets of primary coils is
shown in Fig. 4.12 as a function of the variation in mutual inductance. Com-
mon in Figs. 4.12(a)-(d) is the envelope of the possible solutions with respect to
the variation in mutual inductance and output power. In these four topologies,
Figs. 4.11(a)-(d), the highest average output power is obtained for a variation
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Figure 4.12: Average output power versus variation in mutual inductance for: (a)
one, (b) three, (c) four, (d) five, and (e) nine activated primary coils.
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Table 4.9: Parameters and constraints for the comparison of different number of
active primary coils.

Parameters Constraints
τpx = τpy = 30 mm 20 mm ≤ cswx

≤ 135 mm
cpwx

= cpwy
= 30 mm 5 mm ≤ csiwx

≤ 120 mm
cpiwx = cpiwy = 10 mm 20 mm ≤ cswy ≤ 135 mm
hp = hs = 1.5 mm 5 mm ≤ csiwy ≤ 120 mm

Np = 107 turns Nsmin
≤ Ns ≤ Nsmax

fres = 100 kHz 1 V ≤ Vp ≤ 500 V
hgap = 1 mm 1 Ω ≤ Rload ≤ 250 Ω

Vs ≈ 100 V
Tcoil ≤ 50◦C
ηave ≥ 80 %

in mutual inductance between 20% and 40%, and decreases for a higher varia-
tion becomes larger than 40%. This is not the case for topology E, Figs. 4.11(e)
and 4.12(e), where a high average output power is obtained for a variation in mu-
tual inductance equal to 40% and 60%, ignoring the point with the highest average
output power at a variation of mutual inductance equal to 80%.

The optimized results with the lowest variation in mutual inductance for the dif-
ferent sets are listed in Table 4.10. The different sets of active primary coils have
a variation in mutual inductance varying between 0.66% and 5.22%, where the
lowest variation is obtained in the set with three primary coils and the highest one
for the set with one primary coil. The dimensions of the different secondary coils
have an outer width close to the maximum constraint. Furthermore, in all cases
the inner width of the secondary coil is larger than the outer width of the middle
primary coil. The average output power varies between 42 W and 238 W, where
the highest value is obtained in the set with four primary coils. With respect to
the power density, Pdens, defined as the output power divided across the enveloped
area of the secondary coil, the sets with three, four, five and nine primary coils
all resulted in a value between 11 kWm−2 and 14 kWm−2. The configuration
with a single active primary coil results in a power density equal to 3 kWm−2,
approximately four times lower compared to the other sets.

The results with the highest average output power are listed in Table 4.11. The
set with nine primary coils gives the overall highest average output power, which is
equal to 457 W. The remaining sets have an output power varying between 118 W
and 361 W. The accompanying variation in mutual inductance differs between
23% and 72% for the different sets along the trajectory of the secondary coil.
The output power varies between 23% and 96% within the selected results. The
corresponding secondary coils have an average bundle width of 24 mm, which
is smaller compared to average bundle width of 63 mm for the results with the
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Table 4.10: Lowest variation in mutual inductance for the comparison of different
number of active primary coils.

Number of primary coils 1 3 4 5 9
cswx

(mm) 120 90.0 130 135 80.0
csiwx

(mm) 85.0 20.0 60.0 40.0 35.0
cswy

(mm) 120 115 130 135 80.0
csiwy (mm) 85.0 45.0 60.0 40.0 35.0
∆Mtot (%) 5.22 0.66 4.21 2.86 3.27
Pave (W) 42.0 115 238 201 74.8
∆Pout (%) 8.69 23.3 8.56 9.89 7.45
Np (turns) 107 107 107 107 107
Ns (turns) 180 75.0 34.0 44.0 25.0
Vp (V) 65.1 108 81.1 68.0 143
Rload (Ω) 219 77.6 42.9 56.0 123
Pdens (kWm−2) 2.92 11.1 14.1 11.0 11.7

Table 4.11: Maximum average output power for the comparison of different num-
ber of active primary coils.

Number of primary coils 1 3 4 5 9
cswx

(mm) 55.0 105 80.0 70.0 90.0
csiwx

(mm) 35.0 90.0 65.0 15.0 80.0
cswy (mm) 55.0 90.0 80.0 70.0 90.0
csiwy (mm) 35.0 50.0 65.0 15.0 80.0
∆Mtot (%) 23.0 29.6 22.7 35.6 78.2
Pave (W) 118 226 361 291 457
∆Pout (%) 23.2 46.7 35.7 47.7 95.5
Np (turns) 107 107 107 107 107
Ns (turns) 71.0 30 23.0 76 12
Vp (V) 149 110 120 161 82.8
Rload (Ω) 83.8 41.5 29.9 42.6 13.8
Pdens (kWm−2) 39.0 43.2 56.5 59.5 56.4
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Table 4.12: Maximum average output power for ∆Pave < 20% for the comparison
of different number of active primary coils.

Number of primary coils 1 3 4 5 9
cswx

(mm) 60.0 115 95.0 75.0 125
csiwx

(mm) 35.0 90.0 60.0 20.0 90.0
cswy (mm) 60.0 60.0 95.0 75.0 125
csiwy (mm) 35.0 35.0 60.00 20.0 90.0
∆Mtot (%) 19.2 14.3 10.2 29.3 10.3
Pave (W) 118 218 326 252 354
∆Pout (%) 19.6 11.4 18.5 19.2 4.67
Np (turns) 107 107 107 107 107
Ns (turns) 72.0 34.0 25.0 58.0 18.0
Vp (V) 147 98.6 110 155 52.1
Rload (Ω) 86.7 46.7 31.0 39.8 24.1
Pdens (kWm−2) 32.7 31.5 36.1 44.8 22.7

lowest variation in mutual inductance. The inner width of the secondary coil, csiw,
envelopes the outer width of the primary coil array in the set with one, three and
four primary coils. The highest power density is obtained in the configurations
with four, five and nine primary coils, and it has an average value of 57 kWm−2

for the three configurations. The power density in the configuration with a single
primary coil and three primary coils is 32% and 24% lower, respectively.

It may be concluded that a topology with a low variation in mutual inductance has
a secondary coil with a large outer width in combination with a large bundle width,
and topologies with the highest average output power have a variation in mutual
inductance between 20% - 40% in combination with a smaller bundle width. An
ideal CET system should have a high output power with a low variation in output
power. These requirements are translated to reduce the set of possible solutions
with a variation in output power below 20%. From this limited set of solutions,
the designs with the highest average output power are listed in Table 4.12. The
average output power of the solutions presented in the table varies between 118 W
and 354 W, in combination with a variation in output power between 5% and
20%. Again, the inner width of the secondary coil belonging to the topology with
a single, three, four and nine active primary coils envelopes the outer dimensions
of the entire set of active coils. The average bundle width of the secondary coils is
equal to 35 mm. The highest power density is obtained the configuration with five
active primary coils, and is approximately 30% higher compared to the average
power density of the other configurations.

The comparison of the sets with different number of active primary coils has shown
that it is possible to obtain a CET system with a low variation of mutual induc-
tance for different number of active primary coils. The average output power is
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dependent on the number of active primary coils, where sets of multiple primary
coils have a higher output power compared to a single primary coil. Generally,
for each design the allowable geometries for the secondary coil result in a trade-
off between variation in mutual inductance and output power, while the average
output power increases if a larger coil variation in mutual inductance is allowed.

4.4.2 Number of layers

In the previous section, different numbers of active primary coils in a single-layer
coil array are compared to each other. The limitation of a single layer results in
configurations in which coils are placed next to each other, while a multi-layer coil
array allows arrangements of active primary coils in which coils are overlapping
each other. This section starts with the comparison of a single- and a double-layer
primary coil array, and later different configurations of double-layer coil arrays are
compared to each other.

A single-layer primary coil array with three adjacent primary coils is compared
to an array consisting of two layers in which three adjacent coils are activated
per layer. In the coil array with two layers, the three adjacent activated coils are
positioned on top of each other. Both coil arrays have an equal height, which means
that the coil height of the double-layer array is half the coil height in the single
layer. Both configurations are compared to each other with respect to the average
output power and the variation in mutual inductance. For this comparison, both
topologies are optimized for different secondary coil dimensions with respect to
the parameters and constraints listed in Table 4.13, the dimensions in brackets
are specific for the case of a single-layer primary coil array. The secondary coil
envelopes the three activated primary coils, and, therefore, the dimensions of the
secondary coil in the y-direction are limited with respect to the possible dimensions
analyzed in the previous section. The resulted average output power as a function
of variation in mutual inductance of the active sets of primary coils in the single-
and the double-layer coil array is shown in Fig. 4.13. For a low variation in mutual
inductance, designs with an average output power around 100 W and 50 W are
obtained in the single- and double-layer primary coil array, respectively. The
difference in output power is mainly caused by the difference in the coil resistances,
as a larger coil height results in a lower resistance with respect to a lower coil height
in case of an equal coil area, and a similar number of layers of primary turns.

As mentioned above, the activated coils in the first and second layer are located
on top of each other. If the coils in the second layer are displaced with respect
to the single layered coil array, configurations with overlapping active primary
coils can be built to transfer energy towards the secondary coil. Four different
configurations with a different distribution of the coils in the second layer of the
primary coil array, configuration Da-Dd, are considered and compared to each
other with respect to the variation in mutual inductance and the average output
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Table 4.13: Parameters and constraints for the comparison of different layers of
the primary coil array.

Parameters Constraints
τpx = τpy = 24 mm 30 mm ≤ cswx

≤ 120 mm
cpwx

= cpwy
= 22.5 mm 5 mm ≤ csiwx

≤ 115 mm
cpiwx

= cpiwy
= 5 mm 30 mm ≤ cswy

≤ 50 mm
hp = hs = 0.75 (1.5) mm 0 mm ≤ csiwy

≤ 45 mm
Np = 87 (103) turns Nsmin ≤ Ns ≤ Nsmax

fres = 100 kHz 1 V ≤ Vp ≤ 500 V
hgap = 1 mm 1 Ω ≤ Rload ≤ 250 Ω

Vs ≈ 25 V
Tcoil ≤ 50◦C
ηave ≥ 80 %
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Figure 4.13: Average output power versus variation in mutual inductance for:
(a) single-layer coil array with three activated primary coils, and (b)
double-layer coil array with three primary coils activated per layer.

Table 4.14: Different configurations of active primary coils in the double-layer coil
array.

configuration coils 1st layer coils 2nd layer displacement 2nd layer
Da 3 3 (0,0)
Db 3 2 (τx,0)
Dc 3 4 (τx,τy)
Dd 3 2 (τx,τy)
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Figure 4.14: Schematic overview of the different configurations of active coils in
the primary coil array divided across two layers: (a) configuration
Da, (b) configuration Db, (c) configuration Dc and (d) configuration
Dd of Table 4.14.

power. The different configurations are listed in Table 4.14 and shown in Fig. 4.14.

Among the four topologies, the highest average output power is found in con-
figuration Da, in which the primary coils are located on top of each other. A
displacement of the secondary layer reduces the output power because the current
through the primary coils has a similar phase angle, which results in the cance-
lation of the magnetic fields with respect to each other. In configuration Dc, the
enveloped area of the active set of primary coils is enlarged compared to topolo-
gies Da and Db. This results in a variation in mutual inductance between 20% and
60% for the given possible dimensions of the secondary coil. In configuration Dd
the coil pitch is enlarged with respect to configuration Db. The large coil pitch re-
sults in a lower average output power and a higher variation in mutual inductance
for the given dimensions of the secondary coil. Overall in case of a limited coil
height, a primary coil array with a single layer of coils is preferable with respect
to a higher average output power of the CET system compared to a double-layer
coil array.

4.4.3 Phase angle of the primary current

In the previous two sections, the phase angle of the currents in the primary coils
is used to be equal to each other. This section treats the effect of a different phase
angle for the current in each activated coil of the primary coil array with respect
to the average output power of a CET system. The variation in mutual inductance
is independent of the amplitude and phase angle of the current, and, therefore, is
not taken into account. Different combinations of phase angles are applied to a
CET system in which three primary coils in a single layer are transferring energy
towards a single secondary coil. The applied phase angles are listed in Table 4.15:
in combination I a similar phase angle is applied to the primary coil; in combination
II an 180-degrees alternating phase angle is applied to the adjacent coils; and in
combination III the three primary coils are operating as a three-phase system.
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Figure 4.15: Average output power versus variation in mutual inductance for a
double layers primary coil array with: (a) configuration Da, (b)
configuration Db, (c) configuration Dc, and (d) configuration Dd.

The parameters of the CET system are similar to the CET system with the lowest
variation in mutual inductance with three coils presented in Section 4.4.1, and
listed in Table 4.10.

The linked flux between the three primary and the single secondary coil with
respect to the different combinations of phase angles is shown in Fig. 4.16(a) for
a single period of the resonance frequency, and is equal to the mutual inductance
times the instantaneous value of the current through a primary coil. The related
induced voltages in the secondary coil are shown in Fig. 4.16(b). The highest
induced voltage in the secondary coil is obtained in combination I, in which the
coils have a similar phase angle. The other two combinations, in which the phase
angle of the primary coils differs with respect to each other, have a lower amplitude
of the flux linkage which results in a lower induced voltage at the secondary side.

The output power as a function of the displacement of the secondary coil along the
x-direction is shown in Fig. 4.17 for the different combinations of phase angles. The
variation in output power is equal to 21.5%, 68.4% and 63.1% for combinations
I, II and III, respectively. Again, the highest amplitude and lowest variation in
output power is obtained with combination I, in which the primary coils have an
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Table 4.15: Selected combinations of phase angles

Combination Phase Icoil1 Phase Icoil2 Phase Icoil3
(rad) (rad) (rad)

I 0 0 0
II 0 π 0
III - 23π 0 2
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Figure 4.16: (a) Flux seen by the secondary coil and (b) induced voltage in the
secondary coil, for different combinations of phase angles.
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Figure 4.17: Output power of a CET system with of three primary coils and a
single secondary coil as a function of the displacement for different
combinations of phase angles of the primary coils.

equal phase angle.

Summarized, the phase angle of the primary coils in a CET system in which
multiple primary coils transfer energy to a single secondary coil should be similar
to each other to obtain the highest average output power.
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4.5 Summary and conclusions

This chapter concerns the analysis of the position dependency of a CET system
with flat coils and a single secondary coil with a linear or planar movement. A
design method is presented in which the position dependency is minimized and the
performance indexes (output power, efficiency, etc.) are maximized. By means of
this method, the coil dimensions, the electrical parameters, and the layout of the
primary coil array are synthesized taking into account the variation in mutual
inductance and average output power. Summarizing, the results of the analysis
yields to a set of design considerations for a position-independent CET system.

The dimensions of the coils have a major influence on the position-dependency
and average output power of a CET system. A high average output power can be
obtained with a primary coil with a small inner width and an outer width equal to
the coil pitch. The dimensions of the secondary coil should match the ones of the
primary coils to obtain a system with a low variation in mutual inductance. This
can be reached if the inner width of the secondary coil envelopes the outer width
of the set of active primary coils. The heights of the primary and secondary coil
are irrelevant for the variation in mutual inductance, whereas an increased energy
transfer can be obtained for a maximized coil height.

The electrical parameters of a CET system can be optimized for a maximum en-
ergy transfer, which is limited by the conduction losses in the coils. To minimize
the conduction losses, i.e. the temperature of the coil, the number of turns, and
resonance frequency can be optimized such that a low coil resistance and a mag-
netizing inductance with a high impedance are reached. In this way, the voltage
drop across the coil resistances is low and the output voltage of the CET system
approaches the input voltage of the CET system with respect to the turn ratio.
The input voltage and load resistance can be defined such that the output power
is maximized for a predefined output voltage and with respect to the allowable
conduction losses.

Ferromagnetic plates behind the primary and secondary coils increase the mutual
inductance and, thereby, improve the energy transfer of a CET system compared
to coils surrounded by air. For these configurations a CET system with a low
variation in mutual inductance can be obtained, which is not the case if one or
two sides of the CET system have a salient ferromagnetic structure. The teeth
around the coils provide a preferred path for the magnetic flux which varies with
respect to a moving secondary side, and, therefore, the energy transfer of the CET
system becomes more position-dependent.

Multiple active primary coils contribute to the decrease in variation of the mutual
inductance. The output power is depending on the number of active primary coils,
where the use of sets with multiple primary coils results in a higher average output
power compared to a single primary coil. Generally, for each set of energized
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adjacent primary coils it is possible to match the dimensions of the secondary coil
such that a low variation in mutual inductance is gained.

In a multi-layer primary coil array, the height of the individual primary coils is
decreased and, therefore, the use of a multi-layer array results in a lower average
output power compared to a single-layer coil array. In a single-layer coil array a
low variation in mutual inductance and the highest output power can be obtained
if the set of active primary coils and a single secondary coil have a similar phase
angle.

The results for a position-independent CET system obtained in this chapter, com-
bined with the design method, are applied in the next chapter to design a position-
independent CET system integrated in a magnetically suspended planar motor.



5
Design of a contactless energy

transfer system in a planar motor

In this chapter a design of a position-dependent Contactless Energy Transfer
(CET) system integrated in a planar motor is presented. In the planar motor,
the translator is magnetically suspended underneath the stator. A CET system is
integrated in the planar motor to transfer electrical energy to the translator, such
that the four embedded linear motors on the translator can be used to suspend
and propel the translator underneath a stationary frame. Theoretically, the trans-
lator of the planar motor has an unlimited stroke, and multiple translators can
operate around each other underneath a similar stationary frame. Applications
of the planar motor with integrated CET system can be found within the high-
tech industry, for example, for visual inspection or as a part of a pick-and-place
machine.

The design of the planar motor with integrated CET system involves three main
challenges. First, a magnetically suspended planar motor needs to be designed.
The planar motor combines the magnetic suspension and propulsion of translator,
and, in case of a power failure, the translator should clamp itself to the stationary
magnet array. Second, for a complete wireless operation of the translator, a cable
connection between the stationary part and the translator should be avoided.
Therefore, energy needs to be transferred contactlessly to the translator. Since the
motor should be able to operate at every position in its planar stroke, the CET
system should be able to transfer an equal amount of energy at every position of
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the translator. Third, because of the planar stroke both the magnetically levitated
planar motor and the CET system should be integrated into each other.

This chapter presents a solution to the three challenges involved in the design of
the planar motor with integrated CET system. In the first section, the magnet-
ically planar motor is described briefly, and the energy requirements of the CET
system are discussed. A detailed design of the planar motor is presented in [79].
The second section treats the design of the CET system and discusses the limita-
tions related to the integration. The final sections of this chapter deals with the
two remaining conversions steps in the CET system, the dc-ac and ac-dc power
converters, and the real-time control of the primary coil array is given.
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5.1 The magnetically suspended planar motor

The magnetically suspended planar motor consists of a stationary checkerboard
permanent magnet array and a magnetically suspended translator, which embeds
four iron-cored linear permanent-magnets motors [80, 85]. The four linear motors
are positioned in pairs along the x- and y-direction and are rotated 45 degrees
with respect to the orientation of the alternating checkerboard magnet array. A
schematic overview of the stationary magnet array and the four linear motors is
given in Fig. 5.1.

The iron-cores of the linear permanent-magnet motors provide a passive attraction
force larger than the weight of the translator for an airgap up to 4 mm. The
passive attraction force clamps the translator against the ceiling if no currents are
supplied to the coils of the linear motors and, therefore, avoids that the translator
falls down in case of a power failure. Each linear motor is separately exited as a
three-phase synchronous motor such that the planar motor can be controlled over
the six degrees-of-freedom. In each linear motor, the normal and propulsion force
components are decoupled by means of the dq0-decomposition of the three-phase
currents [82–84]. The magnetic suspension is controlled by imposing a negative d-
axis current in the coils of the four linear motors, which generates an active normal
force which counteracts the passive attraction force and suspends the translator
underneath the stationary ceiling. A positive or negative q-axis current in the coils
of the linear motors produces the required propulsion force.

The design of the planar motor is optimized for minimum ohmic losses in combi-
nation with a total translator mass equal to 10 kg and an acceleration of 5 ms−2

[81, 85]. Furthermore, the primary coils of the CET system are located in the air-
gap of the planar motor, and, therefore, a clearance of 3 mm is obtained between
the permanent magnets and the linear motors. The primary coils of the CET sys-
tem have a maximum height of 2 mm, such that a mechanical clearance of 1 mm
remains between the stationary and moving part of the planar motor. The planar
motor uses a low magnetic loading which results in a balance between the passive
attraction force, the active normal force and the ohmic losses. Furthermore, for an
efficient CET system materials with a high electrical conductivity are minimized
in the neighborhood of the primary coils. Both the low magnetic loading and a
low electrical conductivity are reached by the use of plastic bonded magnets in the
stationary permanent magnet array.

As concluded in Section 4.3, a ferrite plate behind the coils of the CET sys-
tem increases the energy transfer capability. However, the motor requires a non-
ferromagnetic plate behind the magnets to obtain a linear relation between the
normal force and the d-axis current [84]. Furthermore, ferromagnetic structures
at the translator create an additional passive force in combination with the per-
manent magnet array which are unwanted. Therefore, no ferromagnetic plates are
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x checkerboard magnet array iron-cored linear motory
z

Figure 5.1: Schematic overview of the magnetically suspended planar motor.

located behind the coils of the CET system.

The supply of electrical energy to the translator in the planar motor is provided
by the CET system. The required energy flow to the translator of the planar
motor is determined with respect to a second-order motion profile and for various
accelerations of the planar motor. The planar motor has a maximum stroke in x-
and y-direction, xmax, ymax, of 0.2 m and the maximum velocity in both directions,
vmax, is equal to 0.5 ms−1 which is limited by the position measurement system.
Furthermore, the maximum acceleration of the translator along the x- and y-
direction, amax, is equal to 5 ms−2. For a diagonal movement along the stroke of
the translator, the average dissipated power can be obtained by

Pavg =
(Pacc + Ptorq) tacc

ttot
+ Psusp, (5.1)

where

Pacc + Ptorq = αacca
2 + αtorqa

2 = (αacc + αtorq) a
2, (5.2)

ttot =
xmax − 2xacc

atacc
, (5.3)
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tacc =

√
xacc
a
, (5.4)

xacc =

{
v2max

a for a ≤ 2.5 ms−2

0.5xmax elsewhere
, (5.5)

where Psusp is the power required for the magnetic suspension, and is equal to a
constant value of 15 W [85]. Pacc is the power dissipation during acceleration, and
Ptorq is the power dissipation related to the torque compensation during acceler-
ation. The power dissipation, Pacc and Ptorq, are quadratically depending on the
acceleration with (αacc + αtorq) equal to 13 Wm−2s4 [85]. The acceleration time,
tacc, depends on the acceleration and is limited by the stroke of the translator.
The required peak power is obtained as

Ppeak = Paccmax
+ Ptorqmax

+ Psuspmax
+ Pmechmax

, (5.6)

where the maximum mechanical power during acceleration is equal to

Pmechmax = Fmaxvmax = mtacca
2, (5.7)

and is delivered by the source during acceleration. Because of the low magnetic
loading and, hence, the low electromotive force, the total stored kinetic energy
during acceleration is dissipated in the coils during deceleration. The required
peak and average power as a function of the acceleration are shown in Fig. 5.2.
For an acceleration below 2.5 ms−2 the maximum velocity is not reached within
the stroke. At a maximum acceleration equal to 5 ms−2, a peak power of 335 W
is required, and an average power of approximately 170 W is needed along the
trajectory. Based on this required power consumption, an assumed efficiency of
80% for the amplifiers of the linear motors and a maximum consumption of 33%
of the total transferred energy for additional electronics on the translator, a total
power of 340 W should be provided by the CET system. Furthermore, an output
voltage of 100 V is required to match the voltage specifications of the three-phase
amplifiers of the linear motors.

5.2 Design of the integrated contactless energy
transfer system

A position-independent CET system is integrated in the planar motor to fulfil the
required energy supply towards the magnetically suspended translator. Integra-
tion of the planar motor and the CET system requires a trade-off in dimensions
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Figure 5.2: Peak (a) and average (b) power dissipation of the planar motor as a
function of the acceleration (ax=ay=a) for a diagonal movement of
the translator.

and performance indexes, as is discussed for the design of the primary and the
secondary coils in this section. As concluded in Chapter 4, the highest power den-
sity can be obtained in a system with an active set of multiple adjacent primary
coils in a single-layer coil array and with an identical phase-angle in each activated
primary coil.

5.2.1 Design of the primary coil array

The primary coil array of the CET system is integrated in the airgap of the planar
motor, and is located directly underneath the checkerboard permanent magnet
array. The planar motor operates at an airgap equal to 3 mm between the magnets
and the linear motors. To keep a mechanical clearance of at least 1 mm, the
height of the primary coil array is specified to be equal to 1.5 mm. Furthermore,
for mechanical protection of the primary coils against impacts of the translator a
non-magnetic and non-conducting plate with a thickness equal to 0.5 mm is placed
underneath the coils.

The permanent magnet array of the planar motor has a pitch equal to 24 mm.
For the ease of construction of the coil array on top of the magnet array and the
guidance of the leads of every coil through the magnet array, the primary coils
have a pitch equal to n-times the magnet pitch. In this way, a repetitive pattern
is created at the stationary part of the planar motor. Theoretically, this pattern
of magnets and coils can be enlarged towards an unlimited stroke.
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Table 5.1: Maximal dimensions of a primary coil

Parameter Value
coil pitch 2τp 48.0 mm
half outer width cpw 22.5 mm
half inner width cpiw 5.00 mm
coil height hp 1.50 mm

2cpw

x
y

2cpiw

Figure 5.3: Top view of a single primary coil (the dashed-lines indicate the magnet
array).

With respect to the primary coil dimensions, a large primary coil area increases the
amount of transferred energy, as concluded in Section 4.2.1. Furthermore, a low
variation in mutual inductance is obtained if the inner width of the secondary coil
envelopes the outer width of the primary coil, as concluded in Section 4.4.1. For
manufacturing reasons, the minimum inner width of a primary coil is set equal to
5 mm, and a clearance equal to 3 mm is chosen between two adjacent coils. Based
on a coil pitch equal to one, two, and three times the magnet pitch, this results
in a maximum bundle width of 5.5, 17.5 and 29.5 mm, respectively. To limit the
dimensions of the secondary coil, which envelopes the active set of primary coils
for a low variation in mutual inductance, and to have a large enough coil volume
for the required output power, a primary coil pitch equal to two times the magnet
pitch is selected. Furthermore, to obtain a similar variation in mutual inductance
in the x- and y-direction the primary coil is considered to have a square shape.
The maximum dimensions of a primary coil are listed in Table 5.1, and a single
primary coil on top of the magnet array is schematically shown in Fig. 5.3.
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Figure 5.4: Two geometrical options for the secondary side of the CET system on
top of the primary coil array: (a) a single secondary coil in between
the four linear motors, and (b) four secondary coils, each one parallel
to a linear motor.

5.2.2 Design of the secondary coil

The secondary coil of the CET system is located in the translator of the planar
motor. The combination of the four linear motors on the translator leads to two
possible geometrical options for the secondary side of the CET system. A first
option is a single secondary coil in between the four linear motors, schematically
shown in Fig. 5.4(a). In this combination, a single secondary coil receives energy
transmitted from a set of four active primary coils. The dimensions of the sec-
ondary coil in this set are limited by the available area between the four linear
motors. A second option is shown in Fig. 5.4(b), and can be obtained with four
secondary coils, one parallel to each linear motor. Four sets of three adjacent ac-
tive primary coils are transferring energy to the secondary coils. In this option, the
width of the secondary coil parallel to the translator is limited, aiming to reduce
the overall size of the translator. The output of the rectifiers is connected in series,
such that each combination of three primary and a secondary coils can contribute
to the energy transfer, as is shown in Section 5.3.3.

The two geometrical options for the secondary side of the CET system are analyzed
by means of the design method, presented in Section 4.2.3, for various dimensions
of the secondary coils to obtain a position-independent system, in which the di-
mensions of the secondary coil are optimized with the one of the primary coils.
During the design, the output power level of each considered set of dimensions is
maximized with respect to the constraints specified in Tables 5.2 and 5.3 for the
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Table 5.2: Constraints for the CET system with a single secondary coil.

40 mm ≤ csw ≤ 80 mm
5 mm ≤ csiw ≤ 75 mm
Nsmin

≤ Ns ≤ Nsmax

1 V ≤ Vp ≤ 500 V
1 Ω ≤ Rload ≤ 250 Ω

fres = 100 kHz
Tcoil ≤ 50◦C
η ≥ 80 %
Vs ≈ 100 V

Table 5.3: Constraints for the CET system with four secondary coils.

30 mm ≤ cswx
≤ 120 mm

5 mm ≤ csiwx ≤ 115 mm
30 mm ≤ cswy ≤ 50 mm
5 mm ≤ csiwy

≤ 45 mm
Nsmin

≤ Ns ≤ Nsmax

1 V ≤ Vp ≤ 500 V
1 Ω ≤ Rload ≤ 250 Ω

fres = 100 kHz
Tcoil ≤ 50◦C
η ≥ 80 %
Vs ≈ 25 V

option with a single and four secondary coils, respectively. The major difference
between the two sets of constraints are the possible dimensions for the secondary
coil. The outer dimensions in case of a single secondary coil are limited to 160 mm
(2csw), which is equal to the maximum distance between two linear motors on
the translator. For the option with four secondary coils, the length parallel to a
linear motor is bounded to 240 mm (2cswx), and, the width perpendicular to a
linear motor is bounded to 100 mm (2cswy

) to restrict the maximum area of the
translator. Furthermore, the output voltage of the CET system is desired to be
equal to 100 V, which means a secondary voltage equal to 100 V for the option
with a single coil and a secondary voltage of 25 V per coil in the option with
four secondary coils, consequently. In both cases the resonance frequency is set to
100 kHz. The value of the resonance frequency is finally matched with the reso-
nance frequency obtained by the value of the resonance capacitors in combination
with the leakage inductance. The maximum allowable coil temperature is set to
50 ◦C. The minimum and maximum number of secondary turns are related to the
coil dimensions as discussed in Section 4.2.3.

The average output power as a function of the variation in output power for the
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Figure 5.5: Output power as a function of the variation in mutual inductance for:
(a) the option with a single square secondary coil and (b) for a single
secondary coil in the option with four rectangular secondary coils.

option with a one secondary coil and for a single secondary coil in the option
with four secondary coils are shown in Figs. 5.5(a) and (b), respectively. The
geometrical option with a single secondary coil gives no solution with a variation
in output power below 20% in combination with a maximum half outer width
below or equal to 80 mm. Secondary coil dimensions with a half outer width
larger than 80 mm are able to perform both a low variation in output power in
combination with the requested output power of 340 W, as can be observed in
Fig. 5.5(a). From this observation it be concluded that the area for a secondary
coil in between the four linear motors is too small for a design with the desired
output power in combination with a low variation in output power.

The geometrical option with four secondary coils gives various designs with an
output power between 65 and 105 W per secondary coil in combination with
a variation in output power below 20%, as shown in Fig. 5.5(b). The possible
solutions are shown in more detail in Fig. 5.6, in which the designs are ordered
with respect to the half coil width (cswy ) perpendicular to the linear motor. Among
the different options, the design with the lowest variation in output power and an
average output power above 85 W is chosen.
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Figure 5.6: Output power of a single secondary coil for the second geometrical
option for a variation in mutual inductance below 20% with respect
to the length perpendicular to a linear motor, cswy .

Table 5.4: Dimension of the primary and secondary coil

Parameter Value
primary coil secondary coil

outer width x-direction 2cpwx
45.0 mm 2cswx

190.0 mm
inner width x-direction 2cpiwx

10.0 mm 2csiwx
150.0 mm

outer width y-direction 2cpwy
45.0 mm 2cswy

100.0 mm
inner width y-direction 2cpiwy 10.0 mm 2csiwy 60.0 mm
coil height hp 1.5 mm hs 1.0 mm
number of turns Np 130 turns Ns 20 turns
diameter Litz wire Dlitzp 0.50 mm Dlitzs 1.00 mm
diameter single strand Dstrandp 0.071 mm Dstrands 0.071 mm
number of strands 20 strands 80 strands

The optimization resulted in a secondary coil with a total length equal to 190 mm
parallel to a linear motor and a width equal to 100 mm perpendicular to a linear
motor, and a primary coil with dimensions equal to the maximum outer width and
minimum inner width. An average output voltage of 26 V is obtained for a primary
input voltage of 42.5 V in combination with three primary coils with 103 turns
each and a secondary coil with 20 turns, as given by (3.16). The combination of
a higher primary voltage and a higher number of primary turns results in a lower
primary current compared to the secondary current, which reduces conduction
losses in the primary coils. The 103 turns of the primary coil are wound in 41
vertical layers alternating between two and three turns per layer. The 20 turns
of the secondary coil are wound in a single layer. The complete set of parameters
of the secondary coil is presented in Table 5.4. The output power of a single set
of three primary and a single secondary coil is equal to 87 W, and a variation in
output power of 13% is obtained. A complete overview of the system parameters
is given in Table 5.5.
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Table 5.5: Electrical parameters of a single set of three primary coils and a single
secondary coil.

Parameter Value
Lp 290 µH
Ls 95.2 µH
Mave 73.1 µH
∆Mtot 23.4 %
Rp 2.26 Ω
Rs 0.51 Ω
Vp 42.5 V
Vsave

25.9 V
Rload 7.44 Ω
Tcoil 50.0 ◦C
Pave 86.9 W
∆Pout 13.1 %
η 91.0 %

In the previous section, the performances of a single secondary coil for the geo-
metrical solution with four secondary coils are presented. The output power of a
single set, equal to 87 W, can be multiplied by four to obtain a total output power
of 348 W. Although the multiple sets increase the output power, the variation in
output power remains to be equal to 13%. To reduce the position dependency of
the system, the secondary coils can be shifted with respect to each other, and,
thereby, become differently orientated above the primary coil array. The rela-
tive displacement of two parallel-orientated secondary coils with respect to the
aligned position of a secondary coil above the three active primary coils is shown
in Fig. 5.7. In the figure the secondary coil at the bottom of the figure, is shifted
∆xc and ∆yc in the x- and y-direction, respectively.

The average output power and variation in output power for two secondary coils,
as a function of the displacement between them, is shown in Fig. 5.8. As demon-
strated in Fig. 5.8(a), the amplitude of the output power of two secondary coils
varies between 180 and 182 W for a relative displacement of a half coil pitch in
the x- and y-direction between the coils. The variation in output power for a rela-
tive displacement between two secondary coils is shown in Fig. 5.8(b), and can be
decreased from 13.1% to 6% if one of the secondary coils is shifted a quarter coil
pitch in the y-direction. The highest output power is obtained when the distance
between the coils in the x-direction is equal to a multiple of a half coil pitch.
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Figure 5.7: Schematic overview of the displacement of two parallel secondary coils
with respect to each other.
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Figure 5.8: Average value (a) and variation (b) in the output power of two
parallel-orientated secondary coils, displaced with respect to each
other and the primary coil array.

5.2.3 Integrated design

A schematic overview of the design of the CET system integrated in the planar
motor is presented in Fig. 5.9. The bottom view in Fig. 5.9(b) shows the four sec-
ondary coils above the array of primary coils. The primary coil array consists of
an array of 13x13 coils, 169 in total, from which twelve coils are energized simulta-
neously to provide the energy transfer to the four secondary coils. The maximum
output power of the CET system with four secondary coils varies between 349 W
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Figure 5.9: CET system integrated in the planar motor: (a) schematic overview,
and (b) bottom view without checkerboard magnet array.
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Figure 5.10: Performance integrated CET system as a function of the displace-
ment along a quarter primary coil pitch: (a) output power, and (b)
output voltage.

and 370 W for a displacement of a quarter primary coil as shown in Fig. 5.10(a).
This results in a variation in output power of 5.6% for the system with an av-
erage output power of 363 W. The output voltage of the CET system, shown in
Fig. 5.10(b), has an average value of 104.1 V and varies ± 2.8 V along the stroke
of the secondary coil.

5.3 Implementation

In this section the practical implementation of the CET system integrated in the
magnetically suspended planar motor is presented, and concern about the presence
of conducting materials in the construction, the two power converters in the CET
system, and the control of the primary coils.

5.3.1 Materials in the integrated system

Conducting materials should be avoided in the neighborhood of the coils of the
CET system, because the reaction field of the induced eddy-currents counteracts
the magnetic fields of the coils which reduces the efficiency of the CET system. At
the stationary side, the planar motor requires a non-ferromagnetic construction
behind the permanent magnets. Furthermore, this plate should be able to handle
the forces between the stationary and moving part of the motor. Therefore, the
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Figure 5.11: Output power a secondary coil as a function of the distance between
an aluminum plate and the coil for a frequency equal to 90 kHz.

stationary side of the planar motor is constructed of an epoxy-resin glass-fabric
plate (G11), which is both non-ferromagnetic and non-conductive.

The alternating permanent magnet array is constructed from plastic bonded Nd-
FeB magnets, which provide a low magnetic loading for the planar motor and have
a low electrical conductivity for the CET system. The plastic bonded permanent
magnets have an electrical conductivity equal to 40 Sm−1 and a relative permeabil-
ity equal to 1.26. A continuous plate with similar material properties is modeled
above the array of primary coils. The self-inductance of primary coils increases
by 5% with respect to the designed value, and the output power is decreased by
17% compared to the designed value. A FEM simulation is conducted with a
segmented magnet array above the primary coils, which resulted in a decrease in
output power by 6.3%.

At the translator, the secondary coils are placed parallel to the iron-cored linear
motors, as shown in Fig. 5.9(b). The self-inductance of a secondary coil is measured
for various distances between the coil and the iron core. A self-inductance between
98.0 and 99.0 µH is measured for a distance between 0 and 25 mm between the
coil and the iron core. From these measurements, it can be concluded that the
iron-cored linear motors have no influence on the inductances, and, thereby, on
the power transfer.

The base-frame of the translator and the target plates for the position measure-
ment system are constructed from aluminum. The base-frame is required to create
stiffness to the construction of the translator, but because of the high electrical con-
ductivity, 26·106 Sm−1, the distance between the CET system and the aluminum
frame should be maximized to avoid eddy-currents. The output power of the CET
system is calculated for various distances between an aluminum plate and a sec-
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ondary coil, hc−a. During the calculation of the output power, the inductances
of the CET system are calculated based on the harmonic model, as presented in
Section 2.5.1. The calculated output power with respect to the output power of
the CET system surrounded by air is shown in Fig. 5.11. The distance of the
aluminum base-frame of the translator and a secondary coil varies between 25 mm
at the border of the frame and 45 mm for the chamber underneath the secondary
coil. With respect to the output power of a single secondary coil, this results in a
decrease of 4% for a distance of 45 mm and 42% for a distance of 25 mm. Over-
all, the distance between the secondary coil and the aluminum base-frame should
be maximized in the construction of the translator to avoid eddy-currents, and,
thereby, a decrease in the output power.

5.3.2 Dc-ac converter

In the primary coil array four sets of thee adjacent coils are simultaneously pro-
viding the energy transfer towards the four secondary coils. These sets are dy-
namically reconfigured with respect to the movement of the secondary coil, and,
therefore, every primary coil needs to be switched on and off individually. Two
solutions are possible to supply the high-frequency voltage to the active primary
coils. First, every individual primary coil can be connected to an individual dc-ac
converter. Second, only twelve dc-ac converters can be connected towards a dc-bus
and controlled switches connects the active primary coils towards the dc-ac con-
verters. The first solution is chosen to be the most convenient and practical one for
the integrated CET system, which does not only result in an similar converter for
each primary coil, but makes the CET system also more flexible and not limited
to operate simultaneously with only a restricted number of primary coils.

Three types of dc-ac converters can be considered to create the high-frequency in-
put voltage: the half-bridge unipolar converter, the half-bridge bipolar converter,
and the full-bridge converter [53]. The lowest number of required circuit compo-
nents is obtained in the half-bridge unipolar converter, where the output power
is switched between the bus voltage and zero voltage using two MOSFETs. The
combination of the unipolar converter with the resonance capacitor connected in
series, creates a bipolar voltage with an amplitude equal to the half bus voltage.
Furthermore, the primary current becomes sinusoidal because of the magnetic res-
onance. The dc-bus voltage can be obtained by the rms-value of the required input
voltage of each primary coil

Vbus = 2

√
2π

4
vp, (5.8)

where the ratio,
√
2π
4 , is the difference between the amplitude of the fundamental

component of the square wave output and the dc-bus voltage. Furthermore, the
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Figure 5.12: Electric circuit of the half-bridge unipolar converter including pri-
mary series resonance capacitor.

dc-bus voltage is doubled to compensate for the 50% decrease in amplitude because
of the converter topology.

The circuit of the half-bridge unipolar converter including the primary series res-
onance capacitor is shown in Fig. 5.12, and the involved components are listed in
Table A.1 in Appendix A. The resonance capacitors are represented by C6 and C7,
and their value is chosen such that the leakage of each individual primary coil is
compensated in aligned position with the secondary coil according to (3.19). With
respect to the available capacitor values and number of required components, the
resonance frequency is set to 90 kHz. The secondary coil is tuned at resonance
with respect to the leakage inductance related to the mutual inductance between
the secondary coil and the three primary coils. To decrease the losses in the dc-ac
converter it is advantageous to switch the converter at a frequency slightly higher
than the resonance frequency of the contactless energy transfer system [127, 128].

5.3.3 Ac-dc converter

The high-frequency output voltage of the four secondary coils is rectified by using
four series-connected single-phase diode bridge rectifiers, as shown in Fig. 5.13(a)
[30]. Each secondary coil has an individual rectifier, such that the phase difference
with respect to four induced voltages is removed. The series connection ensures
that the voltage across the equivalent load resistance is equal to the sum of con-
tribution of each individual set of three primary and one secondary coils. The
circuit diagram of a diode bridge rectifier is shown in detail in Fig. 5.13(b) and
the components are listed in Table A.2 in Appendix A.
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Figure 5.13: Electric circuit of the ac-dc converter: (a) complete circuit of the
secondary side of the CET system, and (b) detailed diagram of a
single rectifier circuit.
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Figure 5.14: Schematically overview of a part of the primary coil array, switching
of the active set of coils occurs if the center of the secondary coil
passes a dashed line.

5.3.4 Control of the primary coils

The four sets of three adjacent energized primary coils are individually switched
depending on the center of the related secondary coil. Switching of the active set of
primary coils occurs if the center of the secondary coils moves from one primary coil
to another primary coil, as schematically shown by the dashed lines in Fig. 5.14.
The switching algorithm is implemented on an FPGA, Xilinx Spartan 2, and
activates and deactivates the driver in the dc-ac converters of the primary coils,
based on the received actual position of the translator, by supplying or stopping
the supply of an alternating signal, with a frequency equal to the frequency of
the primary current, to the MOSFET-driver of each H-bridge. The output of the
switching algorithm is shown in Fig. 5.15, where the energized primary coils are
highlighted for two positions of the translator.
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Figure 5.15: Schematic overview of the active primary coils as a function of the
center position of the translator: (a) for (xg,yg) = (190, 190) mm,
and (b) for (xg,yg) = (340, 310) mm.

5.4 Summary and conclusions

The design of a position-independent CET system integrated in a magnetically
suspended planar motor is presented in this chapter. The magnetically suspended
planar motor consists of a stationary checkerboard magnet array constructed from
plastic bonded permanent magnets and a translator with four embedded linear
motors. A CET system is integrated in the planar motor to transfer energy to the
magnetically suspended translator. The planar motor requires an average power
of 170 W, in combination with the assumed efficiency of the three-phase amplifiers
and additional power electronics on the translator, a CET system with an output
power equal to 340 W is considered.

The primary coils of the CET system are located underneath the magnet array in
the airgap of the planar motor. Two geometrical configurations for the secondary
coil are considered. A configuration in which a single secondary coil is located in
between the four linear motors and an arrangement with four secondary coils, one
placed next to each linear motor. Whereas the option with a single secondary coil
is not able to transfer the required energy within the limited area. Therefore, the
arrangement with four secondary coils is selected. The dimensions of the secondary
coils are optimized with respect to the sizes of the primary coil, resulting in a
system with an average output power of 363 W and a variation in output power
of 5.6% along the stroke of the translator. Each primary coil in the CET system
is connected to a dc-ac converter which can be dynamically energized, such that
the three adjacent primary coils closest to each secondary coil are activated and
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contribute to the energy transfer. The output of the four ac-dc converters at the
secondary side is connected in series. which results in an average output voltage
of the CET system equal to 104 V.

Integration of both the planar motor and CET system is obtained by locating
the primary side of the CET system inside the airgap of the planar motor, and
minimizing the presence of materials with a high electrical conductivity in the
neighborhood of the CET system. Based on the predicted performance of the CET
system in the neighborhood of the conducting materials, i.e. the plastic bonded
magnets and the aluminum base-frame of the translator, a decrease in output
power equal to 25% is expected. A prototype of the planar motor with integrated
CET system was manufactured, and the performance indexes are measured and
presented in the next chapter.
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6
Experimental validation

A prototype of the magnetically suspended planar motor with integrated Contact-
less Energy Transfer (CET) system is manufactured based on the design presented
in Chapter 5. The electromagnetic behavior and experimental verification of the
CET system is presented in this chapter through sets of different experiments on
the realized prototype. To identify the influence of the integration of the CET sys-
tem in the planar motor on the output power of the CET system, three additional
CET systems are manufactured in which successively parts of the planar motor are
added with respect to a system with coils surrounded by air. The output power of
the CET system integrated in the planar motor is measured for a single, two and
four secondary coils for different velocities of the translator, respectively. Finally,
the influence of the CET system on the planar motor is analyzed with respect to
the position error of the planar motor.
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6.1 Experimental setups

To verify the predicted performances of the CET system, three setups, consisting
of a small primary coil array and a single secondary coil, are manufactured next to
the prototype of the magnetically suspended planar motor with integrated CET
system. This section briefly describes the setups.

6.1.1 Contactless energy transfer systems with a single sec-
ondary coil

To analyze the influence of the different parts of the planar motor on the mag-
netic quantities and the output power of the CET system, three CET systems are
manufactured, in which parts of the planar motor are successive added. The first
CET system consists of three primary coils and a single secondary coil which are
surrounded by air. A photo of this setup is shown in Fig. 6.1(a), and is referred
as System A. The second CET system is an extension of System A by means of
mounting the primary coil array on top of a permanent magnet array, similar to
the stationary side of the planar motor. This system is referred as System B,
and a photo of the stationary side is shown in Fig. 6.1(b). The primary coils are
numbered p1-p8. In the third CET system, a linear motor is placed next to the
secondary coil, as shown in Fig. 6.1(c), and this setup is referred as System C. Sys-
tem C represents a quarter of the integrated CET system without the conducting
materials used for the base-frame of the translator.

6.1.2 Planar motor with integrated contactless energy trans-
fer system

A prototype of the magnetically suspended planar motor with integrated CET
system is manufactured, and a photo of the prototype is shown in Fig. 6.2. The
dc-ac converters are located on top of the G11-plate and provide an alternating
current, which is fed to the primary coils mounted underneath the G11-plate. A
photo of the 169 primary coils, glued on top of the permanent magnet array, is
shown in Fig. 6.3.

An exploded view of the translator of the planar motor is shown in Fig. 6.4. The
four secondary coils of the CET system are located on top of the translator. The
four coils are glued on a hollow PVC cover, as shown in Fig. 6.5(a). The hollow
chambers in the PVC cover and the aluminum base-frame do not only reduce
the mass of the translator, but also provide space for the ac-dc converters at the
secondary side of the CET system, as shown in Fig. 6.5(b). The three-phase power
amplifiers of the linear motors do not fit within the translator and are located on
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Figure 6.1: Photo of the three different CET systems with a small primary coil
array and a single secondary coil: (a) System A with the coils sur-
rounded by air, (b) System B with the primary coils mounted against
the magnet array, and (c) System C with a linear motor next to the
secondary coil.

the static world. Moving cables connect the power amplifiers to the linear motors.
The aluminum plates at the bottom, left, and right sides of the translator are target
plates for the eddy-current sensors, which measure the position of the translator.
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Figure 6.2: Photo of the magnetically suspended planar motor with integrated
CET system.
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Figure 6.3: Photo of the stationary part of the planar motor with integrated CET
system, 169 primary coils glued on top of a magnet array.
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Figure 6.5: Secondary side of the CET system: (a) secondary coils on top of
the translator, and (b) power electronics inside the chambers of the
translator.
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Figure 6.6: Position measurement system of the translator in the planar motor.
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The position measurement system of the planar motor is located at the stationary
side of the setup, and an overview of the complete position measurement system
is shown in Fig. 6.6. The system consists of five eddy-current sensors located
underneath the translator, from which three of them are simultaneously used to
measure the position in the z-direction and the rotation around the x- and y-
axis. A second set of eddy-current sensors, located at the left side of the figure,
determines the x- and y-position of the translator and the rotation around the
z-axis. The range of the eddy-current sensors is equal to 5 mm and these sensors
measure the absolute position of the translator. Once the absolute position of the
translator is determined, a laser interferometer system takes over x, y and rotation
z measurements of the second set of eddy-current sensors.

6.2 Lumped circuit parameters

To ensure the position-independency of the integrated CET system, the coils are
designed such that a low variation in mutual inductance is obtained along the
entire stroke of the translator. In this section, the inductances and resistances of
the manufactured coils are measured and compared to the values predicted during
the design of the CET system.

6.2.1 Self-inductance and coil resistance

The self-inductances of the primary coils are measured with an impedance analyzer
at a frequency of 90 kHz, and the measured values are shown in Fig. 6.7(a). The
169 primary coils of the integrated CET system have an average self-inductance
equal to 271.42 µH. The self-inductance of each individual coil deviates within
3% of the average value, and the average value is 5.4% lower compared to the
designed value of 289.90 µH. The difference between the predicted and average
measured value is caused by the outer shape of the primary coils. The designed
orthocyclic winding could not be realized during the construction of the primary
coils because of the combination of the flexible Litz wire and the limited coil height.
This resulted in 169 coils with a different outer shape. The self-inductances of coils
with a square envelope are above the average value and coils with a round envelope
have a self-inductance below the average value.

The resistances of the 169 primary coils are measured, and the results are shown
in Fig. 6.7(b). The resistances of the primary coils have an average value equal
to 2.55 Ω, and a variation within 10% is found with respect to all individual mea-
sured resistances. The average resistance is 11% higher compared to the designed
primary coil resistance of 2.26 Ω.

The self-inductance and resistance of a single primary coil in System A and a
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Figure 6.7: (a) Self-inductances and (b) resistances of the coils in the primary
coil array.
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single primary coil in System B are measured as a function of the frequency of
the alternating current through the coil. The measured values for both coils are
shown in Fig. 6.8(a). The figure indicates that the resistance of a coil in System A
remains constant along the entire frequency range. The resistance of a coil in
System B becomes larger for an increasing frequency, and is equal to 4.62 Ω at a
frequency of 90 kHz, an increase of 81%. The increase of the resistance for higher
frequencies is caused by the eddy currents induced by the high-frequency magnetic
field of the primary coils in the plastic bonded magnetic material. The measured
self-inductance of a primary coil in System B is increased 3.6% compared to the
self-inductance of a coil in System A, as shown in Fig. 6.8(b). The increase is lower
than the 5% expected rise, as modeled for a solid layer of plastic bonded magnetic
material in Section 5.3.1. The increase in self-inductance is caused by the relative
permeability of the plastic bonded magnets.

The secondary coils have an average self-inductance of 98.43 µH with a variation
below 0.5% with respect to all four coils. This average value differs by 3.4%
with respect to the designed value of 95.18 µH. The average resistance of the
secondary coils is equal to 608 mΩ, with a variation of maximum 3% among the
four coils. The measured resistance is 19.4% higher than the designed resistance.
The increase in resistance is caused by the leads of the secondary coils which are
not taken into account in the model and enlarge the total length of a secondary
coil with approximately two turns.

6.2.2 Mutual inductance

The mutual inductance is obtained by measuring the open-circuit voltage at the
secondary side of the inductive coupling while a sinusoidal primary voltage is
applied at the terminals of three adjacent primary coils. Based on the measured
values, the mutual inductance is obtained by

M =
Vs
ωIp

, (6.1)

where Ip is the primary current, ω is the frequency of the applied sinusoidal pri-
mary voltage, and Vs is the open circuit voltage. The mutual inductance is mea-
sured in System B at a frequency of 1 kHz such that the losses related to the
permanent magnets can be neglected.

The mutual inductance is measured between a single secondary coil and primary
coils, p1 − p3, in System B for a displacement of the center of the secondary coil
along a quarter of primary coil p2, i.e. the dashed area illustrated in Fig. 6.9. The
measured values are shown in Fig. 6.10(a), and the difference with respect to the
mutual inductances obtained with the magnetic model is shown in Fig. 6.10(b).
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Figure 6.9: Illustration of three adjacent primary coils, indicating the measure-
ment area on the middle coil.
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Figure 6.10: Mutual inductance three primary coils, p1 − p3, and a single sec-
ondary coil in system B: (a) measured values, and (b) difference
between the designed and the measured values.

An average difference of 1.9% is obtained between the predicted and measured
values with a maximum difference of 3.5% when the center of the secondary coil
is located in the corner of the primary coil. The measured mutual inductance has
a variation of 23% which is similar to the predicted variation.

6.2.3 Impedance of the inductive coupling

The impedance of the inductive coupling seen from a single secondary coil is shown
in Fig. 6.11 for a secondary coil aligned with the center of a set of three adjacent
primary coils. The figure shows that magnetic resonance is obtained at a frequency
of 87.3 kHz, which is lower than the designed resonance frequency of 90 kHz.
This lower frequency is caused by a variation of the capacitance of the resonance
capacitors and the inductances of the coils with respect to the ideal values obtained
in the design. At resonance, the inductive coupling has an impedance of 2.1 Ω and
a phase shift of 0 rad.
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Figure 6.11: Impedance of a single secondary coil and three adjacent primary coils
seen from the secondary side: (a) absolute value, and (b) angle.

6.3 Output power of the contactless energy trans-
fer system

The output power of a CET system is obtained by measuring the voltage across
the resistive load of the CET system. In this section, first, the output power
values, measured on CET Systems A, B and C, are shown and compared to each
other. Second, the output power values measured on the integrated CET system
is presented for a single, two and four secondary coils for different velocities of the
translator, respectively.
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Table 6.1: Variation in output power for a diagonal movement along a quarter of
a primary coil in System B.

frequency (kHz) ∆Pout (%)
84.5 21.2
85.0 19.1
85.5 15.7
86.0 14.0
86.5 12.1
87.0 13.2
87.5 18.2
90.0 43.5
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Figure 6.12: Output voltage for a diagonal movement, f(x, y) as indicated in
Fig. 6.9, along of a primary coil for an input voltage of 50 V and a
load resistance of 9.8 Ω measured at the setup with eight primary
coils for System B.

6.3.1 Output power of a single secondary coil

To minimize the variation in output power of a single secondary coil, the resonance
frequency is modified with respect to the variation in realized and designed values
of the resonance capacitors and the self-inductances of the coils. The output
voltage of System B is measured for various frequencies of the primary voltage for
a diagonal movement, f(x, y), of the center of secondary coil, as indicated by the
thick line in Fig. 6.9. The variation in output power for the different frequencies
of the primary voltage is shown in Table 6.1. The variation in output power
varies 43.5% at a frequency of 90 kHz and 12.1% at a frequency of 86.5 kHz.
The measured output voltage along the diagonal movement is shown for three
different frequencies in Fig. 6.12. The output voltage related to an operating
frequency above resonance, for example, 90 kHz, increases when the center of the
secondary coil is moving away from the center of the middle primary coil. A reverse
pattern is considered for an operating frequency below the resonance frequency, for
example, 84.5 kHz. Based on the obtained results, the remaining measurements
are performed with an operating frequency of 86.5 kHz.
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Figure 6.13: Output power of a CET system with three primary coils and a single
secondary coil measured along a quarter of a primary coil for an
input voltage of 50 V and a load resistance of 9.8 Ω: (a) design, (b)
System A, (c) System B, and (d) System C.

The output power of a CET system with three primary and a single secondary
coil is measured in Systems A - C, the integrated system, and compared to the
designed performance. The measurements are performed with a dc-bus voltage
of 50 V, a load resistance of 9.8 Ω, an airgap length equal to 1 mm, and for a
displacement of the center of the secondary coil across a quarter of the middle
primary coil, i.e. the dashed area in Fig. 6.9. The average output power, variation
in output power and efficiency of the CET systems are listed in Table 6.2, and the
output power as a function of position of the center of the secondary coil is shown
in Figs. 6.13(a)-(d) for the different CET systems. The designed output power is
equal to 24.5 W for an input of 50 V. The efficiency of the inductive coupling is
predicted to be 91%. Combined with the efficiency of three dc-ac converters and
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Table 6.2: Output power for a single secondary coil

Pave (W) ∆Pout (%) ηave (%)
Design 24.5 13.1 80.4

System A 26.1 11.6 78.7
System B 25.7 15.4 71.5
System C 25.8 14.5 71.0
Integrated 14.6 13.5 59.4

a single ac-dc converter, which is equal to 88.4%, the efficiency of the designed
system is equal to 80.4%.

In System A, an average output power equal to 26.1 W is achieved, which is 1.6 W
higher compared to the predicted average output power of 24.5 W. The variation in
output power in System A is 1.5 percentage point lower with respect the designed
value of 13.1%. An efficiency equal to 78.7% is obtained between the dc-voltage
source and the load resistance. Comparing Figs. 6.13(a) and (b) shows that the
distribution of the output power differs between predicted and measured values,
which is caused by the variation in the values of the resonance capacitors and coils
with respect the ones predicted in the design.

In System B, in which the primary coils are mounted on top of the magnet array, an
average output of 25.7 W is obtained, which is 0.4 W lower compared to System A.
Furthermore, a variation in output power of 15.4% and an average efficiency of
71.5% is measured. Compared to System A, the variation in output power is
increased with 3.8% and the efficiency is 7.2% decreased. The lower efficiency is
caused by the induced eddy currents in the permanent magnet array.

In System C, a core of a linear motor is located next to the secondary coil. Com-
parable results with respect to System B are reached in System C. From the
measurements it can be concluded that the iron-core of the linear motor does not
influence the output power of the CET system, as predicted in Section 5.3.1.

The output power transferred between three primary and a single secondary coil
of the CET system integrated in the planar motor is measured for a displacement
of the secondary coil across the pitch of the middle of the three adjacent energized
coils, and is shown in Fig. 6.14(a). An average output power of 14.6 W is obtained
at an airgap of 1.5 mm. The average output power is 43% lower compared to the
average output voltage of System C, and the efficiency is decreased to 59.4%. The
lower output power and efficiency is caused by the eddy currents induced in the
aluminum base-frame of the translator. The decrease in output power is larger
than the expected 20% decrease, as modeled in Section 5.3.1. The variation in
output power is equal to 13.5%, and, thereby, is similar to the variation in the
other measurements and in agreement with the design. In the next section, the
energy transfer of the integrated system is discussed in more detail.
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Figure 6.14: Output power between three primary coils and a single secondary
coil for the CET system integrated in the planar motor measured
across the area of the middle primary coil for a dc-bus voltage of (a)
50 V and (b) 100 V.

Table 6.3: Output power of the integrated system

secondary coils Rload (Ω) Pave (W) ∆Pout (%) ηave (%)
1 9.80 65.7 13.5 65.7
2 19.2 99.9 31.2 63.6
4 39.2 230.3 32.1 71.2

6.3.2 Output power of the integrated contactless energy
transfer system

The output power of the integrated CET system is measured for an energy transfer
to a single, two and four secondary coils. The dc-bus voltage is set equal to 100 V,
and the temperature of a primary coils reaches 50◦C. The measured average output
power, variation in output power and efficiencies of the different sets are listed in
Table 6.3.

The output power of a single secondary coil is measured for a displacement of
the center of a secondary coil across the pitch of a primary coil and is shown in
Fig. 6.14(b). The average output power is equal to 65.7 W and a variation of 13.5%
is obtained in this measurement. The efficiency is equal to 65.7%, and is increased
with respect to a dc-bus voltage of 50 V. The output power of a single secondary
coil is 21 W lower compared to the designed value of 86.9 W. The lower average
output power is caused by the interaction of the magnetic fields of the CET system
and the aluminum frame of the translator, as concluded in the previous section.

The output power of the energy transfer to two secondary coils in the planar motor
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Figure 6.15: Output power of an energy transfer between to two secondary coils in
the CET system integrated in the planar motor for an input voltage
of 100 V and a load resistance of 19.6 Ω along a transition of the
center of a secondary coil across an area of (6τp,2τp) in the xy-plane.

is measured for a transition of the center of a secondary coil across and area equal to
(6τp,2τp) in the xy-plane. The measured output power is shown in Fig. 6.15. The
energy transfer has an average output power of 99.9 W and a variation of 31.2%
for an input voltage of 100 V and a load resistance equal to 19.2 Ω. Although a
decreased variation in output power is predicted in Section 5.2.2 for two secondary
coils, the variation in output power is increased compared to a single secondary
coil. The increase is caused by the variation in component values of the resonance
capacitors and self-inductances of the coils, which results in a different distribution
of the output power compared to the designed one.

The output power of the entire CET system, i.e. four secondary coils, is measured
for a transition of the center of a secondary coil across an area equal to (4τp,2τp) in
the xy-plane, and is shown in Fig. 6.16. The output power has an average value of
230.3 W and a variation of 32.1% for an input voltage of 100 V and a load resistance
of 39.2 Ω. The variation in output power is caused by the active switching between
different sets of three adjacent primary coils and a single secondary coil, where each
set has a different ideal resonance frequency due to the variation in component
values of the resonance capacitors and self-inductances of the coils. The output
voltage of the integrated system has an average value of 93 V and varies by 17.5%
along the trajectory of the translator. The efficiency of the integrated CET system
is equal to 71.2%.
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Figure 6.16: Output power of the complete CET system integrated in the planar
motor for an input voltage of 100 V and a load resistance of 39.2 Ω
along a transition of the center of a secondary coil an area of (4τp,2τp)
in the xy-plane.

6.4 Effects of the system integration

In the previous section the output power of three primary coils and a single sec-
ondary coil is measured for various CET systems, in which successive components
of the planar motor are added. In this section, the simultaneous operation of the
planar motor and the integrated CET system are analyzed for the output power
for different velocities of the translator, the primary current of the CET system,
and the position error of the planar motor, respectively.

The output power of the CET system integrated in the planar motor is measured
for various velocities of the translator for a movement in the x-direction. The
measured output power is shown in Fig. 6.17 and is insensitive to the different
velocities of the translator. A higher variation in output power is found during
this measurement, because of fact that the current path in the de-energized coils is
not interrupted by the ac-dc converter. In the previous stationary measurements,
the interruption is realized by a physical disconnection of the de-energized coils.

The frequency of the current in the primary coils is an important parameter to
establish a resonance in the CET system. Interaction between the primary coils
and the magnetic fields of the linear motors could induce an EMF in the primary
coils, which modifies the shape of the primary voltage and current. The current
in a primary coil is measured for the cases in which the linear motors on the
translator are activated and deactivated as is shown in Fig. 6.18. In both cases,
an equal primary current is obtained, which alternates at a frequency of 86.5 kHz.
From the measurement it can be concluded that the magnetic fields of the planar
motor have no interaction with the primary side of the CET system.
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Figure 6.17: Output power of the complete CET system integrated in the planar
motor for an input voltage of 100 V and a load resistance of 39.2 Ω
for a movement of the translator in x-direction for various speeds of
the translator.
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Figure 6.18: Current in a primary coil of the CET system with and without the
planar motor activated.

The position accuracy of the planar motor is measured for a diagonal movement
with an acceleration equal to 5 ms−2, as shown by the second order motion profile
in Fig. 6.19(a). The position error, for the x, y and z-coordinate with and without
the CET system activated, is shown in Figs. 6.19(b)-(d), respectively. As follows
from the presented results, the embedded CET system did not increase the position
error and a similar error is obtained in the two measurements.
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Figure 6.19: Position of the CET system for a diagonal movement: (a) velocity of
the translator and position error with and without the CET system
activated for (b) x-, (c) y-, and (d) z-direction.
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Table 6.4: Output power compared to the initial design

Predicted (%) Measured (%)
Coils surrounded by air 100 106
Including segmented magnets 93.7 98.5
Including aluminum base-frame 75.0 63.4

6.5 Summary and conclusions

A prototype of the magnetically suspended planar motor with integrated contact-
less energy transfer system is manufactured. The primary side of the CET system
contains 169 coils which are glued on top of the magnet array. The self-inductance
of the primary coils differs by 5% from the designed value, and the resistance of the
primary coils is increased by 81% because of the interaction between the magnetic
fields of the primary coils and the plastic bonded permanent magnets. The mutual
inductance between a single secondary coil and three adjacent primary coils has
an average difference of 2% with respect to designed values for a displacement of
a secondary coil along a quarter of the middle of the three adjacent primary coils.

The integrated CET system delivers an average output power of 230 W with a
variation of 32% along the stroke of the translator for a dc-bus voltage of 100 V.
The average output power of the integrated system is lower compared to a similar
system with coils surrounded by air. The decrease is caused by the presence of the
conducting materials in the neighborhood of the coils. Based on the measurements
on the different CET systems with a single secondary coil, it can be concluded
that the presence of plastic bonded magnets lowers the output power by 2% and
reduces the efficiency by 9%. Furthermore, the linear motors do not influence
both the output power and efficiency of the CET system. Finally, as expected
in the previous chapter, the aluminum base-frame has a major influence on the
performance of the CET system and decreases the output power by another 36%.
Overall, as presented in Table 6.4, the measured average output power of the
integrated system is 37% lower as the value of an identical CET system with coils
surrounded by air.

The variation in output power of a single secondary coil is equal to 13.5%, and is
similar to the designed value. However, the variation in the integrated CET system
with four secondary coils is increased to 32%. This rise is caused by variation in
component values of the resonance capacitors and self-inductances of the coils,
which results in a different resonance frequency for each combination of three
primary and a single secondary coils. As a result, the distribution of the output
voltage as a function of the position of each secondary coil becomes different with
respect to the designed distribution, and the resulting variation in output power
of the CET system with four secondary coils increases.
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The CET system has an average efficiency of 71% along the stroke of the moving
translator. Furthermore, the energy transfer is independent of the velocity of the
translator, and the position error of the planar motor is not influenced by the CET
system.



7
Conclusions and recommendations

This thesis concerns the three-dimensional modeling, analysis, design and realiza-
tion of a position-independent Contactless Energy Transfer (CET) system for the
transfer of energy to an object with a planar movement. The presented three-
dimensional analytical model of a CET system embeds a magnetic, electrical and
thermal model, and is able to predict the performances of a CET system based
on the geometrical parameters and physical variables of the system. To include
the three-dimensional geometry of the coils in the magnetic model, the harmonic
modeling technique has been extended. The position-independency of the CET
system is realized in the magnetic domain, where a low variation in mutual in-
ductance as function of the position of the moving object has been obtained by
optimizing the dimensions of the primary and secondary coils. A CET system with
a constant mutual inductance remains operating at resonance, and, therefore, an
equal amount of energy is transferred at every position of the moving object. The
theoretical analysis has been experimentally validated by measuring the perfor-
mances of the designed and realized position-independent CET system integrated
in a magnetically suspended planar motor.

This chapter summarizes the conclusions related to research objectives, as stated in
Section 1.3. Furthermore, the scientific contributions of this thesis are addressed,
and recommendations for future research are given.
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7.1 Conclusions

7.1.1 Modeling framework

An accurate and fast electromagnetic field prediction is required to analyze the
interaction between coils, permanent magnets, materials and their properties in
electromagnetic devices. Various modeling methods have been discussed, and it
has been found that the harmonic modeling technique is a suitable method to
describe the magnetic fields and the interactions between coils, such as, for exam-
ple, in an inductive coupling. The harmonic modeling technique is widely used to
describe the magnetic fields in two-dimensional coordinate systems. However, as
has been found in literature, the three-dimensional models based on the magnetic
scalar potential are limited to permanent magnets as the sources of the magnetic
fields. In this thesis, the three-dimensional harmonic modeling technique has been
extended by formulating the three-dimensional magnetic vector potential, which
allowed to include current-carrying coils as sources in the model, and, thereby, can
be applied to an expanded range of electromagnetic problems.

The discussed harmonic model divides the three-dimensional magnetic problem
into horizontal regions, which differ with respect to sources, materials properties
and periodicity. For each type of region, an expression of the magnetic vector
potential has been formulated, by solving the Poisson and Laplace equation using
the method of separation of variables. Both the static and quasi-static field the-
ories are taken into account. In this way, both regions with electrical conductive
materials and the eddy-current reaction field have been included in the model.
A solution for the magnetic flux density distribution has been obtained by solv-
ing the boundary conditions between the different regions. An equal number of
unknown variables and boundary conditions has been obtained by reformulating
the tangential boundary conditions of the magnetic field strength in terms of the
magnetic scalar potential. Furthermore, the mode-matching technique has been
formulated for a double Fourier series. The mode-matching technique has been
applied to correlate the harmonic components of the three-dimensional magnetic
fields among regions with different periodicities, which allowed to include slots
and cavities in the geometry of the problems. The three-dimensional magnetic
field model has been validated with various examples and is able to predict the
magnetic flux density distribution around a coil with a maximum difference of 7%.

A coil is modeled by four current-carrying bars and the current density distribu-
tion of a coil has been expressed in a similar form as the magnetic vector potential.
Three different configurations (overlapping rectangular bars, non-overlapping rect-
angular bars and trapezoidal bars, respectively) to position these current-carrying
bars have been presented and validated with respect to the self-inductance of
various coils. The validation of the electromagnetic parameters predicted by the
harmonic model allows to select both configurations with four overlapping rectan-
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gular bars and four trapezoidal bars as the best representative geometries of a coil.
The unique combination of the formulation of the magnetic vector potential, the
inclusion of electrical conductive material properties and structures with different
periodicities, and the novel description of the current density distribution of a coil,
allow to use the harmonic model to establish the relationship between self- and
mutual inductance and the geometries of coils.

In addition, the magnetic model has been coupled with an electrical and thermal
one in a modeling framework allowing to analyze a CET system in each of these
domains. The developed modeling framework is adaptive to different ferromag-
netic structures around a coil and various configurations of the primary coil array,
such as numbers of energized primary coils and single or multi-layer coil arrays.
Furthermore, both a linear and a planar displacement of the coils with respect to
each other can be taken into account.

The three-dimensional magnetic field model, which has been derived in this thesis,
is not limited to the calculation of inductances in CET systems only, and can be
applied to an extensive class of three-dimensional electromagnetic problems.

7.1.2 Position-independent contactless energy transfer sys-
tem

Contactless energy transfer (CET) systems, by means of an inductive coupling, are
the solution to overcome the limitations of moving cables for the supply of electrical
energy to objects with a planar movement. However, the relative movement of
the primary and secondary coils with respect to each other, results in a varying
mutual inductance, and, consequently, a position dependent output power. As a
CET system replaces the moving cables, the position dependency of the output
power should be minimized to obtain similar performance indexes as the wired
energy transfer.

The CET system, as considered in this thesis, consists of a primary coil array with
a limited height and a single or multiple secondary coil(s) with a planar movement
across the primary side. The position dependency of such a CET system has been
analyzed by comparing various topologies with respect to the variation in mutual
inductance and average output power along the stroke of the moving secondary
coil. The comparison of topologies has resulted in a set of design considerations
for a position-independent CET system, which can be summarized as:

• A low variation in mutual inductance can be obtained if the dimensions of
the secondary coil envelope the active set of primary coils.

• A ferromagnetic plate behind the primary and or secondary coil of the CET
system increases the average output power of the system compared to coils
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surrounded by air. Furthermore, the ferromagnetic plate has no influence on
the variation in mutual inductance. Salient ferromagnetic structures create a
predefined path for the magnetic flux which increases the variation in mutual
inductance and, therefore, should be avoided.

• A comparison between different numbers of active primary coils has shown
that the combination of a low variation in mutual inductance and a high out-
put power density can be obtained in a system, in which energy is transferred
between multiple adjacent energized primary coils and a single secondary
coil.

• A single-layer primary coil array is beneficial for both the average output
power and variation in mutual inductance. The height of a coil hardly in-
fluences the variation in mutual inductance, however a larger coil volume
increases the amount of transferred energy.

• The phase angle of the primary current in sets of multiple adjacent energized
primary coils has to be equal to each other. In this way, the secondary coil
exhibits the largest variation in flux linkage and, as a result, the highest
average output power can be obtained.

7.1.3 Design and realization of a contactless energy transfer
system in a planar motor

The design and realization of a position-independent CET system, integrated in
a magnetically suspended planar motor, have been presented in this thesis. The
translator of the planar motor consists of four iron-cored linear motors, which sus-
pend and propel the translator underneath a stationary checkerboard permanent
magnet array [79]. The integrated CET system transfers energy between the sta-
tionary and the moving part of the planar motor. It can also supply a sufficient
amount of energy to the linear motors and to the additional electronic devices on
the translator.

The primary coil array of the CET system has been integrated in the airgap of
the planar motor and mounted on the permanent magnet array. The coil array
has a height equal to 1.5 mm, such that a mechanical clearance of 1 mm remains
present in the airgap of the planar motor. Two geometrical topologies for the
secondary side of the CET system have been analyzed, and a final design has
been made consisting of four secondary coils. The secondary coils receive energy
from four sets of three adjacent energized primary coils, where each primary coil is
individually energized depending on the position of the translator. The dimensions
of the coils, electrical parameters of the CET system, and the distance between
the secondary coils have been optimized for a low variation in output power. The
optimized design has an average output power equal to 363 W and a variation
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of 5.6% along the stroke of the translator. Furthermore, for a proper integration
of the CET system in the planar motor, additional attention has been given to
electrical conductive materials in the neighborhood of the coils of the CET system.
The presence of these materials has been reduced and, if possible, replaced by non-
ferromagnetic and non-electrical conductive ones.

A prototype of the magnetically suspended planar motor with integrated CET
system has been manufactured, and an output power of 230 W has been ob-
tained which varies by 32% during dynamic operation of the translator. Although
the electrical conductivity of the plastic bonded permanent magnets is low, the
high-frequency magnetic fields of the primary coils introduce eddy-currents in the
magnets which results in an increase of the primary coil resistance. As a result of
the higher conduction losses and the applied electrical conductive materials in the
construction of the translator, the obtained average output power is 37% lower
compared to the design, and a system efficiency equal to 71% has been measured.
Furthermore, a higher variation in output power has occurred which is caused by
the variation in values of the resonance capacitors and self-inductances of the coils.

The CET system has been designed such that cross coupling between the planar
motor and the energy transfer system has been avoided. The energy transfer
is independent of the velocity of the translator. Furthermore, the simultaneous
operation of the CET system and the planar motor has not increased the position
error of the translator. Overall, the conducted research has succeeded in a unique
system in which both a planar motor and a CET system are integrated with each
other and operate simultaneously without physical interference.

7.2 Thesis contributions

The main contributions and accomplishments of the thesis can be summarized as

• The extension of the three-dimensional harmonic modeling technique for the
description of the magnetic fields around coils. The ability to model three-
dimensional magnetic fields around coils, including the presence of soft mag-
netic materials and complex geometrical structures, increases the function-
ality of the harmonic modeling technique.

• The investigation of the position dependency of a contactless energy transfer
system with a physical airgap between the stationary primary side and sec-
ondary side with a linear and a planar movement. Various configurations
of CET systems with a limited height have been compared to investigate
the effect of the system parameters, and layout with respect to the variation
in mutual inductance as a function of a relative displacement between the
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primary and secondary coils. The analysis has resulted in a set of design
considerations for a CET system with a low position dependency.

• The design, realization and experimental validation of a position-independent
contactless energy transfer system integrated in a magnetically suspended
planar motor. The research has resulted in a unique design and prototype in
which both a planar motor and a CET system with a low variation in output
power are integrated in each other. The CET system consists of a planar
primary coil array with a limited height and four secondary coils. The planar
motor and the CET system operate simultaneously without interfering each
other.

7.3 Recommendations for future work

7.3.1 Modeling of the magnetic fields of coils wound around
ferromagnetic teeth

The three-dimensional magnetic field model, presented in this thesis, does not
allow to model coils which are wound around ferromagnetic teeth. This is not
possible because the presented model is not able to correlate the spatial frequencies
of different adjacent areas in a single region with each other. The mode-matching
technique originates from the wave guide technique [87], in which it is possible to
model both a T-junction and a rectangular cross junction [48]. If this technique
could be translated to the harmonic modeling method and applied to model the
magnetic fields of adjacent areas in a single region with different periodicities, the
range of electromagnetic problems which can be solved increases and, as a result,
improves the strength of the method.

7.3.2 Modeling of the eddy-current reaction field of seg-
mented of conductive materials

The three-dimensional magnetic field model does not allow to include regions with
segmented conductive material and to model the eddy-current reaction fields of
these regions. In the presented harmonic model regions with electrical conductive
materials have to be continuous, however in practice, the conductive material is
often segmented, as for example, the checkerboard magnet array of the presented
planar motor. Existing modeling approaches are either able to include the seg-
mentation of the conductive material but neglect the eddy-current reaction field,
or approach the electrical conductivity of the segmented structure as a value for
a continuous structure while taking the eddy-current reaction field into account.
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Summarized, the two approaches are not ideal since the segmentation decreases
the path of the eddy-currents and modifies the eddy-current reaction field. If both
the segmentation of the conductive material and the eddy-current reaction field are
included in the magnetic model the accuracy of the prediction of the impedance
of the coils is improved.

7.3.3 Dc-ac converter with self-tuning resonance frequency

This research has been focussed to the magnetic design of the CET system, and
conventional power converters are applied at the primary and secondary side of
the CET system. The experimental verification has shown that the position in-
dependency of the output power is sensitive for variations in the value of the
resonance capacitors and self-inductances of the coils. These variations cause a
shift in resonance frequency for each combination of three adjacent primary coils
and a single secondary coil. A power converter with the ability of a self-tuning
resonance frequency would assure that every combination of three primary coils
and a secondary coil operates at magnetic resonance, which improves the position
independency of the CET system.

7.3.4 Planar motor with multiple, wireless translators

The prototype of the magnetically suspended planar motor includes a single trans-
lator, while a complete wireless operation of the translator gives the opportunity
to create a system in which multiple translators operate underneath a single sta-
tionary platform. To obtain a system with multiple translators, the position mea-
surement system needs to be moved from the stationary part to the moving part,
and both the ac-dc converters and the drivers of the motor has to be integrated on
the translator. Furthermore, to avoid collisions, wireless communication with the
translators should be obtained. A planar motor with multiple translators would
result in a system in which translators can freely move around each other and
travel at different velocities. Such a system can, for example, be used in the next
generation of pick-and-place machines.
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A
Circuit components of the power

converters

The circuit components of the dc-ac converter, Fig. A.1, and the ac-dc converter,
Fig. A.2, are listed in Table A.1 and A.2, respectively.

Table A.1: Circuit components of the half-bridge unipolar converter (Fig. A.1)

component value description
R1, R2, R3, R4 10 Ω resistance
D1, D2 BAT48 small signal Schottky diode, VRRM = 40 V
D3 BAV21 small signal diode, VRRM = 250 V
M1, M2 IRF640 fast switching power MOSFET
IC1 IR2014 half-bridge MOSFET driver
C1 220 µF 200 V aluminum electrolytic capacitor
C2,C4 100 nF 100 V metallized polyester film capacitor
C3,C5 1 µF 50 V metallized plastic film capacitor
C7,C8 33 nF 630 V polypropylene film capcacitor
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Figure A.1: Electric circuit of the half-bridge unipolar converter including pri-
mary series resonance capacitors.
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Figure A.2: Electric circuit of the ac-dc converter including the secondary reso-
nance capacitors.

Table A.2: Circuit components of the dc-ac converter (Fig. A.2)

component value description
D1-D4 MBR10150 Schottky diode, VRRM = 150 V
C1-C2 47 nF 1000 V polypropylene film capacitor
C3-C4 33 nF 1000 V polypropylene film capacitor
C5 100 µF 100 V aluminum electrolytic capacitor
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Samenvatting

Contactless Transfer of Energy

3D Modeling and Design of a Position-Independent
Inductive Coupling Integrated in a Planar Motor

De energievoorziening naar het bewegende deel van een lineaire of planaire mo-
tor wordt meestal uitgevoerd door middel meebewegende kabels, die de prestaties
van de motor beperken. Om deze beperkingen te overwinnen, kunnen de kabels
worden vervangen door een draadloos energieoverdracht systeem, waarbij energie
wordt overgedragen door middel van een inductieve koppeling, m.a.w. een trans-
formator met een luchtspleet tussen de primaire en secundaire spoel. Een draad-
loos energieoverdracht systeem met één of meerdere secundaire spoelen met een
planaire beweging, heeft typisch een matrix van primaire spoelen. Alhoewel er
langs de gehele slag van de bewegende secondaire spoel(en) energie kan worden
overgedragen, is de hoeveelheid overgedragen energie afhankelijk van de positie
van de secondaire spoel. De variatie van de mutuele inductie tussen de primaire
en secondaire spoel(en) is een maat voor de positie afhankelijkheid van een draad-
loos energieoverdracht systeem. Dit proefschrift beschrijft de driedimensionale
modellering en analyse van een positie-onafhankelijke draadloos energieoverdracht
systeem. De kennis is toegepast in het ontwerp en realisatie van een magnetisch
gelagerde planaire motor met gëıntegreerd draadloos energieoverdracht systeem

Een belangrijke bijdrage in dit werk is de uitbreiding van de harmonische model-
leringsmethode door de formulering van de driedimensionale magnetische vector-
potentiaal voor de statische en quasi-statische veldtheorie, waardoor het mogelijk
is om de magnetische velden van driedimensionale stroom voerende spoelen te
beschrijven. De stroomdichtheid van een spoel wordt gemodelleerd met behulp
van vier rechthoekige segmenten. Eigenschappen van elektrische geleidende mate-
rialen, de permeabiliteit en het magnetisch veld van wervelstromen zijn opgenomen
in het model. Daarnaast is de correlatie techniek tussen magnetische velden met
een verschillende periodiciteit uitgebreid waardoor sleuven en holtes in platen met
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een oneindige permeabiliteit kunnen worden meegenomen in het model. De verdel-
ing van de magnetische flux dichtheid, zelf en mutuele inducties van spoelen zijn
berekend met het harmonische model en deze zijn gevalideerd met de eindige el-
ementen methode en metingen. De verschillen tussen de verschillende methodes
zijn kleiner dan 7%.

Het magnetische model is gekoppeld met een elektrisch en thermisch model in
een modellerings-raamwerk, die het toelaat om het draadloos energieoverdracht
systeem in elk van deze domeinen te analyseren. Het ontwikkelde raamwerk is
adaptief voor verschillende ferromagnetische structuren rond de spoelen, en voor
verschillende configuraties van de matrix van primaire spoelen, zoals het aantal
actieve als het aantal lagen primaire spoelen in de matrix. Verder kan zowel een
lineaire als een planaire verplaatsing van de spoelen ten opzichte van elkaar in het
modellerings-raamwerk worden meegenomen.

Een tweede belangrijke bijdrage is de analyse van de positie afhankelijkheid van een
draadloos energieoverdracht system wat bestaat uit een matrix van vlakke primaire
spoelen en één secondaire spoel. De analyse is uitgevoerd door het vergelijken
van de variatie in de mutuele inductie en het gemiddelde uitgangsvermogen over
de slag van de bewegende secondaire spoel voor verschillende topologieën. Een
generieke oplossing voor een draadloos energieoverdracht systeem met een lage
variatie in mutuele inductie is verkregen in een systeem met een niet elektrisch
geleidende en tandeloze structuur rondom de spoelen, waarbij de dimensies van
de secondaire spoel de set van meerdere actieve primaire spoelen omhullen, welke
allen energie overdragen en gelegen zijn in een matrix met een enkele laag spoelen.
Het gewenste uitgangsvermogen wordt bereikt door het optimaliseren van de elek-
trische parameters van de inductieve koppeling, en kan gemaximaliseerd worden
totdat het thermische limiet van het systeem bereikt wordt.

Het modellerings-raamwerk en het verkregen generieke ontwerp voor een systeem
met een lage variatie in mutuele inductie is gebruikt bij het ontwerp van een
draadloos energieoverdracht systeem dat volledig gëıntegreerd is in een nieuw type
planaire motor waarin het bewegende deel magnetische opgehangen wordt onder
het statische gedeelte van de motor. De matrix van primaire spoelen bevindt zich
in de luchtspleet van de motor en vier secondaire spoelen bevinden zich op het
bewegende deel. Elk van deze secondaire spoelen ontvangt energie uit drie aan-
grenzende primaire spoelen, waarbij de primaire spoelen dynamisch worden geac-
tiveerd afhankelijk van de positie van de secondaire spoelen. Een prototype van dit
unieke en complexe system is gebouwd. Het gëıntegreerde draadloos energieover-
dracht system levert een gemiddeld vermogen van 230 W aan het bewegende deel
van de planaire motor. Het uitgangsvermogen heeft een variatie van 32% en een
efficiëntie van 71% is gehaald over de slag van de bewegende secondaire spoelen.

Kortom, dit proefschrift presenteert een kant-en-klare theorie, een complete set
van vergelijkingen, en een magnetisch, elektrisch en thermisch model, die gebruikt
kunnen worden voor onderzoek en ontwikkeling van draadloze energieoverdracht
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systemen, zoals bijvoorbeeld voor de vervanging van bewegende kabels in lineaire
of planaire motoren.
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