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Chapter 1

Introduction

1.1 Motivation

LED lighting is a rapidly evolving technology. Several decades ago, LEDs were only
suitable as indicator lights, but recent developments have made LED lighting a good
alternative for traditional light sources [1]. One of the main advantages of LED
lighting is its high energy efficacy. Efficacy of a light source is expressed in lumen per
watt [lm/W], which gives the ratio between perceived light output (lumen) and power
(watt). The traditional incandescent light bulb has a luminous efficacy of around 15
lm/W, compact fluorescent lamps have an efficacy of around 60 lm/W, and LED
replacement bulbs can currently reach an efficacy of 80 lm/W up to 120 lm/W [1–5].
Only sodium discharge lamps surpass this with an efficacy of around 200 lm/W, but
these lamps do not emit white light. As opposed to traditional light sources, such
as incandescent, halogen, gas discharge and fluorescent lamps, the efficacy of LED
lighting is rapidly improving, therefore the advantage of LED over other light sources
will only grow.

Another important advantage of LED lighting is its long lifetime. An LED has an
expected lifetime of 20 000 to 50 000 hours, whereas fluorescent lamps have a lifetime
of around 15 000 hours, and incandescent light bulbs only 2 500 hours. It not only
saves the consumer from having to buy replacement lamps, but it also saves the cost
and effort of replacing them. This applies especially to lamps on places that are hard
to reach, such as street lights on a highway or lamps on high ceilings in buildings.
One of the big disadvantages of LED lighting is the purchasing cost. In many cases,
however, LEDs are cheaper on the long term due to their long lifetime and low energy
usage. Moreover, the cost of LED lighting is rapidly decreasing, with a rate of about a
factor 10 every decade [1,6]: this development is known as Haitz’ law and is illustrated
in Figure 1.1.

Because of all these advantages, the market share of LED lighting is rapidly in-
creasing. In 2010, LED lighting was estimated to be around 10% of the total lighting
market [5], and is rapidly growing [1]. As the cost is constantly decreasing and the
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Figure 1.1: Graph of Haitz’ law by Haitz and Tsao [1]. The graph shows the highest
flux of a lamp that could be purchased commercially in a given year, and the lowest
cost per lumen of commercially available lamps. The dark data points represent red
lamps and the white data points cool-white lamps. The trend lines are based on the
data for red lamps.

efficiency increasing, LEDs are expected to dominate the lighting market in the near
future.

1.2 Illumination optics

An LED lighting system is built out of several components. A picture and a schematic
drawing of an LED replacement for a halogen spotlight are shown in Figure 1.2. First,
the system consists of the LED itself. This LED requires some electronic hardware
to convert the mains voltage into a voltage suitable for the LED, convert alternating
current to direct current, and possibly provide dimming possibilities or other features.
Next, an LED lighting system requires a thermal system to dissipate heat: LEDs
must operate at much lower temperatures than for example incandescent light bulbs,
otherwise they break down. In most LED based lighting systems, the majority of the
weight of the system is devoted to heat dissipation. Finally, an LED lamp has an
optical system. The optical system reshapes the light beam to fit its application and
is an important factor for the efficiency of the lamp: all light loss in the optical system
directly affects the efficiency of the system in general. The optical system may consist
of different optical components such as lenses, reflectors, diffusers and absorbers. In
the example in Figure 1.2b, a lens is used.

The field of optics concerned with the design of optical systems for lighting is
known as illumination optics. It is part of the wider field of nonimaging optics. The
counterpart of nonimaging optics is the well-known field of imaging optics, which is
concerned with the design of for example camera lenses and projectors. The goal in
imaging optics is to project an image from one surface onto another surface. Non-
imaging optics on the other hand is concerned with all other types of optical systems.
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Figure 1.2: LED replacement for a halogen spotlight.

The goal in illumination optics is to design systems which redistribute the light from
a light source in to the required light output pattern of the lamp.

Two important techniques in illumination optics are forward methods and inverse
methods. Forward methods provide for a known light source and optical system the
light output. The most commonly used method is Monte-Carlo ray tracing [7]. In
this method, light rays are emitted randomly from a simulated light source with a
distribution matching the light output of the LED. The rays are traced through the
system until they reach a target receiver and an estimate is made of the illuminance,
intensity, or other photometric variables of the light output. These type of methods
are implemented in several software packages [8], and are a valuable tool for the design
of optical illumination systems. They can be evaluated by simulation, which is much
cheaper and faster than making prototypes. In addition, forward methods can aid in
the design process, by alternating between evaluation of the system and modifying
the design. Unfortunately, ray tracing can be slow if high precision is needed, because
the error is proportional to the reciprocal value of the square root of the number of
rays used.

On the other hand, we have inverse methods. The purpose of inverse methods
is to provide an optical design for a specified light source and a desired light output
distribution. This can significantly speed up the design process, and even provide
designs which could realistically never be achieved without inverse methods. Two re-
cent developments have renewed our interest in inverse methods: First, LEDs operate
at much lower temperatures than conventional light sources. Therefore, the optical
systems for conventional light sources are often made of glass or metal, while for LEDs
we can use transparent plastics. It is much easier to create the arbitrary lens shapes
arising from inverse methods using plastics components than it is using glass or metal
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components. Secondly, due to recent developments in diamond turning techniques,
arbitrary shapes can be created with much higher precision than before. Therefore,
inverse methods are more relevant than ever. Inverse methods are the main topic in
this thesis.

1.3 Main results

Two main results are presented in this thesis. The first result is a design method for a
rotationally symmetric LED spotlight with a uniform color output. A commonly used
LED for spotlights is the so-called white phosphor-converted LED. White phosphor
converted LEDs often show angular color variation: the color of the emitted light
depends on the angle of emission. We introduce a new method to design an optical
system which eliminates this color variation, and at the same time provides a specified
intensity output distribution. This is achieved by combining rays with different angles
from the LED into the same output angle from the optical system. We show that by
combining two or more rays, the color variation is eliminated and the desired intensity
output distribution can be achieved. We use the method to design a so-called TIR
collimator: a type of lens commonly used to narrow the beam of light emitted by
LEDs. We evaluate the collimators using ray tracing with optical simulation software.
To our best knowledge, this design method is the first inverse method for color mixing.

The second main result comprises a mathematical model and computational meth-
ods for the design of reflector and lens surfaces that transform a parallel beam of
light into an arbitrary desired output distribution. To achieve this, we need so-called
free-form surfaces. These surfaces are called free-form because in traditional optical
systems surfaces are usually constructed from standard shapes such as paraboloids
and ellipsoids. The surfaces in the TIR collimator for color mixing are free-form as
well, but only in one direction: in the other direction the surface is rotationally sym-
metric. We derive a differential equation for the surface. This differential equation is
a highly nonlinear second order partial differential equation, called a Monge-Ampère
equation. The boundary condition is implicit and also highly nonlinear. The equation
with the boundary condition has at least two solutions: a convex and a concave sur-
face. Convex (and concave) solutions of the Monge-Ampère equation are related to
the problem of optimal mass transport (OMT), where a source density is transformed
into a target density while minimizing the transportation cost. In the most classical
interpretation, the source density represents a pile of sand, the target density a hole
and the transportation cost is the transportation distance times the weight. In our
problem, the source density corresponds to the density of the light flux, and a convex
surface to an optimal transportation plan. A lot of literature is available on the the-
ory of optimal transportation and this knowledge can be applied to understand the
optical design problem better. Unfortunately, literature on computational methods
for optimal transportation is scarce.

We use two numerical methods to find convex and concave solutions of the Monge-
Ampère equation. The first method was recently published by Froese, Oberman and
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Benamou [9–11], and successfully calculates a convex solution of the Monge-Ampère
equation with the given boundary condition. The method uses for the interior finite
differences on a wide stencil with a special discretization to enforce convexity. The
boundary condition is implemented using a signed distance function. The method is
provably convergent, but the target distribution must be convex. In addition to the
algorithm, we implemented the Legendre-Fenchel transform to calculate solution of
the Monge-Ampère equation when the domain of the target distribution is not convex.

The second method we developed ourselves. We calculate the gradient of the
solution of the Monge-Ampère equation from a least-squares minimization procedure.
The minimization procedure is an iterative process. Each iteration, three steps are
performed: Two of these are nonlinear minimization steps which can be performed
pointwise, and the third step involves solving two Poisson problems with standard
finite differences. Finally, we use the gradient resulting from the iterative process to
calculate a solution of the Monge-Ampère equation.

1.4 Outline of this thesis

In Chapter 2 we introduce the necessary theory and definitions from illumination op-
tics. We start with an introduction of the variables, continue with refraction and re-
flection of light rays, and introduce the important notions of phase space and étendue.
Subsequently we discuss two types of systems that can be reduced from three to only
two dimensions: rotationally symmetric systems and translationally symmetric sys-
tems. We continue with a discussion of the human perception of color, and how this
can be translated into measurable quantities. Finally, we describe the working of the
LED, and give two examples of illumination systems.

Subsequently we give a literature overview on inverse methods in Chapter 3. First
we give a general statement of the problem of inverse design for illumination optics
and continue with an overview of the most important literature on this topic. The
literature overview is divided into two parts: first we discuss inverse methods in two
dimensions, where a three-dimensional system is reduced to two dimensions because
of the symmetry in the system. Subsequently we discuss the literature on the difficult
topic of the design of free-form illumination systems without any assumed symmetry.

In Chapter 4 we introduce a new method to design an LED spotlight with a
uniform color output, even though the light source has angular color variation. In
most of the chapter, we assume the light source is infinitely small. We derive a set
of differential equations to design a TIR collimator satisfying two requirements: a
prescribed output intensity distribution and a uniform color output. Subsequently we
discuss two type of solutions to these differential equations. We solve the equations
numerically and evaluate the resulting TIR collimator using an optical simulation
program. Finally, we discuss color variation in spotlights for light sources that are
not infinitely small.

In Chapter 5 we introduce the optical design problem of fully free-form lenses and
reflectors for illumination. We derive equations for the lens/reflector surface for a
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given output distribution on a sphere or on a plane, assuming the light arrives at
the surface as a parallel beam. Subsequently, we derive similar equations for a lens
of which the free-form surface is followed by a flat refractive surface. We show in
Chapter 6 that the equations derived in the previous chapter are of the same form:
a nonlinear partial differential equation of Monge-Ampère type. In this equation, we
have to choose between a positive or negative right hand side. First we discuss the
positive right hand side. We show that the equation is elliptic, and the solutions
are either convex or concave surfaces. We discuss the relation with the problem of
optimal mass transport and derive an explicit boundary condition. Subsequently, we
discuss the negative right hand side. In this case the equation is hyperbolic, and
solutions are saddle-shaped. We discuss an application of saddle-shaped lens and
reflector surfaces, and discuss some existence and uniqueness results. We conclude
the chapter with an overview of the literature on numerical methods for solving the
Monge-Ampère equation. We discuss two numerical methods for the Monge-Ampère
equation extensively in the next two chapters.

In Chapter 7 we discuss the numerical method by Froese, Oberman and Ben-
amou [9–11] which solves the elliptic Monge-Ampère equation. We discuss the dis-
cretization of the interior domain and the boundary condition, and introduce the
Legendre-Fenchel transform which allows the calculation of solutions for non-convex
target domains. In Chapter 8 we introduce another numerical method for the ellip-
tic Monge-Ampère equation based on the minimization of a least-squares functional
that was developed by ourselves. The tree minimization steps in the algorithm are
discussed in detail, and we explain how to calculate the surface from the gradient
resulting from the minimization procedure. The two methods both have some ad-
vantages and disadvantages, but both show impressive results. We calculate lens and
reflector surfaces for practical applications such as street lighting, and calculate some
highly detailed surfaces converting a uniform parallel beam of light into a pattern cor-
responding to a famous dutch painting. The resulting lenses and reflectors are tested
using ray tracing. Finally, in Chapter 9 we summarize our findings, draw conclusions
and give recommendations for future research.



Chapter 2

Illumination Optics

This chapter introduces illumination terminology and the theory of optics needed in
this thesis [12]. We start with basic variables describing light, we cover the theory
of colors, and the law of reflection and refraction. Subsequently we introduce the
inverse design problem in two and three dimensions, and conclude with a description
of phase space and étendue, basic theory on LEDs and an introduction to lighting
systems based on LEDs.

2.1 Radiometric versus photometric variables

Light may be described as an electromagnetic wave, or as a stream of photon particles.
A beam of light transports energy. The energy per unit time is called radiant flux,
ΦR, and is measured in watt [J/s]. When light is emitted from a surface, we define
the radiant exitance, W , as the emitted flux per unit area [W/m2], i.e.,

P =
dΦR

dA
, (2.1)

where A denotes the area. When light is incident on the surface instead of being
emitted, the flux per unit area is called irradiance. In the case of a point light source,
we are interested in the angular density of light. The solid angle subtended by the
light is the area of the unit sphere, centered around the light source, crossed by these
rays [13]. Solid angles are denoted by Ω and have unit steradian (sr). The flux per
solid angle is called radiant intensity IR, and is given by

IR =
dΦR

dΩ
. (2.2)

In reality, light sources and lamps (such as for example a spot light) always have a
finite size. However, in many cases, the light source or lamp is very small compared to
the space it illuminates. Therefore the dimensions of the light source can be neglected,
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and it can be treated as a point light source. This is called the far field approximation,
and is very common in illumination optics. Often, when evaluating a lamp, only the
angular distribution of the flux is considered.

The output of illumination systems is usually expressed in terms of the impression
the light gives on the human eye in lumen [lm], instead of its emitted energy in watt.
The sensitivity of the eye for light depends on the wavelength of the light. The spectral
radiant flux ΦR,λ [W/m] is defined to be the flux per unit wavelength:

ΦR,λ =
dΦR

dλ
, (2.3)

and the spectral luminous flux Φλ [lm/m] is defined as the flux as perceived by the
human eye, as function of the wavelength. The ratio between spectral luminous flux
and spectral radiant flux has been determined experimentally, and is known as the
luminous efficacy [lm/W]:

σ(λ) =
Φλ

ΦR,λ
. (2.4)

The luminous efficacy is a property of the human eye. The relative luminous efficacy
(dimensionless) V (λ) is the luminous efficacy divided by its peak value of 683 lm/W,
i.e.,

V (λ) =
σ(λ)

683
. (2.5)

The relative luminous efficacy of the human eye is plotted in Figure 2.1.
The variables introduced above, based on radiant flux, all have a counterpart for

luminous flux . The luminous flux is the spectral luminous flux integrated over all
wavelengths:

Φ =

∫ ∞
0

Φλ dλ. (2.6)

The luminous intensity I [lm/sr] is defined to be the luminous flux per solid angle:

I =
dΦ

dΩ
. (2.7)

Traditionally, the luminous intensity was expressed in candela [cd], which is the in-
tensity of the light emitted by a standardized candle. When light is incident on a
surface, the flux per unit square is called illuminance. The illuminance L [lm/m2] is
defined as

L =
dΦ

dA
, (2.8)

where A denotes the area. When the light is emitted by a surface instead of incident
on a surface, the flux per unit area is called emittance. An overview of all radiometric
and photometric variables used in this thesis is given in Figure 2.2.
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Figure 2.1: The relative luminous efficacy curve V (λ), which gives the sensitivity of
the human eye to light as function of the wavelength.

Radiometric
Name Symbol unit
Radiant flux ΦR W
Radiant intensity IR W/sr
Irradiance/radiant exitance P W/m2

Spectral radiant flux ΦR,λ W/m
Photometric
Luminous flux Φ lm
Luminous intensity I lm/sr=cd
Illuminance/emittance L lm/m2

Spectral luminous flux Φλ lm/m

Figure 2.2: Radiometric and photometric variables used in this thesis
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2.2 Color perception

With our eyes we distinguish different colors. We have different light receptors in
our eyes: rods and cones. The rods are the most sensitive receptors, making them
suitable for vision in low lighting conditions, called scotopic vision. The cones are less
sensitive, but can distinguish colors in good lighting conditions, called photopic vision.
Experiments have shown that most humans have three different kind of cones [14].

In order to quantify color perception, a series of so-called color matching ex-
periments was done. This led to the color specification system by the Commission
Internationale de l’Éclairage (CIE), also known as the International Commission on
Illumination. In the experiments, test persons were presented a screen with a split
field. One side of the field, the reference field, was illuminated with a monochromatic,
spectrally pure beam of light with wavelength λ and irradiance Pref. The other side
of the field, the matched field, was illuminated with a combination of three monochro-
matic beams: a red beam with a wavelength λR = 700 nm, a green beam with a
wavelength λG = 546.1 nm and a blue beam with a wavelength λB = 435.8 nm.
These three colors correspond to the spectrum lines of mercury-vapor lamps. The
test persons were told to adjust the irradiance of the three beams such that the color
of the matched field would visually match the reference field. If necessary, the test
persons could also increase the irradiance of the reference field with the monochro-
matic beams, this was counted as negative irradiance. This procedure gives a set of
irradiance functions PR(λ), PG(λ) and PB(λ), corresponding to the red, green and
blue beam respectively. From these the color matching functions r̄(λ), ḡ(λ) and b̄(λ)
were calculated:

r̄(λ) =
PR(λ)V (λR)

Pref LR
, (2.9a)

ḡ(λ) =
PG(λ)V (λG)

Pref LG
, (2.9b)

b̄(λ) =
PB(λ)V (λB)

Pref LB
. (2.9c)

Here LR, LG and LB are dimensionless scaling constants chosen such that LR = 1
and ∫ ∞

0

r̄(λ) dλ =

∫ ∞
0

ḡ(λ) dλ =

∫ ∞
0

b̄(λ) dλ. (2.10)

The color matching functions are dimensionless as well, and are plotted in Figure 2.3.
The values vary between approximately −0.1 and 0.35. The curve r̄(λ) corresponding
to the red beam is clearly negative between approximately λ = 440nm and λ = 550nm.
These negative values correspond to test persons adding light from the red beam to
the reference field instead of the matched field. The color matching functions are used
to calculate the tristimulus values R, G and B [W] of the light. Let ΦR,λ [W/m] be
the spectral radiant flux of a given light source. The tristimulus values are defined as
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Figure 2.3: The color matching functions r̄(λ), ḡ(λ) and b̄(λ) [14,15].

follows:

R =

∫ ∞
0

ΦR,λ r̄(λ) dλ, (2.11a)

G =

∫ ∞
0

ΦR,λ ḡ(λ) dλ, (2.11b)

B =

∫ ∞
0

ΦR,λ b̄(λ) dλ. (2.11c)

Note that especially R may be negative because r̄(λ) is negative. The ratio between
the tristimulus values are an indication of the color of the light source as observed by
the eye.

The negative values of the tristimulus values turned out to be impractical for
various reasons, therefore the set of color matching functions

(
r̄(λ), ḡ(λ), b̄(λ)

)
is

transformed into another set of dimensionless functions (x̄(λ), ȳ(λ), z̄(λ)) by a linear
transformation such the new functions are non-negative. In addition, the function
ȳ(λ) = V (λ). The linear transformation is given byx̄ȳ

z̄

 =

2.76888 1.75175 1.13016
1 4.59070 0.06010
0 0.05651 5.59427

r̄ḡ
b̄

 . (2.12)

The new curves are shown in Figure 2.4
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Figure 2.4: The color matching functions x̄(λ), ȳ(λ) and z̄(λ) [15].

Given light with spectral power ΦR,λ [W/m], the tristimulus values X, Y and Z
[W] of this spectrum are defined as:

X =

∫ ∞
0

ΦR,λ x̄(λ) dλ, (2.13a)

Y =

∫ ∞
0

ΦR,λ ȳ(λ) dλ, (2.13b)

Z =

∫ ∞
0

ΦR,λ z̄(λ) dλ. (2.13c)

Similar to R, G and B, the ratio between the tristimulus values are an indication
of the color of the light as perceived by the eye, but in this case the values are all
nonnegative. The chromaticity coordinates are given by

x =
X

X + Y + Z
, (2.14a)

y =
Y

X + Y + Z
, (2.14b)

z =
Z

X + Y + Z
. (2.14c)

These coordinates are linearly dependent by the relation x+ y + z = 1, and we can
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see that 0 < x, y, z < 1. The coordinate z is normally omitted. This leaves us with
two chromaticity coordinates x and y. All colors can be plotted in an x, y diagram,
as shown in Figure 2.5a.

Our perception of color difference in the x-y chromaticity diagram depends on
the chromaticity. Our eyes are very sensitive to color differences in the blue region,
while they are not very sensitive for color differences in the green region. The eye’s
sensitivity of color differences was measured by MacAdam [17]. MacAdam found a
set of ellipses in the x-y plane (called MacAdam ellipses) which give, for given chro-
maticity coordinates, the chromaticity coordinates which are just not distinguishable
by the human eye. These ellipses are larger in the green region and smaller in the blue
region. These ellipses are used, for example, to evaluate color variations in spotlights.

MacAdam ellipses are difficult to work with. Therefore an alternative color system
was introduced, which is a transformation of the x-y chromaticity coordinates. In this
color system, the sizes of the ellipses are more uniform than in the x-y coordinates.
The new chromaticity coordinates are given by [14]:

u′ =
4x

−2x+ 12 y + 3
, (2.15a)

v′ =
9 y

−2x+ 12 y + 3
. (2.15b)

This system is used to evaluate color differences in light. The chromaticity diagram
in the u′-v′ color space is shown in Figure 2.5b.
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(a) The CIE 1931 x-y chromaticity diagram.

(b) The u′-v′ chromaticity diagram.

Figure 2.5: CIE chromaticity diagrams. These figures were created using the Matlab
color toolbox [16]. The black dots denote the location of monochromatic light, the
numbers give the wavelength of this light in nm. The colors in the middle of the
figures and on the line segments on the bottom right can only be created using a
combination of light with different wavelengths.
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2.3 Reflection, refraction and total internal
reflection

In this section, we introduce the laws of reflection, refraction and total internal reflec-
tion, which the describe the behaviour of light rays. A ray of light is defined to be the
path along which energy travels [18] and is specified by two vectors: a location vector
l ∈ R3 and direction vector ŝ ∈ S2, where S2 denotes the unit sphere. In a uniform
medium, light rays travel in straight lines, and the location vector may be chosen
anywhere along the ray. When a ray reaches a reflective surface, it is reflected into
another direction. Let ŝi be the direction of the incident ray, ŝr the direction of the
reflected ray and n̂ the unit surface normal at the location of incidence as illustrated
in Figure 2.6a. The direction of the reflected ray as function of the surface normal
and the direction of incidence is given by the vectorial law of reflection [7, p.132]

ŝr = ŝi − 2(ŝi · n̂)n̂. (2.16)

The vector ŝr is a unit vector, which is verified by:

ŝr · ŝr = ŝi · ŝi − 4(ŝi · n̂) (ŝi · n̂) + 4(ŝi · n̂)2 (n̂ · n̂) = 1. (2.17)

A more commonly known version of the law of reflection reads ”the angle of incidence
equals the angle of reflection”. From (2.16) we see that ŝi, ŝr and n̂ are in the same
plane. Let θi be the angle of incidence, and θr the angle of reflection, defined such
that 0 ≤ θi, θr < π/2, then

cos(θi) = −ŝi · n̂, cos(θr) = ŝr · n̂. (2.18)

We find by taking the inner product of (2.16) with n̂ that

ŝr · n̂ = ŝi · n̂− 2(ŝi · n̂)(n̂ · n̂) = −ŝi · n̂, (2.19)

and thus cos(θi) = cos(θr), from which we conclude that θi = θr.
Another important concept is refraction. Refraction occurs at the interface be-

tween two transparent media with different refractive indices. The refractive index n
of a medium is the ratio between the speed of light v in that medium and the speed
of light c in vacuum, i.e. n = c/v [19]. For a vacuum, it is 1 by definition, for air
it is also 1 in good approximation. The refractive index of water is 1.33, of glass
it is approximately 1.5 depending on the type of glass, and the refractive index of
polycarbonate (a transparent plastic commonly used for LED optics) is around 1.58.
When a ray is incident on the interface between to media with different refractive
indices, the direction of the ray changes. This change of direction is described by the
vectorial law of refraction [7, p.140], and illustrated in Figure 2.6b:

ŝr =
ni

nr
ŝi −

ni

nr
(n̂ · ŝi) +

√
1−

(
ni

nr

)2

(1− (n̂ · ŝi)2)

 n̂. (2.20)
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(a) Reflection on a plane

(b) Refraction on a plane

Figure 2.6: Reflection and refraction

In this equation, ŝi is the direction of the incident ray, ŝr is the direction of the
refracted ray, ni is the refractive index of the medium before refraction and nr is the
refractive index of the medium after refraction. By taking the cross product with n̂
we find another useful form of the law of refraction:

ni (ŝi × n̂) = nr (ŝr × n̂) . (2.21)

From this equation, we can easily derive Snell’s law, which is the more commonly
known law of refraction. From (2.20) we can see that ŝi, ŝr and n̂ are in the same
plane. Let θi and θr (0 ≤ θi, θr ≤ π/2) be the angle of incidence and refraction, as
shown in Figure 2.6b. First we note that

sin(θi) = |ŝi × n̂| , sin(θr) = |ŝr × n̂| . (2.22)

Taking the vector norm of (2.21) and comparing with (2.22), we find

ni sin(θi) = nr sin(θr), (2.23)

which is Snell’s law.
The vectorial law of refraction contains a square root. When the expression below

the square root is negative, the refracted ray is complex, which is physical nonsense.
Substituting n̂·ŝi = − cos(θi) and using 1−cos2(θi) = sin2(θi) and sin(θi) ≥ 0 because
0 ≤ θi ≤ π/2, we find that this occurs if

sin(θi) >
nr

ni
. (2.24)

When sin(θi) = nr/ni, we can see what happens if the square root is just not imag-
inary. The square root is zero, and we find by taking the inner product of (2.20)



2.4. FROM THREE TO TWO DIMENSIONS 17

with n̂ that ŝr · n̂ = 0, and thus the refracted ray is emitted parallel to the refracting
surface. If sin(θi) > ni/nr, no refraction occurs, but the ray is reflected instead. This
phenomenon is called total internal reflection (TIR).

During refraction and reflection, part of the light is always lost. Reflection effi-
ciency of a reflective surface is around 85% for a typical specular reflector used in
illumination, meaning that 15% of the light is lost by scattering and absorption. In
the case of refraction, there are so-called Fresnel losses [19, p.113]: when the angle of
incidence is small, about 4% of the light is not refracted, but reflected instead. This
percentage increases if the angle of incidence increases, and reaches 100% for total
internal reflection (hence the name). Optical systems using total internal reflection
are therefore very efficient. In addition, there are losses due to absorption when the
ray is traveling through a material.

2.4 From three to two dimensions

In this section we assume that the design problem has rotational or translational
symmetry. A typical example of an optical system with rotational symmetry is a
spotlight. A spotlight has a light source, for example a halogen incandescent light
bulb, or an LED. The intensity emitted by these light sources is in good approxima-
tion symmetric around one of the axes. The light output of a spotlight is typically
a rotationally symmetric pattern with a higher illuminance in the center and a lower
illuminance away from the center. We assume that the optical system is rotationally
symmetric as well. There are two advantages to systems with this symmetry. First,
rotationally symmetric optical components are often cheaper to manufacture than
asymmetric optical components. Secondly, the dimension of the design problem is re-
duced, simplifying the design process. The lenses design in Chapter 4 are rotationally
symmetric.

Suppose the light source, optical system and light output are rotationally sym-
metric around the z-axis. An example is sketched in Figure 2.7. A ray emitted from
this light source can be described by a location vector l1 on the z-axis and a direction
vector ŝ1. Let P be the plane that contains the z-axis and the vector ŝ1. The ray
ŝ1 propagates within this plane and may be reflected or refracted by a surface of the
optical system. Let l2 ∈ P be the location where the ray hits the surface, and let n̂
be a unit normal of the surface at this point. Because of the rotational symmetry of
the optical system, n̂ ∈ P. The direction of a reflected ray ŝ2 is given by the law of
reflection (2.16). Alternatively, the direction of a refracted ray is given by the law
of refraction (2.20). In both cases we find ŝ2 ∈ P. As a result, we can completely
describe the optical system by considering only the propagation of rays within P.

An example of a translationally symmetric optical system is an infinitely long
tube fluorescent lamp. This hypothetical system can be used as an approximation of
a finite tube fluorescent lamp. Let the z-axis be the axis of symmetry. We say that
a system is translationally symmetric along the z-axis if all illuminances, irradiances,
intensities and surfaces are independent of z. As a result, the z-component of the
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Figure 2.7: A section of a rotationally symmetric system. Any ray emitted from the
symmetry-axis will remain within the plane spanned by the symmetry-axis and the
direction vector of the ray.

surface normals in the system is 0. Define

s1 =

s1,x

s1,y

s1,z

 , ŝ1 =
s1√

s2
1,x + s2

1,y + s2
1,z

, n̂ =

nxny
0

 . (2.25)

Throughout this thesis we use the convention that a hat denotes a unit vector. After
reflection we find, using the law of reflection (2.16):

ŝ2 =
1√

s2
1,x + s2

1,y + s2
1,z

s1,x − 2(s1,x nx + s1,y ny)nx
s1,y − 2(s1,x nx + s1,y ny)ny

s1,z

 , (2.26)

which has the same z-component as ŝ1. Projection on the plane z = 0, without
normalization, gives

s2
P =

s1,x − 2(s1,x nx + s1,y ny)nx
s1,y − 2(s1,x nx + s1,y ny)ny

0

 . (2.27)

This direction is completely independent of the z-component of s1, even after nor-
malization. As a result, projected on the plane z = 0, this ray behaves the same as a
ray propagating in the plane z = 0. Therefore we can describe the behavior of rays
in the system by considering only rays in the plane z = 0.

Refraction however is a different story. We cannot apply the same reasoning be-
cause of the non-linearity of the law of refraction. Therefore, translational symmetry
does not apply to refractive optical systems.
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Figure 2.9: Phase space for the light source shown in Figure 2.8 in three different
planes.

2.5 Phase space and étendue

Phase space and étendue are useful but abstract concepts. Phase space is defined as
a four-dimensional space, and is defined for a specified plane in R3. For every ray
through this plane, the phase space coordinates are given by two location coordinates
on the plane and two angular coordinates. In R2, the phase space of a line is more
imaginative: rays through the line are specified by a position coordinate x on that line
and the angular coordinate p = sin(θ), where θ is the angle of the ray with respect to a
normal of the line. An example is shown in Figure 2.8. Light is emitted from the line
segment [−1, 1]× {0} within the angles ±π/4. In Figure 2.9 the phase space for the
lines y = 0, y = 2.5 and y = 5 is shown. For y = 0, the light is shown as a rectangle,
because all the rays have phase space coordinates in [−1, 1] × [sin(−π/4), sin(π/4)].
For y = 2.5 and y = 5, the range of the angles is still the same, but light with larger
angles has propagated to the sides.

Phase space is closely related to the concept of étendue. The étendue of a beam
of light in R3 is defined as the four-dimensional volume it occupies in phase space
multiplied by the refractive index. An interesting property of étendue is that no
optical element can reduce the étendue of a beam without reducing the flux. This
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fact is related to the second law of thermodynamics [20, p.58]. We illustrate étendue
by means of some examples. A parallel beam of light has zero étendue, because all the
light has the same angle. A point light source also has zero étendue, because at the
light source itself, all the light has the same position coordinate. After propagation,
the étendue is still 0: the phase space is a curved line, like the left or right boundary
of Figures 2.9b and 2.9c. It is possible to convert a point light source into a parallel
beam of light and back, using a lens. It is not possible to convert a light source as
shown in Figure 2.8 into a parallel beam of light, since its étendue is nonzero. It is
possible, however, to increase the étendue of a beam, using for example diffusers [20].

2.6 LEDs

In recent years, enormous improvements have been achieved in the efficiency and
light output of LEDs [1]. A decade ago LEDs were mostly used as indicator lights,
but today they are suitable as light sources in illumination systems. Their energy
efficiency has by now surpassed energy saving light bulbs. LED lighting is a rapidly
growing market, therefore a lot of research is done in this field.

LEDs are semiconductor devices that emit light if a voltage is applied. LEDs emit
light within a relatively narrow spectrum [21, p.7.60], therefore the light emitted by
LEDs is of approximately spectrally pure colors such as red, green or blue, depending
on the type of LED [22]. When colored light is needed, LEDs are highly efficient
and suitable light sources. However, most lighting systems require white light. There
are two common methods to create white light from colored LEDs. The first method
is to combine several LEDs with different colors. This results in a highly efficient
light source. Unfortunately, there are some serious disadvantages to this method.
The first disadvantage is that mixing the light from different LEDs is difficult. This
results in, for example, color shadows in the output beam, or an inefficient optical
system. Another disadvantage is that the spectrum of the emitted light consists of a
few narrow peaks. A broad spectrum is more desirable, it makes distinguishing subtle
color differences easier for objects illuminated by the lamp. On the other hand, an
advantage of this method for specific applications, is that it is possible to tune the
color of the light if the LEDs can be controlled independently. This is used, for
example, in the Philips Living Colors [23] and the Philips Hue [24].

The second, more commonly used method to create white light from LEDs is
phosphor conversion. In this method, a layer of phosphor is placed on top of a blue
LED, see Figure 2.10. The phosphor layer converts a part of the blue light into
green, yellow and possibly red light with a relatively broad spectrum. In this process,
energy is lost, but this disadvantage is compensated by the fact that the emitted light
is well mixed. Also, the spectrum of this light is broader than for multiple LEDs,
although there is often a dip in the spectrum in the green range. This is the most
common method to create white light with LEDs. These type of LEDs are called
phosphor-converted LEDs.

Light emitted by phosphor-converted LEDs is normally not perfectly uniform.
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blue light

yellow light

phosphor layer

LED

(a) Schematic drawing of a phosphor-converted
LED. The dark layer shows an LED emitting
blue light. The phosphor layer contains phos-
phor particles. When a photon hits a phosphor
particle, the wavelength is lowered and the pho-
ton is emitted again.

(b) Photo of a phosphor-
converted LED, downloaded from
http://www.philipslumileds.com/

about-us/press-room/media-library.

Figure 2.10: The phosphor-converted LED.

The color of the emitted light may depend on the angle and position of emission.
Dependence on the angle of emission is called Color over Angle variation: light emitted
in the direction of the surface normal has a smaller path length in the phosphor layer
than light emitted at large angles with respect to the surface normal. Therefore
the light emitted at large angles is more yellowish, while light emitted at in the
direction of the surface normal is more bluish. Dependence of the color of the light
on the position of emission is called Color over Position (CoP) variation. Chapter 4
is devoted to correcting CoA variation for an LED used in a spotlight.

2.7 Optical systems for illumination

In this section, we give two examples of illumination systems based on LEDs. The first
system is a replacement for the well-known halogen spotlight. Halogen spotlights are
popular in for example bathrooms and kitchens, and emit a relatively narrow beam
of white light. A picture and a schematic drawing of an LED replacement is shown in
the introduction in Figure 1.2. The schematic drawing shows the typical components
of an LED lighting system. The exterior of the lamp is used as cooling, and usually
consists of a heat-conducting material with a lot of profile to maximize the surface
area. Most of the inside of the system consists of electronics, used to provide the
LED with the right voltage, protect against overloads, provide dimming capabilities,
and possibly other features. On top of the LED, a collimator is placed to narrow the
beam of the light emitted from the LED. A common type of collimator used in such
applications is the TIR collimator, which is an optical component made of transparent
plastic with a profile as shown in the figure. The TIR collimator redirects the light
of the LED, which is emitted in a half-sphere, into a compact beam. This type of
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(a) Along a highway (b) A luminaire with a gas discharge lamp

Figure 2.11: Road lighting, pictures downloaded from http://www.newscenter.

philips.com.

collimator is used in Chapter 4 to correct the CoA variation. LED spotlights are 5 to
10 times more energy efficient than halogen spotlights.

Another example of an illumination system where LEDs can be applied is road
lighting. Road lighting typically consists of a high pole, such that the light source is
suspended high above the street, as shown in Figure 2.11. Typical light sources for use
in road lighting are gas discharge lamps. These type of light sources are more energy
efficient than incandescent light bulbs. There is a wide range of gas discharge lamps.
A popular gas discharge lamp along highways are low pressure sodium gas discharge
lamps. These lamps emit only monochromatic yellow light, but are highly efficient
(up to 200 lm/W) [25]. Another type of lamp commonly used for street lighting is the
mercury gas discharge lamp. These lamps have a lower efficiency (35 to 65 lm/W),
but emit white light with a much broader spectrum than sodium lamps. Mercury
lamps require several minutes warm-up time, but for application in road lighting this
is not a disadvantage, as the time of sunset is known in advance. The gas discharge
lamps used in road lighting are usually accompanied by a reflector to redirect all the
light from the light source to the street.

In recent years, more and more light poles are replaced by LED systems. LED
systems have several advantages over the traditional gas discharge lamps. LEDs emit
white light with a broad spectrum, this increases visibility and therefore safety in
traffic, while the efficiency of LEDs is higher than mercury gas discharge lamps (but
lower than low pressure sodium lamps). Finally, LEDs have a much longer lifetime.



Chapter 3

A Literature Overview on
Inverse Methods

In this chapter we give an overview of the literature on inverse design methods for
illumination optics. Inverse design methods are methods which, given a specified
light source and light output, give an optical system transforming the light from the
source into the specified output. Finding such an optical system by trial and error is a
very time-consuming process, even for experienced optical designers. Inverse methods
can significantly reduce the time needed to design illumination systems, and can also
improve the system performance. We distinguish between two-dimensional inverse
problems and three-dimensional inverse problems. Two-dimensional inverse problems
are inverse problems with rotational or translational symmetry, as described in Section
2.4. Inverse problems that do not assume such symmetry are called three-dimensional.

Several methods for solving two-dimensional inverse problems are known in litera-
ture. We start with describing inverse design methods that achieve a specified output
intensity or illuminance for light sources with zero étendue. Our newly developed
color correction method in Chapter 4 builds upon these methods. We continue with
discussing methods for extended light sources. Another class of design methods is
based on the so-called edge-ray principle. We introduce this principle, and give an
overview of methods based on this principle. Subsequently, we discuss the literature
on three-dimensional inverse problems. We distinguish between two types of methods.
First, we describe Oliker’s method, which constructs reflector and lens surfaces as an
intersection or union of a set of ellipsoids (or other geometrical surfaces). Secondly,
we give an overview of literature in which partial differential equations are derived
for a lens or reflector surface, sometimes including a numerical method to solve the
equations.
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(a) Zero étendue: the direction of
the reflected ray (the arrow) is con-
trolled by the orientation of the sur-
face (black line).

(b) Nonzero étendue: because mul-
tiple rays are incident on the same
location, it is not possible to con-
trol the direction of each reflected
ray individually.

Figure 3.1: Reflection of light rays from a beam with zero and nonzero étendue.

3.1 Two-dimensional inverse design methods

We discuss inverse design methods for optical systems with rotational or translational
symmetry, as described in Section 2.4. We distinguish between methods for light
sources with zero étendue and extended light sources. Examples of light sources with
zero étendue are point light sources and perfectly parallel beams. When the light
from such a light source is incident on a surface, there is exactly one ray of light on
each part of the surface. As a result, we have full control over the direction of each
ray after reflection or refraction. When a beam of light does not have zero étendue,
there are multiple rays incident on the same location. Therefore the direction of the
rays cannot be controlled individually. This is illustrated in Figure 3.1. In 3.1.1 we
discuss design methods for light sources with zero étendue and in 3.1.2 and 3.1.3 we
discuss two types of methods for light sources with nonzero étendue.

3.1.1 Prescribed target distribution for light sources with zero
étendue

This paragraph gives a literature overview on methods to design optical systems
with a prescribed illuminance or intensity output. These type of methods are known
under various names, such as ”the functional method” [26], ”concentrator design for
prescribed irradiance” [18], ”tailoring” [27] or ”curves by calculation/ray tracing” [28].

There have been publications on the calculation of symmetric lens and reflector
surfaces for illumination for over 80 years. A good and complete paper containing
an equation for both lens and reflector surfaces was published by Bortz and Shatz in
2006 [26]. They introduce an equation which can also be used when the light from a
zero étendue light source is first refracted or reflected by one or more fixed surfaces
before reaching the free-form surface. An illustration of the method is shown in
Figures 3.2 and 3.3a. From the source profile, a light ray is emitted from a specified
location with a specified angle θ. The ray is refracted or reflected by the optical
surface, after which it has a specified angle γ. The angle β is the angle of the incident
ray relative to the surface normal of the optical surface. For a refractive surface it is
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Figure 3.2: Standard and reversed geometry in the method of Bortz and Shatz. In
the standard geoometry, s increases from right to left, while in the reversed geometry,
s increases from left to right. Illustration from Bortz and Shatz [26].

given by

β = arctan

(
n2 sin(θ − γ(θ))

n2 cos(θ − γ(θ))− n1

)
, (3.1)

where n1 and n2 are the refractive indices of the material before and after refraction,
respectively. For a reflective surface, β is given by

β =
1

2
(θ − γ(θ) + π) . (3.2)

All quantities should be expressed as a function of the arc-length s along the source
profile. The distance r(s) a ray travels until it reaches the optical surface is calculated
by solving the following ordinary differential equation

dr

ds
=

dθ

ds
tan(β(s)) r(s) + cg [tan(β(s)) cos(δ(s))− sin(δ(s))] . (3.3)

Here δ(s) is the angle of the ray emitted from the source, relative to the local surface
normal, measured counterclockwise, and cg = ±1 is a geometry flag which is 1 for
the standard geometry and −1 for the reversed geometry (see Figure 3.2). From r(s),
the profile of the optical surface can be calculated. In order to solve the differential
equation (3.3), we need β(s) from (3.1) or (3.2), and thus we need γ(θ). This relation
is usually derived from the source and target intensity using conservation of luminous
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(a) The generalized functional method calcu-
lates the profile of an optical surface for rays
emerging from a given source profile with an-
gle θ, exiting the optical system at angle γ.
The method can be used for both refractive
and reflective profiles by choosing the appro-
priate relation for the local surface normal β.

(b) The dual surface method calculates two optical
profiles for a given illuminance and intensity at the
target profile. The calculation requires solving two
coupled ordinary differential equations.

Figure 3.3: The generalized functional method and the dual surface method by Bortz
and Shatz. Figures by Bortz and Shatz [26].

flux. A method to find this relation is given by Maes [29] and in Chapter 4 of this
thesis, where we use (3.3) to design a TIR collimator for an LED (see also [30], [31]).

In addition to a method for the calculation of a single surface, Bortz and Shatz
introduced a method to compute the shape of two successive surfaces that give both
a prescribed intensity in the far field and a prescribed illuminance on a plane at the
same time, or a prescribed illuminance on two different planes. This method is called
the Dual Surface Functional (DSF) method, and is illustrated in Figure 3.3b.

Below we give an overview of the most notable publications on design of symmetric
reflectors and lenses for light sources with zero étendue.

� Halbertsma, 1917, 1925. Forward calculations on reflector surfaces. Refer-
ences: [32], [33].

� Jolley, Waldram, Wilson, 1931. Calculation of curves for cylindrically and
rotationally symmetric reflectors with point sources using a type of tabular
integration, as computers were not yet available at that time. References: [34],
[35].

� Boldyrev, 1932. Boldyrev derives equations for reflector design, publication
in Russian. Reference: [36].

� Wasserman, Wolf, Vaskas, Braat, 1949, 1957, 1979 An inverse method
from imaging optics, with applications in illumination optics. Reference: [37],
[38], [39].
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(a) ’CEC type reflector’ (b) ’CHC type reflector’ (c) Rise and decay zone

Figure 3.4: The TED method: the iteration achieves the desired illuminance along
the reference line in the direction of the lower arrow. The leading edge moves along
the reflector in the direction of the upper arrow. The illuminance is given by the light
between the leading and the trailing edge. Figures by Ries and Winston [43].

� Keller, 1956, 1959. From the theory of scattering of charged particles, a
method for symmetric reflectors was developed independently by Keller. Refer-
ence: [40, 41].

� Elmer, 1974, 1980. Elmer, a retired optical designer, and a specialist on the
design of optics for street lighting, published an extensive book ”The optical
design of reflectors”. Reference: [28].

� Maes, 1997. PhD thesis discussing design of reflectors with point sources, and
calculation of transfer functions using integration. Maes thoroughly discusses
all the different transfer functions which transform a given source intensity into
an output intensity or illuminance. Reference: [29].

� Bortz, Shatz, 2006. Derivation of a generic equation describing reflector and
lens profiles for a given transfer function. Reference: [26].

3.1.2 Prescribed target distribution for extended light
sources

Optical design with a prescribed illuminance or intensity where the light source is a
point or line can be considered a solved problem. Development of similar methods for
extended light sources began in the 90’s [42]. For extended light sources, full control
over the output intensity or illuminance is not possible because of the nonzero source
étendue: the reflector is only a one-dimensional line, while the phase space of the light
is two-dimensional. The goal of the methods in this section is to design an optical
system that has an output which matches the required output as closely as possible.

An interesting method called TED (Tailored Edge-ray Design) was introduced by
Ries and Winston [27, 43, 44]. Their method calculates the shape of reflectors for
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extended Lambertian light sources, i.e., light sources of which the intensity of the
emitted light is proportional to the cosine of the angle with respect to the surface
normal, and a near-field target distribution on a screen. Illustrations are shown in
Figure 3.4. For each point on the target screen, they consider two rays from the edges
of the source: one ray, the ’leading edge’, is used to design a new part of the reflector.
The other ray, the ’trailing edge’, is reflected by a part of the reflector that has already
been calculated. Reflectors designed using this method will have a ’rise’ and ’decay’
zone at the boundaries of the target, where the light distribution smoothly rises from
zero or decays to zero, respectively.

Another common approach to the extended source problem are iterative methods.
Iterative methods use an existing method iteratively as follows: An initial design is
evaluated using a forward method such as ray tracing. The results from the simu-
lation are compared to the desired output. According to the difference, the initial
design is modified. This procedure is repeated until a satisfactory result has been
reached. A first paper mentioning an iterative method was by Rabl e.a. [45]. They
introduced an iterative method to generalize the TED procedure to non-Lambertian
light sources. Based on the simulation results, the prescribed output illuminance of
the TED design is changed. In 2007, Bortz and Shatz published a conference paper on
the application of an iterative method to improve the performance of the generalized
functional method [46]. In 2010, Cassarly published a conference paper on another
type of iterative method with a different correction method [47], and gave several
examples to demonstrate the robustness of his method.

Below we give an overview of some prominent literature on inverse methods for
extended light sources:

� Ries, Winston, 90’s. Tailored Edge-ray Design (TED), a method to calculate
reflectors for extended light sources with a Lambertian emission. References:
[44], [43], [27].

� Bortz, Shatz, 1995. Bortz and Shatz describe a variational method to the
extended source problem. Reference: [48].

� Rabl, 1995. This article introduces an iterative method to generalize the TED
procedure to non-Lambertian light sources. Based on the simulation results, the
prescribed output illuminance of the TED design is changed. Reference: [45].

� Bortz, Shatz, 2006. The generalized functional method can be used to ap-
proximate extended sources, by choosing a single ray for each location on the
source profile. A year later, they published a paper with an iterative method to
improve the performance. Reference: [26], [46].

� Cassarly, 2010. An iterative method with a different type of correction
method. Reference: [47].
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Figure 3.5: The edge-ray principle states that if there is an optical system that maps
the boundary of the phase space ∂Ri (denoted by a solid line) to the boundary of the
phase space ∂Ro (denoted by a dashed line), then this optical system maps Ri to Ro.

3.1.3 The edge-ray principle and the SMS method

Another class of inverse methods originated from the design of solar concentrators.
Solar concentrators are optical devices that concentrate sunlight onto a (photovoltaic)
surface which is as small as possible. The illuminance distribution on the surface is
not of any importance. These type of devices are widely used in the generation of
solar energy. The same design methods can be used to design illumination systems
with minimal loss of light.

An important design principle is the edge-ray principle. This principle is attributed
to Welford and Winston [49]. The principle is described as ”rays entering the system
at extreme angles should enter the exit aperture at the edge”. Welford and Winston
claim it is a necessary condition for a concentrator to be ideal, i.e., all light entering
the system arrives at the exit aperture. They first mentioned the principle in an
article on solar concentrators [49] in 1978.

In the 80’s, the edge-ray principle was further developed by Miñano. He described
how to use the edge-ray principle to design a concentrator using reflectors and a
gradient-index medium [50]. His definition of the edge-ray principle is as follows: if
there is an optical system that maps the boundary of the phase space of the incoming
light, ∂Ri, to the boundary of the phase space ∂Ro of the exiting light, then the
optical system maps Ri to Ro (see Figure 3.5). They prove the principle in a gradient
index material in which the index is a continuous function, therefore the mapping of
the phase space is continuous. In 1994, Ries and Rabl published a paper studying
the edge-ray principle when the mapping of the phase space is not continuous. This
happens, for example, when multiple reflections occur in the optical system. On
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(a) Source (b) Target

(c) The gap represents the
part of the source boundary
that cannot be mapped to the
target boundary.

Figure 3.6: The phase space of the source and target for the SMS design example.
The boundary of the source is mapped to the boundary of the target. The third figure
shows which part of the source boundary the SMS method may not be able to map
to the target boundary. Figures by Miñano and Gonzalez [51].

the boundary between areas in phase space corresponding to different numbers of
reflections, the edge-ray principle may be violated. They pose a theorem which is a
generalization of the edge-ray principle for situations when multiple reflections may
occur.

The simultaneous multiple surfaces (SMS) design method builds upon the edge-
ray theorem. A first paper describing this method was by Miñano in 1992 [51]. In
the following years, several papers appeared describing different type of concentrators
designed using the SMS method [52–56]. Later, the method was extended to three
dimensions [57, 58]. A description of the SMS method with examples is given in
the book ’Nonimaging Optics’ by Winston, Miñano and Beńıtez [18]. The simplest
example describes the design of the two sides of a lens, transforming the phase space
in Figure 3.6a into the phase space in Figure 3.6b. The construction process is shown
in Figure 3.7. The the source, the receiver and the lens are symmetric with respect to
the z-axis. The procedure is described for the upper part of the lens, the lower part
is constructed by symmetry:

1. First the points N and X (and by symmetry N ′ and X ′) are chosen such that
the étendue of the source and target are equal.

2. The slopes of both surfaces at N and X are chosen such that the ray from S′

to N , called rd, is directed via X to R′.

3. The surface MN is constructed by mapping the rays between R and R′ through
X to the point S′. The ray rc is the ray from S′ via M and X to R′.

4. The surface XY is constructed similarly, by mapping the rays departing between
S and S′ through N to R′. The ray re is the ray that reaches the receiver at
R′.
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(a) Construction of the surface
(b) The finished lens

Figure 3.7: Construction of two lens surfaces using the SMS method. Figures by
Miñano and Gonzalez [51].

5. Subsequently, the second surface is continued from Y downwards by mapping
rays from S through MN onto R′ (see Figure 3.7a).

6. Similarly, the first surface is continued from M by mapping rays from S′ through
XY to R (Figure 3.7a).

7. Step 5 and 6 are repeated until the surfaces reach the z-axis.

At the end of the construction, the surfaces may not be normal to the z-axis at x = 0.
This can be corrected by choosing other initial points N and X. The authors remark
that the method does not always yield a lens which fully maps the source boundary
to the target boundary (Figure 3.6c), but the gap becomes smaller if N and X are
chosen close to each other.

The SMS method can be used for several other types of optical concentrators, as
long as there are two surfaces to be designed. Examples are the XR concentrator, in
which the light is first reflected and subsequently refracted to the receiver, the RX
concentrator, which first refracts the light and then reflects, and the XX concentrator,
which has two reflective surfaces. A more complicated example is the RXI concentra-
tor, in which the light is first refracted, subsequently reflected, and finally reflected
by total internal reflection by the first surface again [18]. The SMS method has also
been extended to three dimensions [58].

3.2 Three-dimensional inverse design methods

In this section we consider inverse methods for the design of reflectors and lenses for
illumination without restrictions on symmetry. The light source is typically a point
light source. The output is specified in the far field as an intensity distribution, or in
the near field as an illuminance on a target plane.
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(a) A reflector in the shape of an ellip-
soid reflects all the light from one focus
to the other.

(b) Three ellipsoids with the same foci
but different focal parameters.

Figure 3.8: Properties of ellipsoids.

An engineering approach is to parametrize the lens or reflector surface using a
set of basis functions or polynomials. Combining simulations of the light output by
ray tracing, a merit function evaluating the light output of the surface and a generic
optimization algorithm, it is possible to calculate free-form reflector and lens surfaces.
The amount of detail in the target distribution is very limited, and such a procedure
takes several days of calculation time on a modern computer.

In this section, we given an overview of the literature on methods for the calcula-
tion of free-form reflectors and lens surfaces for illumination optics.

3.2.1 Oliker’s method of supporting ellipsoids

An interesting design method originated from an idea by the mathematician Oliker
[59]. The method is known as the ”method of supporting ellipsoids”. The main

idea is to construct a free-form reflector for a point light source from a union or
intersection of a set of ellipsoids, given a target illuminance on a screen. First, the
target illuminance is discretized by a collection of points on the screen. Each point
represents a certain amount of flux. Subsequently, for each target point, we construct
a reflector in the shape of an ellipsoid which has the light source and the target point
as foci. Such a reflector redirects all the light from the source to the target point (see
Figure 3.8a). The reflector with this property is not unique: there is a collection of
ellipsoids with the same foci but different focal parameters (see Figure 3.8b).

A reflector which directs light to all target points is constructed by making an
intersection or union of these ellipsoids, as shown in Figure 3.9. Subsequently, the
focal parameters of the different ellipsoids are varied in order to have the right amount
of flux on each of the target points. This is an iterative process. In [60], Kochengin
and Oliker introduce an optimization algorithm. This algorithm is shown to con-
verge, but is very slow. A faster optimization procedure is introduced by the same
authors [61]. This optimization procedure is further developed, optimized and applied
by Fournier [62] and Canavesi [63], both PhD students of professor Rolland from the
University of Rochester. The method was extended to be used for a wider class of
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(a) A crossing geometry by taking the
intersection of the ellipsoids.

(b) A noncrossing geometry by taking
the union of the ellipsoids.

Figure 3.9: Construction of a reflector from a set of ellipsoids. Figures by Fournier [62].

design problems by Michaelis, Schreiber and Bräuer [64] from the Fraunhofer Insti-
tute for Applied Optics and Precision Engineering in Germany. They use so-called
generalized Cartesian ovals, which makes the method applicable to, for example, the
design of a free-form lens for light which has already been refracted or reflected by
arbitrary other surfaces.

The relevance of Oliker’s work is broader than only a numerical method. His work
gives insight in the connection between reflector design and optimal mass transport
[65–67], and several papers concerning existence and uniqueness of solutions have
been published [68,69].

3.2.2 Methods based on partial differential equations

Several papers derive partial differential equations describing the lens or reflector
surface. To my knowledge, the earliest paper was by the Russian mathematician
Boldyrev in 1932. This paper is written in Russian, but recently a translation was
published [70]. Boldyrev derives two coupled first order partial differential equations
for a given light source with intensity distribution I(θ, φ), where θ is the inclination
and φ the azimuth, and target intensity J(α,ψ), where α and ψ are the inclination
and azimuth, respectively. The equations yield a mapping of the light, i.e., (α,ψ) =
(α(θ, φ), ψ(θ, φ)), for which a reflector surface can be calculated subsequently. The
first equation governs conservation of energy, and is given by

J(α,ψ) sin(α)

∣∣∣∣∂α∂θ ∂ψ∂φ − ∂α

∂φ

∂ψ

∂θ

∣∣∣∣ = ρ I(θ, φ) sin(θ). (3.4)

In this equation, ρ, which is a constant between 0 and 1, denotes the reflection co-
efficient of the surface, which is assumed independent of the angle of reflection. The
second equation is needed to ensure integrability of the reflector surface, i.e., existence



34 CHAPTER 3. A LITERATURE OVERVIEW ON INVERSE METHODS

Figure 3.10: Stereographic parametrization of a sphere. The vector ŝ1 has stereo-
graphic coordinates (u, v). The origin is denoted O.

of a reflector surface associated with the mapping (α(θ, φ), ψ(θ, φ)). The integrability
condition is given by

sin(θ) sin(φ− ψ)
(

cos(θ) + cos(α)
)∂α
∂θ
−

sin(θ) sin(α)
(

sin(θ) sin(α) + (cos(θ) cos(α) + 1) cos(φ− ψ)
)∂ψ
∂θ

=(
sin(θ) sin(α) + (1 + cos(θ) cos(α)) cos(φ− ψ)

)∂α
∂φ

+

sin(α) sin(φ− ψ)
(

cos(θ) + cos(α)
)∂ψ
∂φ

.

(3.5)

The functions α(θ, φ) and ψ(θ, φ) need to be determined by solving (3.4) and (3.5)
simultaneously. The reflector surface r(θ, φ) is calculated in spherical coordinates as
the distance from the origin, where the light source is located, by integrating the
following equations

∂ ln(r)

∂θ
= − sin(θ) cos(α)− sin(α) cos(θ) cos(φ− ψ)

1 + cos(θ) cos(α) + sin(θ) sin(α) cos(φ− ψ)
, (3.6a)

∂ ln(r)

∂φ
= − sin(θ) sin(α) sin(φ− ψ)

1 + cos(θ) cos(α) + sin(θ) sin(α) cos(φ− ψ)
. (3.6b)

Due to the integrability condition (3.5), we can find r both by first integrating (3.6a)
and then (3.6b), or vice versa: both give the same result. Boldyrev did not derive
boundary conditions or propose a numerical method, but the relative simplicity of
the equations make this paper still worth studying.

Possibly the first article mentioning the Monge-Ampère equation in relation to
reflector design was written by Schruben from Westinghouse Research Laboratories
in 1972 [71]. Schruben derives the equation governing the shape of a reflector for a
point light source using stereographic coordinates. These coordinates are defined as
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follows: let ŝ1 ∈ S2 be the direction of the emitted ray, and S2 the unit sphere. The
stereographic coordinates of ŝ1 are are given by the x-coordinate u and y-coordinate
v of the intersection of the line through (0, 0,−1) and ŝ1 with the plane z = 1, as
illustrated in Figure 3.10. The light source is located in the origin has a given intensity
I(u, v). The reflector surface is described by the function ρ(u, v) in stereographic
coordinates. The target plane is parallel to the x-y-plane, located below the light
source (z < 0) and assumed to be in the far field. The target illuminance is given by
L(x, y). The derivation of the Monge-Ampère equation is based on conservation of
luminous flux, given by the integral equation∫∫

ω(D)

L(x, y) dx dy =

∫∫
D

I(u, v)(
1 + 1

4 (u2 + v2)
)2 dudv, (3.7)

where the map ω is given by ω(u, v) = (x(u, v), y(u, v)). When ρ has continuous
second derivatives, the integral equation is equivalent to

L (x(u, v, ρ, p, q), y(u, v, ρ, p, q)) |J(u, v, ρ, p, q, r, s, t)| = I(u, v), (3.8)

where p = ρu, q = ρv, r = ρuu, s = ρuv, t = ρvv, and J is the Jacobian determinant.
Elaborating J , Schruben finds the following partial differential equation:

L(x, y)
[
A
(
ρuu ρvv − ρ2

uv

)
+B ρuu + C ρuv +Dρvv + E

]
= I(u, v), (3.9)

where x, y, A, B, C, D and E are functions of u, v, ρ, p, q, and are not explicitly given
because ’the expressions are too complicated’. The equation is of the Monge-Ampère
type. Schruben shows this equation is elliptic if I(u, v) and L(x, y) are positive,
but apparently he did not consider the possibility that the Jacobian determinant is
negative. Schruben does not derive boundary conditions nor a numerical algorithm.
The use of stereographic coordinates has some advantages over the more common
choice of spherical coordinates. First, there is a symmetry in the coordinates u and v.
Secondly, a spherical coordinate system has a degeneracy, i.e., if the inclination is 0, all
values of the azimuth refer to the same point in the coordinate system. Stereographic
coordinates do not have such a degeneracy in the coordinate system.

The problem of reflector design for illumination is very similar to the design of
reflector antennas for radio waves, only the length-scale of reflector antennas is larger
than the length-scale of illumination systems. Reflector antennas are used to transmit
(or receive) radio waves. Radio waves are emitted from the so-called feed, which has
a role similar to a light source in illumination. The reflector redirects the radio waves
in a certain direction. The shape of the reflector determines the strength of the signal
in each direction, which can be interpreted as a far-field intensity pattern. There is
also a second type of reflector antenna commonly considered in the literature: the
so-called offset dual reflector systems. These are reflector antennas consisting of two
reflector surfaces, and are less relevant for illumination optics. Several articles and
conference proceedings were published on the topic of the design of free-form reflector
antennas. In the 70’s, Norris and Westcott published two articles on single-reflector
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design. They claim the reflector surface r(σ, σθ, σφ) is a function of the generating
function σ(θ, φ), where θ and φ are spherical coordinates. The function σ is a solution
of a differential equation of the form

σθθ σφφ − σ2
θφ = a σθθ + b σθφ + c σφφ + d± eD(θ, φ), (3.10)

where a, b, c, d and e are functions of θ, σθ and σφ. Unfortunately, no details on
the derivation were given. They further mention there are three classes of solutions,
corresponding to crossing rays, non-crossing rays and rays crossing in only one direc-
tion, and claim that the boundary condition is given by mapping the boundary of
the source to the boundary of the target. Later, Westcott and Brickell derive similar
equations for offset dual reflector systems [72–75]. The equations are solved using
standard finite differences, a simplified boundary condition and Newton iteration.
They find solutions in some cases, but the boundary condition imposes restrictions
on the shape of the boundary of the target. Brickell and Westcott also authored some
of the few publications considering the hyperbolic case, i.e., the case where the minus
sign is chosen in (3.10) [76–78]. They rewrite the second order Monge-Ampère equa-
tion as a system of first order partial differential equations, which they solve using the
Lax-Wendroff method. They solve the first-order system as an initial-value problem,
but it is not clear how these initial values apply to their reflector problem.

From the 80’s up to now, several more papers were published on the derivation and
numerical solution of reflector and lens equations. The majority of the publications
considers only the elliptic case. The authors employ a variety of techniques to derive
the equations, and several existence and uniqueness results are published. Several
questions on the numerical solution remain unanswered. First, none of these published
methods can handle target domains with generic shapes. Secondly, large contrasts
in the target distribution tends to make numerical algorithms unstable. None of the
published methods seems to be robust enough to reach large contrasts. In this thesis,
we introduce two numerical methods, which can be used for any shape of the target
domain, and can achieve large contrasts as well.

The hyperbolic case has proven to be a big challenge. In contrast to the elliptic
case, no usable results are known regarding boundary conditions and existence and
uniqueness of solutions. To the best of my knowledge, no usable numerical algorithms
are known to solve the reflector or lens design problem in the hyperbolic case.

We conclude this section with a literature overview on derivations and numerical
algorithms for the Monge-Ampère equation for lens and reflector design.

� Boldyrev, 1932 Boldyrev published a short paper on a reflector surface for a
point light source and far field intensity. The derivation leads to two coupled first
order partial differential equations. No boundary condition is derived. Recently,
the article was translated from Russian to English. Reference: [70].

� Schruben, 1972. Derivation of a second-order partial differential equation
describing the reflector surface for a point light source and target plane in the
far field. The equation is derived using stereographic coordinates, and does
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not have a degeneracy such as found in spherical coordinates. No boundary
condition or numerical method is given. Reference: [71].

� Norris, Westcott, 1974, 1976. Norris and Westcott derive a reflector equa-
tion and a boundary condition for a point source and far field intensity. The
equation is solved numerically using standard finite differences, a simplified
boundary condition and Newton iteration. References: [79], [80].

� Brickell, Westcott, 1976. Brickell and Westcott wrote some of the few papers
on the hyperbolic Monge-Ampère equation. They derive a system of first order
partial differential equations, and solve them as an initial-value problem using
the Lax-Wendroff method. They do not motivate how their choice of initial
condition corresponds to the reflector problem. References: [76], [77], [78].

� Oliker, Newman, 1993. They derive a Monge-Ampère equation for a point
light source and a far field intensity using ’fundamental forms’. They give
conditions for existence of a solution. Reference: [81].

� Xu-Jia Wang, 1996. An extensive paper on the derivation of the reflector
equation for a point light source and far field intensity, with a discussion of
existence and uniqueness of solutions. Reference: [82].

� Ries, Muschaweck, 2002. This paper contains a derivation of the reflector
equation for point light sources and far field intensities using curvatures of wave
fronts. The authors claim to have a numerical method and show results, but do
not disclose the method. Reference: [83].

� Several authors from Zejiang University, 2013. These publications give
a derivation of the Monge-Ampère equation for reflectors and lenses, both for
point light sources and far field intensities and parallel beam light sources and
a target screen in the far field. The equations are solved using standard finite
differences, a simplified boundary condition and Newton iteration. The method
works for limited contrast and target domains having simple shapes such as
ellipses. References: [84], [85].
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Chapter 4

An Inverse Method for Color
Mixing

In this chapter, we introduce an inverse method to design rotationally symmetric
collimators, that give both a specified output intensity profile, and a constant output
color profile. This method is an extension of the methods described in Section 3.1.
The calculation of the lens and reflector surfaces is a nice example of an application
of the generalized functional method by Bortz and Shatz [26], described earlier in
Section 3.1.

4.1 Introduction to color variation in LEDs

An important issue for white LED lamps is color variation of the emitted light. This
is caused by color variation in the light output of the most common type of white
LED, the phosphor-converted LED. This type of LED consists of a blue LED with
on top a so-called phosphor layer which converts part of the blue light into yellow
and red. The resulting output is white light. The distance that a light ray travels
through the phosphor depends on the angle of emission. As a result, the light emitted
normal to the LED surface is more bluish, while the light emitted nearly parallel to
the surface is more yellowish [22, p. 353-357]. This phenomenon is called color over
angle (CoA) variation.

A lot of research has been done to reduce this color variation. Introduction of
bubbles in the phosphor layer causes scattering of light, reducing the color variation
[86]. Another common method is the application of a dichroic coating on the LED [87].
However, these methods reduce the efficiency of the LED and increase the production
costs. Wang et al. [88] proposed a modification of the optics directly on the LED
(the so-called dome) to improve the color uniformity. There are however more optical
components that can be modified to improve color uniformity. A necessary optical
component for a spotlight is a collimator. A collimator reduces the angular width
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of the light emitted by the LED. A common technique is to add a microstructure
on top of the collimator. However, this microstructure introduces extra costs in
the production process of the collimator, makes the collimator look unattractive and
broadens the light beam.

None of the methods mentioned above rigorously solves the problem of color vari-
ation, and all methods reduce the efficiency of the optical system. In this chapter, we
describe an inverse method to design a specific type of collimator, the so-called TIR
(total internal reflection) collimator. The TIR collimator designed with this method
mixes light from a point source such that the color variation is eliminated. The
collimator requires no microstructures nor scattering techniques. We elaborate two
collimator designs. The first design is the most basic, and gives a TIR collimator with
two free surfaces. For this design, a patent was requested and filed by Philips [89].
The second design has three free surfaces, and is an improvement of the first design.
This design gives an optical designer more freedom to vary the height and width of
the collimator. This is useful, for example, to fit it into the available space in a lamp.
The design procedure for the TIR collimator consists of two steps: first we calculate
transfer functions according to the specified light source and light output of the colli-
mator. Subsequently we calculate the free surfaces of the TIR collimator using these
transfer functions.

The contents of this chapter is the following. In Section 4.2, we introduce the
transfer functions and the requirements on intensity and color that should be fulfilled
by the transfer functions. We elaborate this for a TIR collimator with two free
surfaces in Section 4.3 and for a TIR collimator with three free surfaces in Section
4.4. In Section 4.5, we explain how to calculate the free surfaces from the transfer
functions. Subsequently we give the numerical procedure and simulation results for
the collimators in Section 4.6 and simulation results with light sources that are not
infinitely small in Section 4.7. We end with concluding remarks in Section 4.8.

4.2 Design of a TIR collimator using inverse
methods

A TIR collimator is a rotationally symmetric lens, usually made of a transparent
plastic like polycarbonate (PC) or polymethyl methacrylate (PMMA), that is used
to collimate the light of an LED into a compact beam. A profile of a TIR collimator
can be seen in Figure 4.1. The design procedure using inverse methods consists of
two steps: first we determine a relation between the angles t of rays leaving the
LED and the angles θ of rays leaving the collimator, the so-called transfer functions.
Subsequently we use these transfer functions to calculate the free surfaces of the TIR
collimator such that the light is redirected according to the relation defined by the
transfer functions. In Figure 4.1, these free surfaces are denoted by A, B and C. In
the next sections, we elaborate the first step, the second step is explained in Section
4.5.
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Figure 4.1: Profile of a TIR collimator with three free surfaces. A full TIR collimator
can be obtained by rotating the profile around the z-axis. The surfaces B and C are
separated by the ray with angle θ = 0. The inclination θ is defined to be the angle
with respect to the z-axis, therefore θ > 0 both for rays going upward as rays going
downward.

4.2.1 Source and target intensities

The first requirement that determines the choice of the transfer functions is the inten-
sity distribution of the light emitted from the TIR collimator. Let I(t, u) [lm/sr] be
the intensity distribution of the LED. The angle t ∈ [0, π/2] is the angle with respect
to the z-axis (inclination), and u ∈ [0, 2π) is the angle that rotates around the z-axis
(azimuth), so in Cartesian coordinates (x, y, z) (not to be confused with chromaticity
coordinates), we have

x = sin(t) cos(u), (4.1a)

y = sin(t) sin(u), (4.1b)

z = cos(t). (4.1c)

Because of the symmetry of the system, the intensity I(t, u) is independent of u and
denoted by I(t). We introduce the effective intensity I(t), which is the flux per rad
through the circular strip [t, t + dt] on the unit sphere divided by 2π, as shown in
Figure 4.2. We calculate I(t) by integrating I(t) over the angle u:

I(t) =
1

2π

∫ 2π

0

I(t) sin(t) du = I(t) sin(t). (4.2)

The effective intensity has unit [lm/rad]. LED light sources are usually Lambertian
or close to Lambertian, i.e., the intensity distribution I(t, u) of the emitted light is
proportional to cos(t), or has an intensity distribution close to this. Multiplying with
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Figure 4.2: The spherical coordinates t and u on the unit sphere. The circular strip
[t, t + dt] and the infinitesimal rectangle [t, t + dt] × [u, u + du] are shown in thick
lines.

a factor sin(t) for the rotationally symmetric setting, the LED will have in general an
effective intensity distribution of a form close to I(t) ∼ cos(t) sin(t). The exact shape
of I may vary, but we can always assume that I(0) = I(π/2) = 0, the right derivative
I ′+(0) > 0 and the left derivative I ′−(π/2) < 0. Also, we assume that I(t) > 0 for all
0 < t < π/2.

The light emitted from the TIR collimator has a desired pattern in the far field,
meaning that the TIR collimator itself can be considered a point source. The desired
intensity profile is denoted by G(θ, φ) [lm/sr], where θ ∈ [0, θmax] is the inclination for
some maximum inclination angle 0 < θmax ≤ π/2, and φ ∈ [0, 2π) is the azimuth. We
only consider intensity profiles that are rotationally symmetric and thus independent
of φ. Integration over the angle φ results in an effective intensity G(θ) = sin(θ)G(θ)
[lm/rad]. Because of the factor sin(θ), we have G(0) = 0 and the right derivative
G′+(0) > 0. Furthermore we will assume that G(θ) > 0 for all 0 < θ ≤ θmax: physics
requires that G(θ) ≥ 0 because luminous flux is nonnegative, and target distributions
with dark rings are highly unusual. A more in-depth discussion of effective intensity
distributions can be found in Maes [29]. The target intensity is multiplied by a
constant c > 0 such that we have conservation of luminous flux for the optical system:∫ π/2

0

I(t) dt = c

∫ θmax

0

G(θ) dθ. (4.3)

The angular space [0, π/2] of the light emitted by the LED is partitioned into
N ∈ N segments [τi−1, τi], i = 1, 2, · · · , N . For each segment we define a transfer
function ηi : [0, θmax]→ [τi−1, τi] ⊂ [0, π/2], and each transfer function corresponds to
a free surface. For a certain θ, ηi(θ) gives the emission angle t of the LED in [τi−1, τi].
We choose each transfer function to be strictly monotonic and thus invertible. The
luminous flux emitted from the collimator in the interval [θ, θ + dθ] must be equal
to the sum over i of the luminous fluxes emitted from the source in each interval
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[ηi(θ), ηi(θ+ dθ)]. We introduce the convention Ii(θ) = I(ηi(θ)). If ηi(θ) is increasing,
the flux in the interval [ηi(θ), ηi(θ + dθ)] is given by Ii(θ) η′i(θ). Luminous flux is
always nonnegative, so if ηi(θ) is decreasing, the flux in the interval is given by
−Ii(θ) η′i(θ). This leads to the following relation:

N∑
i=1

σiIi(θ) η′i(θ) = cG(θ), (4.4)

where σi = −1 for monotonically decreasing transfer functions and σi = 1 for mono-
tonically increasing transfer functions.

4.2.2 Color mixing

The second requirement on transfer functions is related to the color of the resulting
beam from the collimator. First, we briefly recall the theory of color mixing, then we
derive an ordinary differential equation describing the color of the beam.

Color perception is described extensively in Section 2.2 and in [12,14]. The human
perception of a beam of light can be fully described by its luminous flux (in lm) and the
two so-called chromaticity coordinates x and y (0 < x, y < 1). There is a simple rule
to calculate the chromaticity coordinates (x, y) of a beam resulting from mixing Nb

beams of light with luminous fluxes Li, i ∈ {1, . . . , Nb} and chromaticity coordinates
(xi, yi), i.e.,

xR =
ΣNb
i=1xiLi/yi

ΣNb
i=1Li/yi

, (4.5a)

yR =
ΣNb
i=1Li

ΣNb
i=1Li/yi

. (4.5b)

The resulting chromaticity coordinates xR and yR are weighted averages of the chro-
maticity coordinates of the original beams with weights Li/yi. Note that for the
mixing of two beams, the point (xR, yR) is on the straight line segment between
(x1, y1) and (x2, y2).

The chromaticity coordinates of the light emitted from an LED are not con-
stant, but depend on the angle of emission t and are described by functions x(t) and
y(t). Generalizing (4.5), we calculate the weighted average chromaticity coordinates
(xav, yav) of the LED as follows

xav =

∫ π/2
0

x(t) I(t)/y(t) dt∫ π/2
0
I(t)/y(t) dt

, (4.6a)

yav =

∫ π/2
0
I(t) dt∫ π/2

0
I(t)/y(t) dt

. (4.6b)

From measured data we have observed an approximate linear relationship between
x(t) and y(t), see Figure 4.3. From the color mixing rule, we conclude that if we
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Figure 4.3: Scatter plot of the measured x and y chromaticity coordinates of the LED
used in the numerical experiments. The size of the circles corresponds to the effective
intensity. The measured data in the lower left corner correspond to small angles t.
The measured data for values of t close to π/2, around (0.423, 0.4), are unreliable
because of the low light intensities, causing large measurement errors.

mix light from different angles of the LED into a single beam with color coordinates
(xT, yT), these coordinates must be on the straight line segment relating x(t) and
y(t). Therefore, given yT, the chromaticity coordinate xT is fully determined and we
only need that the y-coordinate of the mixed light equals a certain constant target
value yT. The light in the interval [θ, θ + dθ] emitted from the TIR collimator is the
sum of beams with luminous flux σiIi(θ) dηi(θ). Similar to Ii(θ), we introduce the
notation yi(θ) = y(ηi(θ)). The y-coordinate of this light is therefore

yT =

∑N
i=1 σiIi(θ) dηi(θ)∑N

i=1 σiIi(θ)/yi(θ) dηi(θ)
. (4.7)

Combining (4.7) with (4.4) we find the following differential equation:

N∑
i=1

σi
Ii(θ)
yi(θ)

η′i(θ) = c
G(θ)

yT
. (4.8)

The transfer functions for a CoA correcting collimator must satisfy the differential
equations (4.4) and (4.8). In the next section, we calculate a solution with two transfer
functions (N = 2) that satisfy the two differential equations. In Section 4.4, we
calculate a solution with three transfer functions (N = 3).
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4.3 A TIR collimator with two free surfaces

In Section 4.2 we have derived the differential equations for the calculation of transfer
functions, which have to be used to design a TIR collimator. In this section we apply
this system of ordinary differential equations to a specific case: a TIR collimator with
two free surfaces and thus two transfer functions (N = 2). The TIR collimator will
be as shown in Figure 4.4. We set up a system of two ordinary differential equations
for the two transfer functions, and discuss how to solve this system.

T
A

B

S θ

θ

LED z-axis

Figure 4.4: Profile of a TIR collimator with two free surfaces. A full TIR collimator
can be obtained by rotating the profile around the z-axis. The inclination θ is the
angle with respect to the z-axis, therefore θ > 0 both for rays going upward as rays
going downward.

4.3.1 Color mixing with two transfer functions

We combine (4.4) and (4.8) for N = 2 to form a system of differential equations. We
choose σ1 = 1 and σ2 = −1. This implies that the first transfer function is increasing
and the second decreasing, and thus we combine at the target the most bluish light
with the most yellowish light. We find the system(

I1(θ) −I2(θ)

I1(θ)/y1(θ) −I2(θ)/y2(θ)

)(
η′1(θ)

η′2(θ)

)
= cG(θ)

(
1

1/yT

)
. (4.9)

The choice of σ1 and σ2 immediately implies the initial values of η1 and η2. The
function η1 should map [0, θmax] to an interval [0, τ1] for some τ1 ∈ (0, π/2) and should
be monotonically increasing. Similarly, the function η2 should map [0, θmax] to the
interval [τ1, π/2] and η2 should be monotonically decreasing. As a result we have the
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following initial and end conditions:

η1(0) = 0, η2(0) = π/2, (4.10a)

η1(θmax) = τ1, η2(θmax) = τ1. (4.10b)

If the coefficient matrix of (4.9) is not singular, i.e., y1(θ) 6= y2(θ), we have the
following expressions for η′1 and η′2:

η′1(θ) =
cG(θ)

I1(θ)

1/y2(θ)− 1/yT

1/y2(θ)− 1/y1(θ)
, (4.11a)

η′2(θ) = −cG(θ)

I2(θ)

1/yT − 1/y1(θ)

1/y2(θ)− 1/y1(θ)
. (4.11b)

This is a system of two first order ordinary differential equations. The system appears
overdetermined, because we have both initial and end conditions, however, we also
have two constants c and yT. In the next paragraph we show that when (4.11) is
solved as an initial value problem with initial conditions (4.10a) for a proper choice
of c, yT and τ1, then the end conditions (4.10b) are automatically satisfied. But first
we remark there is a removable singularity at θ = 0. Here we have 0/0 division in
(4.11), because I1(0) = I2(0) = 0 and G(0) = 0. We derive an expression for η′1(0)
and η′2(0) using l’Hôpital’s rule.

Theorem 4.1. Assume G′+(0) > 0, I ′+(0) > 0, I ′−(π/2) < 0 and y(0) < yT < y(π/2).
Also assume η′1(0) 6= 0 and η′2(0) 6= 0. At θ = 0 we have

η′1(0) =

√
cG′+(0)

I ′+(0)

1/y(π/2)− 1/yT

1/y(π/2)− 1/y(0)
, (4.12a)

η′2(0) = −

√
−
cG′+(0)

I ′−(π/2)

1/yT − 1/y(0)

1/y(π/2)− 1/y(0)
. (4.12b)

Proof. Because of the properties of I(t), η1(θ) and η2(θ) mentioned earlier, we have
that I1(θ)→ 0 and I2(θ)→ 0 when θ ↓ 0. Also we have G(θ)→ 0 for θ ↓ 0. We can
calculate limθ↓0 G(θ)/I1(θ) and limθ↓0 G(θ)/I2(θ) using l’Hôpital’s rule:

lim
θ↓0

G(θ)

I(η1(θ))
= lim

θ↓0

d
dθG(θ)

d
dθI(η1(θ))

=
G′+(0)

I ′+(0) η′1(0)
, (4.13a)

lim
θ↓0

G(θ)

I(η2(θ))
= lim

θ↓0

d
dθG(θ)

d
dθI(η2(θ))

=
G′+(0)

I ′−(π/2) η′2(0)
. (4.13b)

Note that G′+(0), I ′+(0) and I ′−(π/2) are the left and right derivatives as defined
earlier. Evaluating (4.11) for θ ↓ 0 with substitution of (4.13) yields (4.12). Also
note that the expressions under the square root are always strictly positive because
y(0) < yT < y(π/2), G′+(0) > 0 and σi I ′(ηi(0)) > 0, therefore η1(θ) and η2(θ) are
real.
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4.3.2 The values of c, yT and τ1

The system (4.9) with boundary conditions (4.10) seems overdetermined. However,
we still need to determine values for the two parameters c and yT, and the boundary
between the segments, τ1. We derive these values given the boundary conditions and
assuming monotonicity of the transfer functions. Subsequently we show that there
is only valid value of τ1. Finally we show that our choice of the constants c and yT

imply that the end conditions (4.10a) are superfluous.
The constant c is related to conservation of luminous flux. We find by integration

of the first row of (4.9), using the given boundary conditions (4.10), the relation
Ii(θ) = I(ηi(θ)) and assuming monotonicity of the transfer functions:

c

∫ θmax

0

G(θ) dθ =

∫ θmax

0

I1(θ) η′1(θ) dθ −
∫ θmax

0

I2(θ) η′2(θ) dθ =∫ τ1

0

I(t) dt−
∫ τ1

π/2

I(t) dt =

∫ π/2

0

I(t) dt.

(4.14)

This corresponds to conservation of luminous flux for the system as in equation (4.3).
The function I(t) results from measurements on the LED, and G(θ) is chosen by the
optical designer. From I(t) and G(θ) we find the value of the constant c.

The constant yT is determined as follows. We integrate the second row of (4.9),
using the given boundary conditions (4.10), and find

c

yT

∫ θmax

0

G(θ) dθ =

∫ θmax

0

I1(θ)

y1(θ)
η′1(θ) dθ −

∫ θmax

0

I2(θ)

y2(θ)
η′2(θ) dθ =∫ τ1

0

I(t)

y(t)
dt−

∫ τ1

π/2

I(t)

y(t)
dt =

∫ π/2

0

I(t)

y(t)
dt.

(4.15)

Substituting (4.14) we obtain

1

yT

∫ π/2

0

I(t) dt =

∫ π/2

0

I(t)

y(t)
dt. (4.16)

Comparing to equation (4.6b) we conclude that yT = yav is the weighted harmonic
average of y(t). Similar to I(t), y(t) is known from measurements on the LED, so the
value of yav can be calculated.

Above we assumed monotonicity of the transfer functions. From (4.11) we con-
clude that the transfer functions are monotonic if y1(θ) ≤ yT ≤ y2(θ). As can be seen
in Figure 4.7b, the function y(t) is typically monotonically increasing on most of its
domain. Let tav be such that y(tav) = yav, and assume

y(t) < yav for all t < tav, y(t) > yav for all t > tav. (4.17)

From (4.11) we conclude that the transfer functions are monotonic if we choose

τ1 = tav. (4.18)
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The ODE-system (4.9) with boundary conditions (4.10) can be solved as an initial
value problem discarding the end conditions. We solve the explicit system (4.11) using
for example a Runge-Kutta method. The end conditions are automatically satisfied
because of the choice of c and yT. This is stated in Theorem 4.2 which is shown using
Lemma 4.1.

Lemma 4.1. Assume that the transfer functions η1(θ) and η2(θ) are monotonic.
The solution of the initial value problem defined by the ODE-system (4.9) and initial
conditions η1(0) = 0, η2(0) = π/2 satisfies η1(θmax) = η2(θmax).

Proof. Integrating the left hand side of the first row of (4.9) from 0 to θmax we find∫ θmax

0

I1(θ) η′1(θ) dθ −
∫ θmax

0

I2(θ) η′2(θ) dθ

=

∫ η1(θmax)

0

I(t) dt+

∫ π/2

η2(θmax)

I(t) dt.

Using conservation of luminous flux (4.3), we find for the right hand side of the first
row of (4.9):

c

∫ θmax

0

G(θ) dθ =

∫ π/2

0

I(t) dt.

Subtracting these two equations we find∫ η2(θmax)

η1(θmax)

I(t) dt = 0.

Combining these two equations, using I(t) > 0 for 0 < t < π/2 we conclude that

η1(θmax) = η2(θmax).

Theorem 4.2. Assume that the transfer functions η1(θ) and η2(θ) are monotonic
and consider the initial value problem defined by the ODE-system (4.9) and initial
conditions η1(0) = 0, η2(0) = π/2. The end value of the transfer functions is given by
η1(θmax) = η2(θmax) = τ1.

Proof. From Lemma 4.1 we have η1(θmax) = η2(θmax). Integrating the second row of
(4.9) from θ to θmax, we find for the right hand side, using subsitution from the first
row:

c

yT

∫ θmax

θ

G(θ) dθ =
1

yT

∫ η2(θ)

η1(θ)

I(t) dt,

and we find for the left hand side, using η1(θmax) = η2(θmax):∫ η1(θmax)

η1(θ)

I(t)

y(t)
dt−

∫ η2(θmax)

η2(θ)

I(t)

y(t)
dt =

∫ η2(θ)

η1(θ)

I(t)

y(t)
dt.
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Using the mean value theorem for integrals [90] on the last relation, and combin-
ing with the right hand side of the second row of (4.9), we find that for some
t̃ ∈ (η1(θ), η2(θ)) we have∫ η2(θ)

η1(θ)

I(t)

y(t)
dt =

1

y(t̃)

∫ η2(θ)

η1(θ)

I(t) dt =
1

yT

∫ η2(θ)

η1(θ)

I(t) dt.

Remember that yT = yav = y(tav). By the assumptions (4.17), if η1(θ) > tav, then
t̃ > tav and thus y(t̃) > yT . This is a contradiction with the above relation, therefore
η1(θ) ≤ tav. Similarly, we conclude that η2(θ) ≥ tav. This is true for all θ ∈ [0, θmax].
Combining with η1(θmax) = η2(θmax), we conclude that η1(θmax) = η2(θmax) = tav,
and thus also τ1 = tav.

At θ = θmax we find again a removable singularity, because η1(θ) and η2(θ) ap-
proach tav. Therefore we have in (4.11) y1(θmax) = y2(θmax) and thus division by
zero.

Theorem 4.3. The singularity of (4.11) at θ = θmax can be removed with

η′1(θmax) =
cG(θmax)

2 I(τ1)
> 0, (4.19a)

η′2(θmax) = −cG(θmax)

2 I(τ1)
< 0. (4.19b)

Proof. For θ = θmax we rewrite (4.11) to

η′1(θmax) =
cG(θmax)

I(τ1)
lim

θ↑θmax

1/y2(θ)− 1/yT

1/y2(θ)− 1/y1(θ)
,

η′2(θmax) = −cG(θmax)

I(τ1)
lim

θ↑θmax

1/yT − 1/y1(θ)

1/y2(θ)− 1/y1(θ)
,

where yT = y(τ1). The fraction in the limit gives division by zero. Using l’Hôpital’s
rule and the chain rule for differentiation, we find:

η′1(θmax) =
cG(θmax)

I(τ1)

η′2(θmax)

η′2(θmax)− η′1(θmax)
,

η′2(θmax) =
cG(θmax)

I(τ1)

η′1(θmax)

η′2(θmax)− η′1(θmax)
.

Solving the last two equations for η1(θmax) and η2(θmax) yields (4.19). Here we
ignored the possibility η′1(θmax) = η′2(θmax) = 0, and substitution in (4.9) shows that
the derivatives of η1 and η2 must be nonzero indeed, if G(θmax) > 0.

The transfer functions can be obtained by integrating (4.11) with initial conditions
(4.10a). At θ = 0, (4.12) may be applied, and at θ = θmax, (4.19) may be applied.
The integration yields two transfer functions η1(θ) and η2(θ). In Section 4.5 we
explain how to calculate a TIR collimator from these two transfer functions. In the
next section, we calculate a solution of (4.4) and (4.8) with three transfer functions
(N = 3).
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4.4 A TIR collimator with three free surfaces

Regular TIR collimators consist of three segments rather than two. Therefore, we
modified the design method for two segments to a method for three segments (N =
3). With three segments, the TIR collimator resembles more closely a regular TIR
collimator that is not designed for correcting CoA variation. As a bonus, the three-
segment design procedure offers more design freedom, as we can choose, to a certain
extend, the angular width of the lens part of the collimator.

The layout of the TIR collimator is shown in Figure 4.1. For the lens part, given
by surface A, and the reflective surface C, t increases with θ, so σ1 = σ3 = 1. For
surface B, t decreases for increasing values of θ, and thus σ2 = −1. We use again the
following convention: Ii(θ) = I(ηi(θ)) and yi(θ) = y(ηi(θ)). This provides us with
the following system of differential equations:(

I1(θ) −I2(θ) I3(θ)

I1(θ)/y1(θ) −I2(θ)/y2(θ) I3(θ)/y3(θ)

)η
′
1(θ)

η′2(θ)

η′3(θ)

 = cG(θ)

(
1

1/yT

)
. (4.22)

The initial and end conditions for the transfer functions follow from the signs σi and
the boundaries τ1 and τ2 (0 < τ1 < τ2 < π/2) between the segments:

η1(0) = 0, η2(0) = τ2, η3(0) = τ2, (4.23a)

η1(θmax) = τ1, η2(θmax) = τ1, η3(θmax) = π/2. (4.23b)

The system (4.22) is underdetermined, therefore we add an extra equation. We choose
an equation which is as simple as possible, has an obvious physical interpretation and
yields a regular coefficient matrix for the ODE system. The equation we choose
corresponds to the requirement that the intensity resulting from one of the transfer
functions contributes a factor r ∈ (0, 1) to the total target intensity. Let j be the
index of this transfer function, then we impose

σjIj(θ)η′j(θ) = r cG(θ). (4.24)

For j = 1 the coefficient matrix of the system for θ = 0 is given by: I(0) −I(τ2) I(τ2)

I(0)/y(0) −I(τ2)/y(τ2) I(τ2)/y(τ2)

I(0) 0 0

 , (4.25)

where we used η1(0) = 0 and η2(0) = η3(0) = τ2. This matrix is singular, therefore
j = 1 is not a good choice. For j = 3 the coefficient matrix of the system for θ = θmax

is given by  I(τ1) −I(τ1) I(π/2)

I(τ1)/y(τ1) −I(τ1)/y(τ1) I(π/2)/y(π/2)

0 0 I(π/2)

 , (4.26)
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where we used η1(θmax) = η1(θmax) = τ1 and η3(θmax) = π/2. This matrix is also
singular, therefore we will not choose j = 3 either. A singular coefficient matrix does
not occur for j = 2, so this is our choice. The ODE system is now I1(θ) −I2(θ) I3(θ)

I1(θ)/y1(θ) −I2(θ)/y2(θ) I3(θ)/y3(θ)

0 −I2(θ) 0


η
′
1(θ)

η′2(θ)

η′3(θ)

 = cG(θ)

 1

1/yT

r

 . (4.27)

The system can be inverted, yielding the following explicit system

η′1(θ) =
cG(θ)

I1(θ)

y1(θ)

y1(θ)− y3(θ)

(
1− r − y3(θ)

yT
+ r

y3(θ)

y2(θ)

)
, (4.28a)

η′2(θ) = −r cG(θ)

I2(θ)
, (4.28b)

η′3(θ) =
cG(θ)

I3(θ)

y3(θ)

y3(θ)− y1(θ)

(
1− r − y1(θ)

yT
+ r

y1(θ)

y2(θ)

)
. (4.28c)

The system (4.28) with boundary conditions (4.23) has three unknown functions η1(θ),
η2(θ) and η3(θ). The functions I(t) and y(t) are known from measurements on the
LED. The function G(θ) can be chosen by the optical designer as a finite function
on [0, θmax]. The constants c, yT and r cannot be chosen freely, we will show that
their values follow from conservation of luminous flux, the law of color mixing and
the choice of τ1 and τ2, respectively. Also the values of τ1 and τ2 cannot be chosen
freely. We show the choice of these values is related to the monotonicity of the transfer
functions.

Equation (4.28a) has a removable singularity at θ = 0, because G(0) = 0 and the
initial values of the transfer functions imply η1(0) = 0 and thus I1(0) = I(0) = 0.
We calculate η′1(0) using l’Hôpital’s rule on cG(θ)/I1(θ) and the relations y1(0) =
y(η1(0)) = y(0) and y3(0) = y(η3(0)) = y(τ2):

η′1(0) =

√
cG′+(0)

I ′+(0)

y(0)

y(τ2)− y(0)

(
y(τ2)

yT
− 1

)
. (4.29)

We choose the positive sign in front of the square root since η′1(0) should be positive.
Here G′+(0) and I ′+(0) are the right derivatives of G(θ) at θ = 0 and of I(t) at t = 0,
respectively. These right derivatives are positive because I(t) and G(θ) are positive
at t > 0 and θ > 0. We have y(t) > 0 by definition of the chromaticity coordinates,
and we assume, based on measurements, that y(0) < y(τ2). To ensure that the right
hand side of (4.29) is positive and real, we need to choose τ2 such that y(τ2) > yT.

4.4.1 The values of c, yT and r

The system (4.27) with boundary conditions (4.23) appears to be overdetermined.
However, the system contains three unknown parameters which still need to be chosen.
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We derive values for the three constants c, yT and r given the boundary conditions
and assuming monotonicity of the transfer functions. Later we show that our choice
of the constants c, yT and r imply that the end conditions are superfluous.

The first unknown value is the constant c. Integration of the first row of (4.27),
using the given boundary conditions and Ii(θ) = I(ηi(θ)), yields

c

∫ θmax

0

G(θ) dθ =

∫ θmax

0

3∑
i=1

σiIi(θ)ηi(θ) dθ =

∫ π/2

0

I(t) dt. (4.30)

Again, the function I(t) is known from measurements on the LED, the function G(θ)
is chosen by the optical designer, so from this relation we derive the value of the
constant c. This relation corresponds to conservation of luminous flux (4.3).

The second unknown is the target chromaticity value yT. Integration of the second
row of (4.27) using the given boundary conditions and substitution of (4.30) yields∫ π/2

0

I(t)

y(t)
dt =

1

yT

∫ π/2

0

I(t) dt. (4.31)

This relation shows that yT is the weighted harmonic average of the y-chromaticity
coordinate of the light source, i.e., yT = yav. Like I(t), the function y(t) is known
from measurements on the LED, thus we can derive the value of yav.

The third unknown is r. Integration of the third row of (4.27) with the given
boundary conditions and substitution of (4.30) yields

r

∫ π/2

0

I(t) dt =

∫ τ2

τ1

I(t) dt. (4.32)

This relations corresponds to conservation of luminous flux for the second transfer
function.

4.4.2 Monotonicity of the transfer functions

The transfer functions calculated from (4.28) with initial condition (4.23a) should be
monotonic, otherwise they have no physical meaning. From (4.28b) we can easily see
that η′2(θ) ≤ 0 because r > 0, G(θ) ≥ 0 and I(t) ≥ 0, thus, η2(θ) is monotonically
decreasing. The monotonicity of η1 and η3 is more complicated to show and we need
some additional assumptions to derive a sufficient condition for their monotonicity.

Theorem 4.4. Assume that the chromaticity coordinate function y(t) satisfies the
inequalities

0 < y(t1) < y(τ1) < y(t2) < y(τ2) < y(t3)

∀t1, t2, t3 s.t. 0 < t1 < τ1 < t2 < τ2 < t3 < π/2,
(4.33)

and the transfer functions satisfy the bounds

0 ≤ η1(θ) ≤ τ1, τ1 ≤ η2(θ) ≤ τ2, τ2 ≤ η3(θ) ≤ π/2. (4.34)
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If ∫ τ2
τ1
I(t) dt∫ π/2

0
I(t) dt

= r < min

(
y(τ1)

yT
,
y(τ2)/yT − 1

y(τ2)/y(τ1)− 1
,

1− y(τ1)/yT

1− y(τ1)/y(τ2)

)
, (4.35)

then η1(θ) and η3(θ) are monotonically increasing.

Proof. We need to prove that the derivatives of η1 and η3 are positive. From (4.28a),
using assumptions (4.33) and (4.34), we find that η1 is monotonically increasing if

1− r − y3(θ)

yT
+ r

y3(θ)

y2(θ)
≤ 0,

and likewise η3 is monotonically increasing if

1− r − y1(θ)

yT
+ r

y1(θ)

y2(θ)
≥ 0.

Subtracting the second inequality from the first we obtain

− 1

yT
(y3(θ)− y1(θ)) +

r

y2(θ)
(y3(θ)− y1(θ)) ≤ 0.

Using (4.33) and (4.34) we find from the assumption r < y(τ1)/yT that

r

y2(θ)
≤ 1

yT
.

Define

M(θ) =
1− r

1/yT − r/y2(θ)
.

Using r/y2(θ) ≤ 1/yT, the inequality for the monotonicity of the first transfer function
can be rewritten as M(θ) ≤ y3(θ) and the inequality for the third transfer function
as y1(θ) ≤M(θ). We combine these two results to obtain

y1(θ) ≤M(θ) ≤ y3(θ).

The function M(θ) it is monotonically increasing because η2(θ) is monotonically de-
creasing. Therefore, if y(τ1) ≤ M(0), we find using (4.33) and (4.34) that y1(θ) ≤
M(θ) for all θ. Similarly, if M(θmax) ≤ y(τ2), then M(θ) ≤ y3(θ) for all θ. The
inequalities y(τ1) ≤ M(0) and M(θmax) ≤ y(τ2) are equivalent to the second and
third inequality in (4.35).

Figure 4.5 shows a scatter plot of values of τ1 and τ2 for which (4.35) is satisfied,
for an LED which will also be used in the numerical experiments. The acceptable
values of τ1 and τ2 are bounded by the lines τ1 = tav and τ2 = tav, where tav is the such
that y(tav) = yav = yT. If τ1 > tav, then (4.35) cannot be satisfied (because r must
be positive) and thus we cannot guarantee monotonicity of the transfer functions.
Similarly, if τ2 < tav we cannot guarantee monotonicity using (4.35).
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Figure 4.5: Scatter plot of the values of τ1 and τ2 for LED16 that guarantee monotonic
transfer functions. tav is such that y(tav) = yav.

4.4.3 The initial value problem

The ODE-system (4.27) with the boundary conditions (4.23) can be solved as an
initial value problem. We remark that solving the system as an end value problem
has no advantages nor disadvantages. We discard the end conditions and solve the
initial value problem (4.27), (4.23a) using the ode45 function in Matlab. The end
conditions are satisfied as a result of our choices of c, yT and r.

Theorem 4.5. Assume monotonicity of the transfer functions. The solution of the
initial value problem defined by the ODE system (4.27) and the initial conditions
η1(0) = 0, η2(0) = η3(0) = τ2 satisfies the end conditions η1(θmax) = η2(θmax) = τ1,
η3(θmax) = π/2.

Proof. First we show that η2(θmax) = τ1 is satisfied. Integration of the last row of
(4.27) from θ = 0 to θ = θmax, using (4.30) and (4.32), gives

−
∫ θmax

0

I2(θ)η′2(θ) dθ = −
∫ η2(θmax)

τ2

I(t) dt = rc

∫ θmax

0

G(θ) dθ =

∫ τ2

τ1

I(t) dt.

So we find ∫ η2(θmax)

τ2

I(t) dt+

∫ τ2

τ1

I(t) dt = 0.

Because I(t) > 0 for all t except t = 0 and t = π/2, we conclude η2(θmax) = τ1. Note
that this implies τ1 ≤ η2(θ) ≤ τ2, because we assumed monotonicity of η2(θ).

Using the monotonicity of the transfer functions, we can integrate the left hand
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side of the first row of (4.27):∫ θmax

0

(I1(θ)η′1(θ)− I2(θ)η′2(θ) + I3(θ)η′3(θ)) dθ =∫ η1(θmax)

0

I(t) dt−
∫ τ1

τ2

I(t) dt+

∫ η3(θmax)

τ2

I(t) dt.

For the right hand side we have, due to (4.30),

c

∫ θmax

0

G(θ) dθ =

∫ π/2

0

I(t) dt.

By subtracting the last two relations we find∫ η1(θmax)

τ1

I(t) dt+

∫ η3(θmax)

π/2

I(t) dt = 0. (*)

Similarly, we can derive from the second row of (4.27), using Equation (4.31),∫ η1(θmax)

τ1

I(t)

y(t)
dt+

∫ η3(θmax)

π/2

I(t)

y(t)
dt = 0.

The functions I(t) and 1/y(t) are continuous, and I(t) does not change sign in the
interval (0, π/2). Using the expanded first mean-value theorem for integrals [90,
p.487], we find that for some t1 ∈ (η1(θmax), τ1) and some t3 ∈ (η2(θmax), π/2) we
have

1

y(t1)

∫ η1(θmax)

τ1

I(t) dt+
1

y(t3)

∫ η3(θmax)

π/2

I(t) dt = 0. (**)

The equations (*) and (**) form a linear system for the two integrals of I(t). Since
t1 < τ2, we find from the assumption y(t1) < y(t3) that

det

(
1 1

1/y(t1) 1/y(t3)

)
6= 0,

and thus ∫ η1(θmax)

τ1

I(t) dt = 0,∫ η3(θmax)

π/2

I(t) dt = 0.

Because I(t) > 0 for all t except at the boundary points, we conclude

η1(θmax) = τ1,

η3(θmax) = π/2.
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Figure 4.6: Geometry of the free surfaces B and C. The grey arrow shows the ’TIR
route’ of the light. The LED is located at the origin of the coordinate system.

4.5 Free surface calculations

Each transfer function corresponds to a free surface. In Figure 4.1, these surfaces
are denoted A, B and C. The shape of these free surfaces is calculated from the
transfer functions using the ’generalized functional method’ developed by Bortz and
Shatz [26, 91], which is also described in 3.1.1. They derived a differential equation
that describes the location of a free surface, given a surface S from which the rays
depart with a given angle t̃:

df

ds
=

dt̃

ds
tan(β)f + cg (tan(β) cos(δ)− sin(δ)) . (4.38)

Here f is the distance a light ray travels from the surface S to the free surface, s is
the arc-length along S, t̃ is the angle of the ray leaving S with respect to the z-axis,
and δ is the ray-emission angle measured counterclockwise with respect to the normal
of S. The angle β is the angle of incidence on the free surface with respect to the
surface normal, and because we have the so-called reversed geometry, we have cg = −1
(see Figure 3.2). For the reflective surfaces B and C, the variables are illustrated in
Figure 4.6. We like to formulate this differential equation in terms of t instead of s.
Multiplication by ds/dt gives

df

dt
=

dt̃

dt
tan(β)f − ds

dt
(tan(β) cos(δ)− sin(δ)) . (4.39)

The parameters β and δ depend on t and are derived below.

Light propagates through the collimator by two type of routes. In the ’TIR route’,
light is refracted by surface S, reflected by surface B or C by total internal reflection
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and finally refracted by surface T . In the ’lens route’, light is refracted by surface A
and subsequently refracted by surface T .

First consider the surfaces B and C. These surfaces are on the ’TIR route’, which
is shown in Figure 4.6. Surface B is bounded at one side by the rays that leave the
source at angle t = τ1. The boundary between surface B and C is marked by the
rays that leave the collimator at angle θ = 0, and we define the angle of this ray
when leaving the light source to be t = τ2. The angles τ1 and τ2 are illustrated in
Figure 4.1. First the light is refracted at surface S. Let d be the distance from the
left of surface S to the LED and α the clockwise angle of this surface with respect
to the symmetry-axis. A ray that leaves the LED at angle t, will hit surface S at
(xS(t), yS(t)) and leave surface S with angle t̃(t) given by

xS(t) =
d

tan(t) + tan(α)
, (4.40a)

yS(t) =
d tan(t)

tan(t) + tan(α)
, (4.40b)

t̃(t) = arccos

(
cos(α+ t)

n

)
− α. (4.40c)

Relation (4.40c) was derived using Snell’s law of refraction. The refractive index of
the material of the collimator is denoted by n. From (4.40a) and (4.40b) we find s,
which is defined to be 0 at t = π/2. Also we calculate δ:

s(t) =
d

cos(α) tan(t) + sin(α)
, (4.41a)

δ(t) = t̃(t) + α− π

2
. (4.41b)

Subsequently, the rays are reflected at surface B or C. For a reflective surface we
have [26]

β(t) =
1

2

(
t̃(t)− θ̃(t)− π

)
. (4.42)

Here θ̃ is the angle of the rays with respect to the z-axis after reflection. Before the
rays leave the TIR collimator, they are once more refracted by surface T . Rays that
leave the collimator at angle θ = η−1(t) must enter surface T at angle

θ̃(t) = ± arcsin(sin(η−1(t))/n), (4.43)

where the sign is negative if the rays cross the z-axis, and positive otherwise. In Figure
4.1, a plus sign is chosen for surface C and a minus sign for surface B. Equation (4.43)
is derived using Snell’s law. Now we can calculate f(t) by numerically integrating the
ODE (4.39) backwards, starting at t = π/2. The parameters in (4.39) are given by
(4.40c),(4.41a), (4.41b), (4.42) and (4.43). The integration for surface C starts with
f(π/2) = b ≥ 0, which is usually chosen larger than 0 to prevent a sharp edge of
the collimator for manufacturing purposes. At t = τ2, the final value f(τ2) of the
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calculation of surface C is chosen as starting value for the calculation of surface B.
The coordinates of the surfaces B and C can be calculated as

xB/C(t) = xS(t) + f(t) cos(t̃(t)), (4.44a)

yB/C(t) = yS(t) + f(t) sin(t̃(t)). (4.44b)

Now consider surface A, the ’lens route’ of the collimator. The light incident on
surface A comes from a single point, therefore the arc-length along the source surface
is 0, so we take s(t) = 0. Furthermore, we have t̃(t) = t. For a refractive surface we
need the following expression for β [91], derived from Snell’s law:

tan(β) =
sin(θ̃ − t̃)

1/n− cos(θ̃ − t̃)
. (4.45)

Using (4.43), the differential equation (4.39) is now

df

dt
=

(
sin(θ̃ − t)

1/n− cos(θ̃ − t)

)
f, (4.46)

which we solve by numerically integrating backwards subject to the end condition

f(τ1) =
√
xS(τ1)2 + yS(τ1)2. (4.47)

Surface A can be calculated according to

xA(t) = f(t) cos(t), (4.48a)

yA(t) = f(t) sin(t). (4.48b)

4.6 Numerical procedure and simulation results

The methods described in Section 4.3 and Section 4.4 have been tested using two
different LEDs, which we refer to as LED16 and LED02. Both of them are Luxeon
Rebel IES white LEDs without a dichroic coating, and have a larger than usual CoA
variation. The intensity and chromaticity coordinates of the LEDs were measured,
and the measured data were interpolated. The interpolation polynomials have been
used to approximate I(t) and y(t). The method for two free surfaces has been tested
for LED16 and a Gaussian target intensity. The method for three free surfaces has
been tested for three different collimators. The first two collimators were designed
for LED16 and have a Gaussian-shaped target intensity profile. The two collimators
differ in their values for τ1 and τ2. The third collimator was designed for LED02 and
has a block-shaped target intensity profile. The collimators were evaluated using the
LightTools software package [8].
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LED 16 02
i Ci Dx

i Dy
i Ci Dx

i Dy
i

0 0 0.4013 0.3546 0 0.4591 0.3792
2 -181.8279 0.0578 0.0988 -148.8533 0.0452 0.0892
3 76.0797 -0.0367 -0.0557 -60.3797 -0.0590 -0.1790
4 221.9411 0.0271 0.0255 520.5934 0.0916 0.3596
5 -624.0461 -0.0564 -0.0371 -913.6760 -0.1399 -0.4585
6 499.8253 0.0444 0.0196 636.8623 0.1030 0.2823
7 -127.0787 -0.0116 -0.0034 -153.5863 -0.0271 -0.0658

Table 4.1: Coefficients from the linear least squares fits.

4.6.1 Modelling of the LEDs

The LEDs were measured using a goniophotometer [92]. A goniophotometer is a de-
vice that measures intensity, chromaticity coordinates and many other characteristics
of light at different solid angles. Our LEDs were measured at 46 different angles t and
4 different angles u. For each LED, the chromaticity values were averaged and the
intensities were summed over the angle u. These data have been interpolated with a
least squares fit using the following polynomials:

I(t) =

7∑
i=2

Ci
(
ti − (π/2)i

)
, (4.49a)

x(t) = Dx
0 +

7∑
i=2

Dx
i t
i, (4.49b)

y(t) = Dy
0 +

7∑
i=2

Dy
i t
i. (4.49c)

The polynomial for the intensity was chosen such that it equals 0 at t = π/2.
For both the intensity and the chromaticity we require that the derivative equals 0
at t = 0, otherwise the functions are not differentiable at t = 0 (note that t is the
inclination angle of a set of spherical coordinates). All the polynomials have this
property. The effective intensity equals I(t) = sin(t)I(t). The coefficients for the two
LEDs can be found in Table 4.1.

In the LightTools software package, two three-dimensional models were built to
simulate the LEDs. The range

(
0, π2

)
of the angle t was discretized into 46 different

subintervals, labeled k = 1, 2, . . . , 46. For k = 1 we have the interval
(
0, π

180

)
, for

k = 2, . . . , 45 we have
(

(2k−3)π
180 , (2k−1)π

180

)
and finally for k = 46 we have

(
89π
180 ,

π
2

)
.

The intensity and chromaticity coordinates of the LED models in these subintervals

correspond to the measured data of the real LEDs at the angles t = (2k−2)π
180 . The

size of the LED model was reduced to 0.01mm by 0.01mm to simulate a point light
source. A comparison of the measured data, the least squares fit and the ray tracing
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results of the LightTools model of LED16 without collimator can be seen in Figure
4.7a and 4.7b. A scatter plot of the measured x and y chromaticity coordinates for
this LED was shown earlier in Figure 4.3. The plot shows the near-linear relationship
between x and y, indeed.

4.6.2 Computation of two transfer functions

An example calculation has been done using the data as seen in Figure 4.7a and 4.7b.
The target intensity was chosen to be a Gaussian profile [93] with Full Width at
Half Maximum (FWHM) [94] at π/9 (corresponding to 20◦). This profile was chosen
because it is typical for spotlights. This yields an effective target intensity

G(θ) = sin(θ) exp

(
−4 ln(2)

(
θ

θFWHM

)2
)
, (4.50)

with 0 ≤ θ ≤ 1.25 θFWHM = θmax, θFWHM = π/9 and c chosen such that

c

∫ 1.25 θFWHM

0

G(θ) dθ =

∫ π/2

0

I(t) dt. (4.51)

From the polynomials from the linear least squares fit of LED16 we find, using fzero

in MATLAB, for the angle of the average color point tav = 0.2248π. We can solve
the differential equations (4.11) using for example ode45 in MATLAB. When θ = 0,
the relations (4.12) should be used. However, for θ → θmax, the numerical solution
(Figure 4.8a) shows a singlarity that cannot be remedied using (4.19). At this point,
the graphs of η1(θ) and η2(θ) approach the line t = tav. Because of rounding errors in
the calculation of yT = yav, tav and in solving the differential equation, the η-functions
will not converge exactly to yT. When one of the η-functions crosses the line t = tav,
the sign of the derivative of the other η-function changes. From that point on, the
error rapidly increases.

A solution to this problem is implementing a custom-made ODE-solver, which
recalculates yT at every step in θ. This does not significantly alter the value of yav,
but the small correction stabilizes the solver significantly. For this experiment, the
fourth order Runge-Kutta method was implemented. The method calculates η1 and
η2 at discrete levels θ0, θ1, . . . , θNs

= θmax with fixed step size. At every θi, the value
of yT is recalculated over the angles that have not yet been integrated, according to:

yT,i =

∫ η2(θi)

η1(θi)
I(t) dt∫ η2(θi)

η1(θi)
I(t)/y(t) dt

. (4.52)

Then, in every step of the Runge-Kutta algorithm, the value yT,i is used instead of
yT in (4.11). This method stabilizes the solver: the value of yT,i is by construction
between y1(θi) and y2(θi), therefore the transfer functions, calculated using (4.11),
remain monotonic. The running time of this algorithm is a few seconds for Ns = 500.
The solution for the example problem found with this method can be seen in Figure
4.8b.
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Figure 4.7: Comparison of measured data, the least squares fit and the LightTools
Model of LED16. The graph of the LightTools model is not visible because it is
hidden behind the least squares fit.
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(a) Solution by ode45 from MATLAB. The instability is magnified.
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(b) Solution by a yav-recalculating ODE solver with Ns = 500.

Figure 4.8: Solutions of (4.11) using fitted data and target intensity G(θ) with Full
Width Half Max at π/9 with two different ODE solvers. The grey horizontal line
denotes tav/π. Note the instability at θ = θmax in the ode45 solution.



4.6. NUMERICAL PROCEDURE AND SIMULATION RESULTS 63

4.6.3 Evaluation of the TIR collimator with two free surfaces

Subsequently, a TIR collimator was calculated using the acquired transfer functions,
using the method described in Subsection 4.5, with n = 1.58, d = 5mm and α =
4π/180 rad. We chose f(π/2) = 0.4mm for manufacturability reasons: the choice
f(π/2) = 0 would cause a sharp edge in the collimator which is problematic for
injection molding. The ray with angle t = π/2 is refracted away from z = 0 by
the surface S, therefore the surface C is not defined at z = 0. We correct this by
extrapolating the surface C to z = 0 using spline extrapolation with the function
interp1 in Matlab. The collimator was converted into a LightTools model, which
can be seen in Figure 4.9. Every free surface was discretized by 500 points.

Figure 4.9: LightTools model of the designed TIR collimator with two transfer func-
tions.

The model of the LED with the TIR collimator was evaluated by tracing 106

rays in non-dispersive mode. To ensure point-source behavior, the LED model was
reduced in size to 0.01 mm by 0.01 mm. The results of the ray tracing can be seen
in Figure 4.10. The effective intensity shows the expected profile of a sine times a
Gaussian. The chromaticity values are on two straight lines. The chromaticity of
the emitted light is entirely contained within one MacAdams ellipse [12,14,17], so we
have excellent color uniformity in the output beam.

4.6.4 Computation of three transfer functions

Three example collimators have been calculated using the method for three free sur-
faces. The first collimator was designed for a Gaussian target intensity (Equation
(4.50)) with FWHM at π/9 (corresponding to 20◦) and θmax = 1.25θFWHM. The
collimator was designed for LED16. The choice of τ1 and τ2 is restricted by (4.35).
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Figure 4.10: Results of the simulation with the two-segment collimator using Light-
Tools. Here the source has a width of 0.01 mm. The bar plot shows the effective
intensity in arbitrary units (a.u.). The open and closed dotted lines show the x and
y chromaticity values.

Profile LED τ1 τ2 r yav c θmax

1 Gaussian LED16 0.20π 0.25π 0.1630 0.3862 5585.9 5π/36
2 Gaussian LED16 0.16π 0.30π 0.4417 0.3862 5585.9 5π/36
3 Block LED02 0.20π 0.25π 0.1612 0.3986 4843.3 π/9

Table 4.2: Parameter values and characteristics for the three different collimators.

This relation is highly nonlinear. A scatter plot of values of τ1 and τ2 that satisfy
(4.35) for LED16 is shown in Figure 4.5. We chose τ1 = 0.2π and τ2 = 0.25π. The
second collimator was designed for the same LED and target intensity, but this time
we chose τ1 = 0.16π and τ2 = 0.3π, which gives a larger second segment. The third
collimator was designed for LED02. The target intensity was chosen to be a block
function, yielding the effective intensity G(θ) = sin(θ), with 0 ≤ θ ≤ θmax = π/9. We
chose τ1 = 0.2π and τ2 = 0.25π, which satisfies (4.35). An overview of the values
chosen and calculated for the three collimators is shown in Table 4.2.

The ODE system (4.28) with initial conditions (4.23a) was solved using the ODE-
solver ode45 in Matlab. Instabilities similar to the instability in the calculation of two
transfer functions did not occur. The calculation times were a few seconds on a laptop
computer with a 2,4 GHz processor and 4 GB RAM. The calculated transfer functions
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Figure 4.11: Transfer functions for the three-segment collimator with Gaussian profile
and a small second segment.
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Figure 4.12: Transfer functions for the three-segment collimator with Gaussian profile
and a large second segment.
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Figure 4.13: Transfer functions for the three-segment collimator with block profile.

are shown in Figure 4.11, 4.12 and 4.13. The transfer functions are indeed monotonic,
as expected. Also, η1(θmax) = η2(θmax) = τ1 and η3(θmax) = π/2, as anticipated. In
the Figures 4.11 and 4.12, it appears as if η1 and η2 converge asymptotically. This
occurs because G(θ) is small for θ → θmax. The behavior is not really asymptotic
because G(θmax) > 0. In Figure 4.13, there is no apparent asymptotic behavior near
θ = θmax because G(θ) increases when θ increases.

4.6.5 Evaluation of the TIR collimators with three free sur-
faces

Subsequently, a TIR collimator was designed for each of the sets of three transfer
functions, and evaluated using LightTools. We chose for all the collimators d =
4mm, b = 0.4mm and α = 4π/180. For every collimator, each free surface was
discretized using 500 points and converted into a LightTools model. A screenshot of
the LightTools model of the first collimator can be seen in Figure 4.14. Results of
the simulations can be seen in Figure 4.15, 4.16 and 4.17. In these figures, we see the
expected profiles of the effective intensity and chromaticity. In Figure 4.15 and 4.16
an irregularity is visible in the chromaticity coordinates near θ = θmax. This can be
explained as follows. Every bar in the graph corresponds to a range of one degree
(π/180 rad). We chose θmax = 25π/180, and thus the flux at this angle should be zero.
Due to small errors in the free surfaces, a small number of rays exits the collimator at
angles larger than θmax. This happens at surface C, and therefore the chromaticity
coordinates at θ > θmax are larger than the target values. Because the luminous flux
of this light is very small, the irregularity is not visible. A similar irregularity is visible
for the collimator with the block profile, only with a smaller chromaticity difference.
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Figure 4.14: LightTools model of the first three-segment collimator. The most impor-
tant difference with Figure 4.9 is the distribution of the rays reflected by the sides.
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Figure 4.15: LightTools simulation results for the three-segment collimator with Gaus-
sian profile and a small second segment.
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Figure 4.16: LightTools simulation results for the three-segment collimator with Gaus-
sian profile and a large second segment.
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Figure 4.17: LightTools simulation results for the three-segment collimator with Block
profile for LED02.
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Collimator LED xav max(|∆x|) yav max(|∆y|)
1 LED16 0.4181 4 · 10−4 0.3862 7 · 10−4

2 LED16 0.4181 4 · 10−4 0.3862 1 · 10−3

3 LED02 0.4691 4 · 10−4 0.3985 5 · 10−4

Table 4.3: Average chromaticity coordinates of the LEDs and the maximum difference
with the chromaticity coordinates in the simulations. The values of xav and yav were
calculated using (4.6) on the interpolated LED data.

Apart from this small irregularity, the variation in chromaticity is very small. The
maximum difference between the average chromaticity of the LEDs and chromaticity
coordinates in the simulations are shown in Table 4.3. A color difference of 0.003 is
considered very good by optical designers and is invisible for the human eye [14, 17].
The measured color differences in the simulations are comfortably below this value,
thus the color variation in the beam is eliminated.

4.7 Numerical results with extended light
sources

An extensive evaluation of the TIR collimator design method for three free surfaces
was performed by Christine Schneider [95]. She compared the method with the so-
called heuristic method. This was done both for point light sources and extended light
sources. In this section, we first introduce the heuristic method. Subsequently, we
summarize the results in the thesis for point light sources, extended light sources and
the connection to Color over Position (CoP) which was mentioned earlier in Section
2.6.

4.7.1 The heuristic method

The heuristic method is another inverse method to design TIR collimators correcting
for color variation in the output beam [95]. In contrast to the method introduced in
this chapter, the chromaticity functions of the LED are not used in the design process.
Instead, the light source is divided into a number of segments, and each segment is
designed to give a specified output intensity distribution. The optical designer is free
to choose the size of the different segments. The definition of segment in this method
is traditionally different from the definition given in Section 4.2: each segment gives
an output distribution in the range [−θmax, θmax], while in this chapter, we use the
convention that a segment has an output distribution in the range [0, θmax]. In Figure
4.18 a collimator designed with the heuristic method is shown. The design is such
that the segments have alternatingly diverging and converging beams, resulting in
a smooth, differentiable reflecting surface. The collimator in Figure 4.18 has three
segments B, C and D. In the numerical simulations, designs with 4 and 10 segments
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Figure 4.18: The heuristic method. Figure by Schneider [95].

were used.

4.7.2 Main conclusions

The tests were performed using two different LEDs. The first LED, called LED1, is
modelled in the same way as described in Section 4.6 for LED02 and LED16: the
light emitted by the LED model has CoA variation, but no CoP variation. The
chromaticity variations in the output beams are tested against the requirements of
the Energy Star® standard [96].

First the three-segment collimator is evaluated for a very small (point) light source
model of LED1. Color variation is eliminated indeed, except at very low light inten-
sities. For the extended model of LED1, the color variation is sufficiently reduced
as well. The design method is also combined with an iterative method, such as de-
scribed in 3.1.2, to correct the output intensity. This did not significantly affect the
performance of the color correction. Subsequently, two collimators designed with the
heuristic method were evaluated: one collimator with four segments and one colli-
mator with ten segments. Both collimators sufficiently reduced the color variation to
within the requirements of the Energy Star® standard.

LED2 was measured both in the near field and the far field. Therefore both
intensity and emittance of this LED is known. The chromaticity varies significantly
with the position of emission from the LED, see Figure 4.19 for an example of CoP
variation of an LED. The positional chromaticity varied up to 0.014 du′v′, while the
maximum angular chromaticity variation was 0.019 du′v′. Using the information from
the measurements, an LED model was created with both CoA variation and CoP
variation. Both the three-segment method and the heuristic method were tested for
this LED, and both cannot sufficiently reduce the chromaticity variation in the output
beam. Schneider shows this is due to CoP variation.

To test the robustness of the two methods, two collimators initially designed for
LED2, one with the three-segment method and one with the heuristic method, are
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Figure 4.19: CoP variation of a measured LED. Color differences are relative to the
weighted average color point of the LED, x and y denote location coordinates. Figure
created by C. Schneider.

tested with LED1. Both collimators sufficiently reduce the color variation. However,
for the collimator designed with the three-segment method, the desired intensity pro-
file could not be achieved.

4.8 Discussion

In this chapter, a new approach has been introduced for reducing CoA variation in
LED lighting systems based on inverse design methods. We derived a system of cou-
pled ordinary differential equations is derived and discuss two possible solutions. We
derived conditions for which physical solutions exist. We solved the equations numeri-
cally, and tested the resulting collimators in numerical simulations using Monte-Carlo
ray tracing in LightTools.

We have shown that it is possible to remove all angular color variation by mixing
light from only two or three different emission angles from the light source. For a
point light source, this results in complete elimination of the color variation. For
extended light sources, it has been shown that the color variation is still sufficiently
reduced if the LED has only CoA variation, but not if the LED has CoP variation as
well.

For extended light sources, it is possible to design a collimator using a point source
method iteratively. The resulting collimator gives for the given extended light source,
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an output distribution matching the prescribed output distribution as closely as pos-
sible. We would like to develop a method that can achieve this for CoA variation as
well, i.e., an iterative method which gives for an extended light source with CoA vari-
ation, an output distribution matching the prescribed output distribution as closely
as possible, and a color variation in the output beam which is as uniform as possible.
However, in several attempts to achieve this, the iteration did not converge, so this
may not be easy or may not even be possible.



Chapter 5

The Reflector and Lens
Equation

In this chapter, we derive the differential equations governing the shape of a lens
or reflector surface which transforms a given parallel beam of light into a specified
output intensity, or an illuminance on a screen at a large distance from the lens or
reflector surface. First, we derive an equation for a reflector and a specified output
intensity in Section 5.1. Subsequently, we derive a similar equation for a lens and
a specified light output distribution in Section 5.2. In Section 5.3 we calculate the
intensity distribution corresponding to a given illuminance distribution on a screen
in the far field, i.e., the size and distance of the target area is large compared to the
lens or reflector. Finally we derive the equation for a lens of which the first surface
is free-form and the second surface is flat. Because the derivations are elaborate, we
give a summary of the different situations and the appropriate equations in Section
5.4.

5.1 The reflector equation

In this paragraph we derive the differential equation governing the shape of a reflec-
tor which transforms a given parallel beam of light into a specified output intensity
distribution in the far field, as illustrated in Figure 5.1. We assume that the light
source is a subset of a plane parallel to and below the x-y-plane, and emits light in
the direction ŝ1 = (0, 0, 1)T with emittance M(x, y) [lm/m2]. Let S = supp (M) be
the closed support of M(x, y), defined by

supp (M) = {(x, y) ∈ R2 |M(x, y) 6= 0}, (5.1)

and let RS be the smallest enclosing rectangle of S aligned with the axes. The
reflector surface is described by z = u(x, y), (x, y) ∈ RS . We choose the coordinate
system such that the reflector surface is close to the origin. We assume the size of the
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Figure 5.1: Transformation of a small rectangle of the source after reflection.

reflector is negligible compared to the distance the reflected rays travel. Therefore,
after reflection, we consider the reflector as a point at the origin. In optical design
this is known as the far field approximation [19, p.447], see also Section 2.3. After
reflection, we measure the luminous intensity, which should coincide with a required
target intensity distribution G(θ, φ) [lm/sr]. The target intensity distribution is given
in spherical coordinates, where the angle 0 ≤ θ ≤ π denotes the angle of the light
with respect to the positive z-axis (inclination), and 0 ≤ φ < 2π denotes the angle
of the projection of the direction of the ray in the plane z = 0 with respect to the
x-axis (azimuth), similar to the definition in Chapter 4, which is illustrated in Figure
4.2. We assume all light of the source ends up at the target, which means that the
integral of the source emittance over S equals the integral of the target intensity over
the unit sphere S2.

For the derivation of the reflector equation, we use the law of reflection and con-
servation of luminous flux. Within the infinitesimal rectangle [x, x+ dx]× [y, y+ dy],
the source emits a luminous flux dΦ = M(x, y) dxdy [lm]. We denote the surface
derivatives by p = ux and q = uy. The unit surface normal of the reflector, directed
towards the light source, is given by

n̂ = n/|n|, n =

 p
q
−1

 . (5.2)

Throughout this chapter, we use the convention that a hat denotes a unit vector,
and | · | denotes the 2-norm. The direction of the reflected ray ŝ2 is given by the
vectorial law of reflection, as defined in Section 2.3:

ŝ2 = ŝ1 − 2(ŝ1 · n̂)n̂. (5.3)

The direction of the reflected ray depends on the coordinates x and y: ŝ2 =
ŝ2(x, y). The flux dΦ is reflected into an infinitesimal parallelogram on S2 spanned
by ∂ŝ2/∂x dx and ∂ŝ2/∂y dy, as shown in Figure 5.2. The area of this parallelogram
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Figure 5.2: The area of a parallellogram is given by the norm of the cross product of
the spanning vectors.

is given by the norm of the cross product of the spanning vectors. Conservation of
luminous flux now gives us the following relation:∣∣∣∣∂ŝ2

∂x
× ∂ŝ2

∂y

∣∣∣∣G(θ, φ) = M(x, y). (5.4)

To calculate the cross product, we use that vectors with constant 2-norm, such as
the unit vector ŝ2, are orthogonal to their derivatives. This can be seen by taking the
derivative of the square of the 2-norm of such a vector a:

0 =
∂ (a · a)

∂x
= 2a · ∂a

∂x
, (5.5)

and likewise for y. Therefore, ŝ2 is orthogonal to its derivatives with respect to x
and y. As a result, the cross product of the derivatives of ŝ2 is parallel to ŝ2. Because
ŝ2 is a unit vector, the norm of the cross product is equal to the norm of the cross
product divided by |ŝ2| = 1, and because the cross product and ŝ2 are parallel, the
division remains unchanged after projection of both vectors on n̂ (i.e., taking the
inner product with n̂). We find∣∣∣∣∂ŝ2

∂x
× ∂ŝ2

∂y

∣∣∣∣ =

∣∣∣∂ŝ2

∂x ×
∂ŝ2

∂y

∣∣∣
|ŝ2|

=

∣∣∣(∂ŝ2

∂x ×
∂ŝ2

∂y

)
· n̂
∣∣∣

|ŝ2 · n̂|
. (5.6)

Using the law of reflection (5.3) and the relation ŝ1 · n̂ = −1/|n|, we find

ŝ2 = ŝ1 +
2

|n|2
n, (5.7)

which is expressed in n instead of the normalized vector n̂ for simplicity of the
following calculations. We find for the derivatives

∂ŝ2

∂x
=

∂

∂x

(
2

|n|2

)
n+

2

|n|2
∂n

∂x
, (5.8a)

∂ŝ2

∂y
=

∂

∂y

(
2

|n|2

)
n+

2

|n|2
∂n

∂y
. (5.8b)
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The cross product of these two expressions contains four terms, but three terms vanish
in the numerator of (5.6), because the cross product of n with itself is 0, and cross
products involving n are orthogonal to n̂, so we find for the numerator:(

∂ŝ2

∂x
× ∂ŝ2

∂y

)
· n̂ =

4

|n|5

(
∂n

∂x
× ∂n

∂y

)
· n. (5.9)

Note that on the right hand side of this equation, we use n while on the left hand
side we use the normalized vector n̂. The cross product of the surface normals results
in the determinant of the Hessian matrix D2u multiplied with êz:

∂n

∂x
× ∂n

∂y
=
(
uxxuyy − u2

xy

)
êz = det

(
D2u

)
êz, (5.10)

so (5.9) is rewritten to(
∂ŝ2

∂x
× ∂ŝ2

∂y

)
· n̂ = − 4

|n|5
(
uxxuyy − u2

xy

)
. (5.11)

For the denominator in (5.6) we find

ŝ2 · n̂ = ŝ1 · n̂− 2(ŝ1 · n̂)(n̂ · n̂) = − ŝ1 · n
|n|

=
1

|n|
. (5.12)

Substituting (5.6), (5.11) and (5.12) in (5.4) we find∣∣uxxuyy − u2
xy

∣∣ =
M(x, y) (p2 + q2 + 1)2

4G(θ, φ)
. (5.13)

Equation (5.13) contains the variables θ and φ, so we need the dependence of
(θ, φ) on ∇u = (p, q). After reflection, light has the direction ŝ2. The direction of ŝ2,
expressed in θ and φ, is given by

ŝ2 =

sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)

 . (5.14)

On the other hand, we find from the law of reflection (5.3):

ŝ2 =
1

p2 + q2 + 1

 2p
2q

p2 + q2 − 1

 . (5.15)

Combining (5.14) with (5.15) we find:

θ(p, q) = arccos((ŝ2)z) = arccos

(
p2 + q2 − 1

p2 + q2 + 1

)
, (5.16a)

φ(p, q) = tan−1 ((ŝ2)x, (ŝ2)y) = tan−1(p, q), (5.16b)
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where we define the inverse function tan−1 as

tan−1(p, q) =


arctan(q/p) p, q ≥ 0,

arctan(q/p) + π p < 0,

arctan(q/p) + 2π p ≥ 0, q < 0.

. (5.17)

Note that the range of arctan is (−π/2, π/2), so that tan−1(p, q) has range [0, 2π).

Now we define the new target intensity function G̃, which depends on p and q instead
of θ and φ, using the definitions in (5.16):

G̃(p, q) = G (θ(p, q), φ(p, q)) . (5.18)

Finally, we have the following differential equation for a reflector transforming a
parallel beam of light into a specified output intensity:

∣∣uxxuyy − u2
xy

∣∣ =
M(x, y)

(
p2 + q2 + 1

)2
4 G̃(p, q)

, (x, y) ∈ RS . (5.19)

An implicit boundary condition is given by the requirement that all the light from
the source domain S must be transferred to the target domain. The target domain is
defined as the supporting domain of G̃:

T = supp
(
G̃
)
. (5.20)

This gives the following implicit boundary condition:

∇u(S) = T . (5.21)

Subsequently, we need p and q as functions of θ and φ to convert the boundary
of the target domain, specified in the coordinates θ and φ, into the boundary of
the target domain T . This is needed when calculating the solution to the reflector
equation numerically. We can acquire p(θ, φ) and q(θ, φ) by inverting the relation
(5.16). However, there is another way, which we can easily generalize to the lens
equation as well. We reformulate the problem as follows: given a ray going to the
target at angles θ and φ, what are the required surface derivatives of the reflector
surface? The direction of the reflected ray as function of the output angles θ and φ is
given by Equation (5.14). From the law of reflection (5.3) we derive that a possible
surface normal is given by (nx, ny, nz) = ŝ2 − ŝ1. From the surface derivatives p
and q, we find the normal (p, q,−1). Comparing these two surface normals, we find
the relation (nx, ny, nz) = λ (p, q,−1) for some λ 6= 0. This results in the following
expressions for p and q:

p(θ, φ) = − (ŝ2 − ŝ1)x
(ŝ2 − ŝ1)z

=
sin(θ) cos(φ)

1− cos(θ)
, (5.22a)

q(θ, φ) = − (ŝ2 − ŝ1)y
(ŝ2 − ŝ1)z

=
sin(θ) sin(φ)

1− cos(θ)
. (5.22b)
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Figure 5.3: Refraction of a parallel beam through a lens with at the bottom a flat
surface and on top a free-form surface.

5.2 The lens equation

A derivation similar to the one for the reflector, can be done for a lens surface.
We assume the situation shown in Figure 5.3: a parallel beam of light with a given
emittance M(x, y) is refracted by a free-form surface, which transforms the beam into
a specified output intensity G(θ, φ) in the far field. The free-form surface is described
by the function z = u(x, y). The (downward) surface normal n and its normalization
n̂ is given by Equation (5.2). We use the vectorial law of refraction as introduced and
illustrated in Section 2.3:

ŝr =
ni

nr
ŝi −

ni

nr
(ŝi · n̂) +

√
1−

(
ni

nr

)2

(1− (ŝi · n̂)2)

 n̂. (5.23)

In this equation, ŝi is the direction of the ray before refraction, ŝr is the direction
of the ray after refraction, ni is the refractive index of the medium before refraction
and nr is the refractive index of the medium after refraction.

Let ŝi = ŝ1 = (0, 0, 1)T , ni = n1, nr = n2 and η12 = n1

n2
. Define

F (p, q; η12) =
η12 −

√
(1− η2

12) (p2 + q2) + 1

p2 + q2 + 1
. (5.24)

In this case, the law of refraction simplifies to

ŝ2 = η12 ŝ1 + F (p, q; η12) n. (5.25)

Note that n in this equation is the surface normal defined by (p, q,−1)T , and not the
unit surface normal n̂. Similar to reflection, we study the path of rays emanating
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from an infinitesimal rectangle [x, x+ dx]× [y, y + dy]. The flux of the light within
the rectangle is given by dΦ = M(x, y) dxdy [lm], and is refracted to an infinitesimal
parallellogram on S2 spanned by ∂ŝ2

∂x dx and ∂ŝ2

∂y dy. The size of the parallellogram
is given by the norm of the cross product of the spanning vectors. We derive again
from conservation of luminous flux the relations (5.4) and (5.6). Subsequently, we
calculate the derivatives of ŝ2, and find

∂ŝ2

∂x
=
∂F (p, q; η12)

∂x
n+ F (p, q; η12)

∂n

∂x
, (5.26a)

∂ŝ2

∂y
=
∂F (p, q; η12)

∂y
n+ F (p, q; η12)

∂n

∂y
. (5.26b)

When taking the cross product of the derivatives and the dot product with n̂, as in
Equation (5.6), three of the four terms vanish, because n×n = 0, and cross products
involving n are orthogonal to n̂. We find(

∂ŝ2

∂x
× ∂ŝ2

∂y

)
· n̂ =

F (p, q; η12)
2

|n|

(
∂n

∂x
× ∂n

∂y

)
· n. (5.27)

Elaborating the cross product further we find(
∂ŝ2

∂x
× ∂ŝ2

∂y

)
· n̂ = − F (p, q; η12)

2√
p2 + q2 + 1

(
uxx uyy − u2

xy

)
. (5.28)

We find for the denominator in (5.6)

ŝ2 · n̂ =

√
(1− η2

12) (p2 + q2) + 1√
p2 + q2 + 1

. (5.29)

Substituting (5.29), (5.28) and (5.6) into (5.4) we conclude∣∣uxxuyy − u2
xy

∣∣ =
M(x, y)

G(θ, φ)

√
(1− η2

12) (p2 + q2) + 1

F (p, q; η12)
2 . (5.30)

In this equation, θ and φ are functions of p and q. We find these functions by
calculating the direction of the refracted ray as a function of the surface derivatives,
using the law of refraction (5.25):

θ(p, q) = arccos((ŝ2)z) = arccos (η12 − F (p, q; η12)) , (5.31a)

φ(p, q) = tan−1 ((ŝ2)x, (ŝ2)y) = tan−1(p, q). (5.31b)

The inverse tangent is as defined in (5.17). We also define a new target intensity

function G̃(p, q) with a supporting domain T as in (5.18) and (5.20). Finally, the
equation governing the lens surface which transforms a parallel beam of light into a
specified output intensity is given by∣∣uxxuyy − u2

xy

∣∣ =
M(x, y)

G̃(p, q)

√
(1− η2

12) (p2 + q2) + 1

F (p, q; η12)
2 , (5.32)
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for (x, y) ∈ RS .
Similar to the reflector problem, we need to specify the boundary of the target

domain in the coordinates p and q. The target coordinates are most likely given in the
angular coordinates θ and φ, therefore we need p(θ, φ) and q(θ, φ). The direction of a
refracted ray ŝ2 as function of θ and φ is given by (5.14). From the law of refraction
(5.25), we conclude that a surface normal is given by n2 ŝ2−n1 ŝ1. Similar to (5.22),
we find for the surface derivatives

p(θ, φ) = − (n2 ŝ2 − n1 ŝ1)x
(n2 ŝ2 − n1 ŝ1)z

=
n2 sin(θ) cos(φ)

n1 − n2 cos(θ)
, (5.33a)

q(θ, φ) = − (n2 ŝ2 − n1 ŝ1)y
(n2 ŝ2 − n1 ŝ1)z

=
n2 sin(θ) sin(φ)

n1 − n2 cos(θ)
. (5.33b)

In the setting shown in Figure 5.3, we have n2 < n1, therefore we never divide by
zero.

5.3 Target planes

When the target is specified as an illuminance on a plane, far enough away such that
the reflector or lens can be considered a point source, we first need to transform the
target illuminance into a target intensity. In Paragraph 5.3.1, we derive an intensity
distribution function G̃ for a given target illuminance L(ξ, η) on a target plane. In
case of a lens surface, it is possible that the first surface of the lens is free-form, and
the second surface flat. The case of a lens with a second flat surface and a target
illuminance on a plane is discussed in paragraph 5.3.2.

5.3.1 A target plane

In many applications, we have a specified target illuminance L(ξ, η) [lm/m2] on a given
plane P instead of a light intensity G(θ, φ). In this case we may still use equation

(5.19) or (5.32), but we need to derive an appropriate intensity function G̃(p, q). For
this we convert L(ξ, η) from illuminance to intensity, and write ξ and η as functions
of p and q. Let nP be the unique normal vector of the plane directed to the origin,
where the reflector or lens is located. Let d = |nP|, and n̂P = nP

d . Let êξ, êη be an
orthonormal basis of P as shown in Figure 5.4. We say that a point ξ êξ +η êη−d n̂P

has coordinates (ξ, η) on the plane. A ray with direction vector ŝ2 intersects the plane
at (ξ, η) if

ŝ2 =
ξêξ + ηêη − dn̂P√

ξ2 + η2 + d2
. (5.34)

Taking the inner product with êξ, êη and n̂P, respectively, gives three equations,
from which we derive that

ξ = −d ŝ2 · êξ
ŝ2 · n̂P

, η = −d ŝ2 · êη
ŝ2 · n̂P

. (5.35)
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Target plane, required
illuminance L(ξ,η) [lm/m²]

x

yz

Figure 5.4: Conversion from a plane to the unit sphere.

Substituting ŝ2, using the law of reflection or the law of refraction, we see that ξ and
η are functions of p and q.

Next, we need to derive the luminous intensity G̃(p, q) [lm/sr] from the illuminance
L(ξ, η) [lm/m2]. The luminous flux within a rectangle [ξ, ξ + dξ] × [η, η + dη] is
given by L(ξ, η) dξ dη. We need the luminous flux per unit area on the unit sphere,
therefore we calculate the ratio between the surface of the infinitesimal rectangle
and its projection on the unit sphere: light illuminating the infinitesimal rectangle
must cross the projection on the unit sphere as well. We introduce new spherical
coordinates with ψ the inclination with respect to −n̂P and χ the azimuth, according
to

ψ = arccos (−ŝ2 · n̂P) , 0 ≤ψ ≤ π, (5.36a)

χ = tan−1 (ŝ2 · êξ, ŝ2 · êη) , 0 ≤χ < 2π. (5.36b)

A ray with angles ψ and χ in this coordinate system intersects the plane at a distance
d/ cos(ψ) from the origin. Therefore the relation between the planar coordinates ξ,
η, and the spherical coordinates ψ, χ is given by

ξ = d tan(ψ) cos(χ), (5.37a)

η = d tan(ψ) sin(χ). (5.37b)

An infinitesimal rectangle on the plane has size dξ dη, and an infinitesimal element
on the unit sphere has size sin(ψ) dψ dχ. We find the relation between G̃(p, q) and
L(ξ, η) by a change of coordinates from ξ, η to ψ, χ. This gives the relation

G̃(p, q) =

∣∣∣∣ 1

sin(ψ)

∂(ξ, η)

∂(ψ, χ)

∣∣∣∣L(ξ, η). (5.38)



82 CHAPTER 5. THE REFLECTOR AND LENS EQUATION

Using (5.37) we find

∂(ξ, η)

∂(ψ, χ)
=
∂ξ

∂ψ

∂η

∂χ
− ∂ξ

∂χ

∂η

∂ψ
= d2 sin(ψ)

cos3(ψ)
. (5.39)

Substituting this in (5.38) we find

G̃(p, q) =

∣∣∣∣ d2

cos(ψ)3

∣∣∣∣L(ξ, η). (5.40)

From (5.34) and (5.36a) we conclude that

cos(ψ) =
d√

ξ2 + η2 + d2
≥ 0. (5.41)

This is positive because only if ψ ≤ π/2, the ray will intersect the target plane.
Substituting this in (5.40), we finally have the following relation between illuminance
and intensity:

G̃(p, q) =
(ξ2 + η2 + d2)3/2

d
L(ξ, η). (5.42)

This relation is also derived in Born & Wolf [97, p.196].

We need p and q as function of ξ and η in order to convert the boundary of the
target plane to the boundary ∂T of the domain in (p, q)-coordinates. This relation
depends on the orientation of the vectors êξ, êη and n̂P and on whether we have a
lens or a reflector. We give three examples.

The first example is a reflector and a target plane parallel to the x-y-plane and
below the light source. We have the vectors

êξ =

1
0
0

 , êη =

0
1
0

 , n̂P =

0
0
1

 . (5.43)

Using the surface normal ŝ2 − ŝ1 and (5.34) we find, similar to (5.22):

p(ξ, η) = − (ŝ2 − ŝ1)x
(ŝ2 − ŝ1)z

=
ξ

d+
√
ξ2 + η2 + d2

, (5.44a)

q(ξ, η) = − (ŝ2 − ŝ1)y
(ŝ2 − ŝ1)z

=
η

d+
√
ξ2 + η2 + d2

. (5.44b)

The second example is a target plane parallel to the x-z plane at y = d > 0. We have
the vectors

êξ =

1
0
0

 , êη =

0
0
1

 , n̂P =

 0
−1
0

 . (5.45)
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Using again the surface normal ŝ2 − ŝ1, we find for p and q as function of ξ and η:

p(ξ, η) = − (ŝ2 − ŝ1)x
(ŝ2 − ŝ1)z

=
ξ√

ξ2 + η2 + d2 − η
, (5.46a)

q(ξ, η) = − (ŝ2 − ŝ1)y
(ŝ2 − ŝ1)z

=
d√

ξ2 + η2 + d2 − η
. (5.46b)

The third example is a lens and a target plane as sketched in Figure 5.5a. The
orientation vectors are given by

êξ =

1
0
0

 , êη =

0
1
0

 , n̂P =

 0
0
−1

 . (5.47)

From the law of refraction (5.25), we derive that a surface normal is given by n2ŝ2 −
n1ŝ1. Similar to (5.33), we find the following expression for the surface normals p and
q:

p(ξ, η) = − (n2ŝ2 − n1ŝ1)x
(n2ŝ2 − n1ŝ1)z

=
n2 ξ

n1

√
ξ2 + η2 + d2 − n2 d

, (5.48a)

q(ξ, η) = − (n2ŝ2 − n1ŝ1)y
(n2ŝ2 − n1ŝ1)z

=
n2 η

n1

√
ξ2 + η2 + d2 − n2 d

. (5.48b)

5.3.2 A target plane after a flat refracting surface

A lens has two surfaces. Up to now, we assumed that the first surface is flat, as
shown in Figure 5.5a, so it does not influence the parallel beam of light. However, it
is also possible that the first surface is the free-form surface, and the second surface
flat, as sketched in Figure 5.5b. In this case, the second surface changes the direction
of the rays refracted by the free surface, so it cannot be ignored. In the layout
sketched in Figure 5.5b, a ray is first refracted at the free-form surface to direction
ŝ2, subsequently it is refracted again at the flat surface to direction ŝ3, and finally it
reaches the target plane P at coordinates (ξ, η). The target plane is at a distance d
from the origin, and the orientation vectors of the plane are given by

êξ =

1
0
0

 , êη =

0
1
0

 , n̂P =

 0
0
−1

 . (5.49)

To find the target intensity G̃(p, q) [lm/sr] on the target space T , we first calculate the
intensity G3(ξ, η) [lm/sr] emitted by the lens, such that the illuminance distribution
L(ξ, η) [lm/m2] is projected on the target plane. This intensity distribution is writ-
ten as function of ξ and η for convenience. Subsequently we calculate the intensity
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(a) Refraction by a free-form surface after a flat sur-
face. The flat surface does not affect the light.

(b) Refraction by a free-form surface before
refraction by a flat surface. The flat surface
makes the calculations more complex.

Figure 5.5: Refraction of a parallel bundle of light to a specified illuminance on the
target plane P. The size of the lens and the parallel bundle of light is exaggerated, it
should be negligible compared to the distance to the plane.

distribution G̃(p, q) that must be emitted by the free surface to result in the intensity
distribution G3(ξ, η) after refraction by the flat surface. Finally we need to calculate
ξ and η as function of p and q.

For the intensity G3(ξ, η) emitted by the second lens surface from the target
illuminance L(ξ, η) we have a relation similar to (5.42):

G3(ξ, η) =
(ξ2 + η2 + d2)3/2

d
L(ξ, η). (5.50)

Subsequently we derive G̃(p, q) from G3(ξ, η) by calculating the transformation of a
solid angle when refracted through the flat surface using a change of coordinates. Let
θ2 be the angle of ŝ2 with respect to the z-axis, φ2 the azimuth of ŝ2, and θ3, φ3 have
the same roles with respect to ŝ3. The relation between G̃ and G3 is given by

G̃ sin(θ2) dθ2 dφ2 = G3 sin(θ3) dθ3 dφ3. (5.51)

The surface normal of the flat surface is parallel to the z-axis. Let n2 be the refractive
index of the lens, n1 the refractive index before the ray enters the lens and n3 the
refractive index after the ray exits the lens. Using Snell’s law (2.23), we have the
following relation between the angles of ŝ2 and ŝ3:

n2 sin(θ2) = n3 sin(θ3), φ2 = φ3. (5.52)
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Substitution in (5.51) yields

G̃ =
n2

n3
G3

∣∣∣∣∂ (θ3, φ3)

∂ (θ2, φ2)

∣∣∣∣. (5.53)

Using (5.52), we find for the derivatives:

∂θ3

∂θ2
=
n2

n3

cos(θ2)√
1−

(
n2

n3

)2

sin2(θ2)

,
∂θ3

∂φ2
=
∂φ3

∂θ2
= 0,

∂φ3

∂φ2
= 1. (5.54)

Therefore, we have

G̃ =

(
n2

n3

)2

G3
cos(θ2)√

1−
(
n2

n3

)2

sin2(θ2)

.
(5.55)

Combining (5.50) with (5.55) we find

G̃ =

(
n2

n3

)2
cos(θ2)√

1−
(
n2

n3

)2

sin2(θ2)

(d2 + ξ2 + η2)3/2

d
L(ξ, η). (5.56)

In this expression, the intensity distribution G̃ depends on the variables θ2, ξ and η.
We need to write θ2, ξ and η as functions of p and q in order to find G̃(p, q). First we
express cos(θ2) in p and q. Because θ2 is by definition the angle with respect to the
z-axis, we have cos(θ2) = ŝ2 · êz. We apply the law of refraction (5.25) for ŝi = ŝ1,
ŝr = ŝ2, ni = n1, nr = n2 and n = (p, q,−1)T , and take the inner product with êz.
This gives us

cos(θ2) = ŝ2 · êz =
n1

n2
− F

(
p, q;

n1

n2

)
. (5.57)

We find sin2(θ2) using the identity cos2(θ2) + sin2(θ2) = 1. Substituting (5.57) in
(5.56) results in

G̃ =

(
n2

n3

)2 (
n1

n2
− F

(
p, q; n1

n2

))
√

1−
(
n2

n3

)2
(

1−
(
n1

n2
− F

(
p, q; n1

n2

))2
) (ξ2 + η2 + d2)3/2

d
L(ξ, η). (5.58)

Next, we need ξ(p, q) and η(p, q). A ray exiting the lens in direction ŝ3 arrives on the
target screen at the coordinates

ξ = d
(ŝ3)x
(ŝ3)z

, η = d
(ŝ3)y
(ŝ3)z

, (5.59)
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see also Equations (5.34) and (5.35). We find ŝ3 using the law of refraction (5.23)
with ŝi = ŝ2, ŝr = ŝ3, ni = n2, nr = n3 and n̂ = (0, 0,−1)T . Elaborating this we find

ŝ3 =
n2

n3
ŝ2 −

−n2

n3
(ŝ2)z +

√
1−

(
n2

n3

)2 (
1− (ŝ2)z

2
) 0

0
−1

 . (5.60)

The vector ŝ2 is again given by (5.25) with ŝi = ŝ1, ŝr = ŝ2, ni = n1, nr = n2 and
n = (p, q,−1)T :

ŝ2 =
n1

n2

0
0
1

+ F

(
p, q;

n1

n2

) p
q
−1

 . (5.61)

Combining (5.59), (5.60) and (5.61) we find

ξ(p, q) = d
n2 F

(
p, q; n1

n2

)
p√

n2
3 − n2

2 +
(
n1 − n2 F

(
p, q; n1

n2

))2
, (5.62a)

η(p, q) = d
n2 F

(
p, q; n1

n2

)
q√

n3 − n2
2 +

(
n1 − n2 F

(
p, q; n1

n2

))2
. (5.62b)

We need the inverse functions p(ξ, η) and q(ξ, η) as well. Using the far field
approximation, the direction ŝ3 of a ray reaching the plane at (ξ, η, d)T is given by

ŝ3 =
1√

ξ2 + η2 + d2

ξη
d

 . (5.63)

The flat surface has a surface normal (0, 0, 1)T . Applying the alternative law of
refraction (2.21) to the flat surface, we find

n2 ŝ2 ×

0
0
1

 = n3 ŝ3 ×

0
0
1

 . (5.64)

Elaborating both cross products and substituting (5.63) we find

(ŝ2)x =
n3

n2

ξ√
ξ2 + η2 + d2

, (5.65a)

(ŝ2)y =
n3

n2

η√
ξ2 + η2 + d2

, (5.65b)

(ŝ2)z =
√

1− (ŝ2)2
x − (ŝ2)2

y =

√
1−

(
n3

n2

)2(
ξ2 + η2

ξ2 + η2 + d2

)
. (5.65c)
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In the last equation we used that |ŝ2| = 1. Calculating the surface derivatives from
the surface normal n2ŝ2 − n1ŝ1 as in (5.33) using (5.65), we find

p =
n3 ξ

n1

√
ξ2 + η2 + d2 −

√
n2

2(ξ2 + η2 + d2)− n2
3 (ξ2 + η2)

, (5.66a)

q =
n3 η

n1

√
ξ2 + η2 + d2 −

√
n2

2(ξ2 + η2 + d2)− n2
3 (ξ2 + η2)

. (5.66b)

5.4 Summary

The above derivations are quite elaborate. Therefore we conclude with an overview
of the various design problems and the relevant equations.

� A reflector and a prescribed output intensity When we want to design
a reflector for a given output intensity G(θ, φ), we use the differential equation

(5.19). The function G̃(p, q) in this equation is given by (5.18). In order to

calculate G̃(p, q) from G(θ, φ), we need θ(p, q) and φ(p, q), given by (5.16).
Finally, p(θ, φ) and q(θ, φ) are given by (5.22). These two functions are needed to
convert the boundary of the target domain on the unit sphere into the boundary
of T .

� A lens and a prescribed output intensity When we design a lens with
given output intensity G(θ, φ) as shown in Figure 5.3, we use equation (5.32),
where η12 = n1/n2, n1 is the index of refraction of the lens, n2 is the index of

refraction after the ray exits the lens and G̃(p, q) is (again) given by (5.18). The
functions θ(p, q) and φ(p, q) are given by (5.31), and the functions p(θ, φ) and
q(θ, φ) are given by (5.33).

� A reflector and a prescribed illuminance on a target plane For a reflector
with a prescribed illuminance L(ξ, η) on a target plane, we solve the reflector

equation (5.19). In this equation, the intensity function G̃(p, q) is given by
(5.42). The functions ξ(p, q) and η(p, q) are given by (5.35), where the vectors
êξ and êη depend on the orientation of the target plane, and ŝ2 is given by
(5.15). The functions p(ξ, η) and q(ξ, η) also depend on the orientation of the
target plane. For two example orientations, the functions are given by (5.44)
and (5.46).

� A lens and a prescribed illuminance on a target plane If we want to
design a lens as shown in Figure 5.5a, and we have a prescribed illuminance
L(ξ, η) on a plane parallel to the x-y-plane, then we use equation (5.32) with

G̃(p, q) given by (5.42), η12 = n1/n2, n1 is the refractive index of the lens and
n2 is the refractive index after the ray exits the lens. The functions ξ(p, q) and
η(p, q) are given by (5.35) with ŝ2 given by (5.25). The functions p(ξ, η) and
q(ξ, η) are given by (5.48).
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� A lens with an extra surface and a prescribed illuminance on a target
plane. Finally, for a lens as shown in Figure 5.5b with prescribed illuminance
L(ξ, η), we use the lens equation (5.32) with G̃(p, q) given by (5.58). The con-
stants n1, n2 and n3 are the refractive indices before entering the lens, in the
lens and after exiting the lens, respectively. The functions ξ(p, q) and η(p, q)
are given by (5.62) and the functions p(ξ, η) and q(ξ, η) are given by (5.66).



Chapter 6

The Monge-Ampère Equation

In this chapter, we show that the equations derived in Chapter 5 are all of the Monge-
Ampère type. In the equation, we must choose between a positive or a negative
right hand side, which has big implications on the solution type of the problem.
For a positive right hand side, we show that the solution is either a convex or a
concave surface, and we derive a boundary condition. We discuss the connection to the
problem of optimal mass transport and the Legendre-Fenchel transform. The equation
with a negative right hand side has saddle-shaped solutions, and is much more difficult
to solve. We discuss some preliminary results on this equation. Subsequently we
discuss combinations of convex, concave and saddle-shaped solutions. We conclude
with a literature survey of numerical methods for the Monge-Ampère equation.

6.1 Classification and definitions

Both the reflector equation (5.19) and the lens equation (5.32) are partial differential
equations of the form

uxx uyy − u2
xy = ±f(x, y)

g(p, q)
, (x, y) ∈ X , f ≥ 0, g > 0. (6.1)

The gradient of u is a mapping ∇u : (x, y) ∈ X 7→ (p, q) ∈ Y. The implicit boundary
condition is given by the requirement that all the light from the source domain X is
redirected to the target domain Y. This is expressed in the relation

∇u(X ) = Y. (6.2)

In the right hand side of Equation (6.1), we can choose a positive sign or a negative
sign.

In order to classify Equation (6.1), we briefly discuss classification of linear second-
order partial differential equations first. We consider a linear second-order partial
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differential equation in two variables of the form

a
∂2u

∂x2
+ b

∂2u

∂x∂y
+ c

∂2u

∂y2
+ d

∂u

∂x
+ e

∂u

∂y
= f(x, y, u). (6.3)

In [98, p.20] it is shown that the existence of characteristics for this differential equa-
tion depends on the discriminant b2− 4 a c. If b2− 4 a c > 0, the system has two char-
acteristic variables, and the system is called hyperbolic. If b2 − 4 a c = 0, the system
has only one characteristic variable and is called parabolic. Finally, if b2 − 4 a c < 0,
then there are no real characteristics, and the equation is called elliptic. In [99, p.654],
this is generalized to nonlinear second-order partial differential equations. In general,
such an equation has the form

F (x, y, u, p, q, r, s, t) = 0, (6.4)

where

p =
∂u

∂x
, q =

∂u

∂y
, r =

∂2u

∂x2
, s =

∂2u

∂x∂y
, t =

∂2u

∂y2
. (6.5)

The equation is classified according to its local linearization. They define

a =
∂F

∂r
, b =

∂F

∂s
, c =

∂F

∂t
. (6.6)

The equation is classified as hyperbolic if b2− 4 a c > 0, parabolic if b2− 4 a c = 0 and
elliptic if b2 − 4 a c < 0. In general, the classification depends on the solution u(x, y).
Equation (6.1), however, is an exception. For this equation we have

F (x, y, u, p, q, r, s, t) = r t− s2 ∓ f(x, y)

g(p, q)
. (6.7)

We find a = t, b = −2 s and c = r. The discriminant is thus given by

b2 − 4 a c = 4 s2 − 4 t r = −4

(
±f(x, y)

g(p, q)

)
, (6.8)

where the last equality results from substitution of (6.1). As a result, the equation
is parabolic if f(x, y) = 0. If f(x, y) > 0 and a positive sign is chosen in (6.1), the
equation is elliptic. Finally if f(x, y) > 0 and a negative sign is chosen, the equation
is hyperbolic.

Now we introduce with some definitions and basic theorems that are used in the
rest of this chapter. We follow the conventions in Boyd & Vandenberghe [100]. We
start with convex sets and supporting lines.

Definition 6.1 (Convex set). A set C ⊂ R2 is said to be convex if for all x1,x2 ∈ C,
the line segment between them is contained inside C, i.e.,

tx1 + (1− t)x2 ∈ C for all x1,x2 ∈ C, t ∈ [0, 1]. (6.9)



6.1. CLASSIFICATION AND DEFINITIONS 91

Definition 6.2 (Supporting line). Let C ⊂ R2 be a set, and x0 ∈ ∂ (Cl (C)) a point
on the boundary of C. If a ∈ R2 satisfies

aT (x− x0) ≤ 0 for all x ∈ C, (6.10)

then the line {x |aT (x− x0) = 0} is said to be a supporting line to C at the point
x0.

An important result is the supporting hyperplane theorem [100, p.46], which in
R2 could be called the supporting line theorem. This theorem is illustrated in Figure
6.1a.

Theorem 6.1 (Supporting line theorem). For any nonempty convex set C ⊂ R2, and
any x0 ∈ ∂ (Cl (C)), there exists a supporting line to C at the point x0.

Another useful theorem is the separating hyperplane theorem [100, p.46] (or sepa-
rating line theorem in R2), which is illustrated in Figure 6.1b.

Theorem 6.2 (Separating line theorem). For any two nonempty convex sets C,D ⊂ R2

such that C ∩ D = ∅, there exists an a ∈ R2 and b ∈ R such that aTx ≤ b for all
x ∈ C and aTx ≥ b for all x ∈ D. The line

{
x
∣∣aTx = b

}
is called a separating line

of the sets C and D.

(a) The supporting line theo-
rem (Theorem 6.1).

(b) The separating line theorem
(Theorem 6.2).

Figure 6.1: The supporting line theorem and the separating line theorem.

The definitions and theorems so far relate to sets. The word convex is also used
in relation to functions. Let u : X ⊂ R2 → R be a function. The domain X is
chosen such that u is defined everywhere on X . The function u is called convex if X
is convex, and for all x1,x2 ∈ X and all t ∈ [0, 1] we have

u (tx1 + (1− t)x2) ≤ t u(x1) + (1− t)u(x2). (6.11)

The function is strictly convex if for all t ∈ (0, 1) and x1 6= x2 we have an inequality
in (6.11) [101]. A concave function is defined analogously, with ≤ in (6.11) replaced
by ≥.
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If u is differentiable everywhere, then u is convex if and only if

u(x2) ≥ u(x1) +∇u(x1)T (x2 − x1) for all x1,x2 ∈ X , (6.12)

i.e., the graph lies above its tangent planes. The function is strictly convex if

u(x2) > u(x1) +∇u(x1)T (x2 − x1) for all x1,x2 ∈ X ,x1 6= x2. (6.13)

Analogously, a function is concave if (6.12) and (6.13) apply with ≥ and > replaced
by ≤ and <, respectively.

Convexity and concavity of a function can also be characterized by the Hessian ma-
trix. First we introduce the concepts of positive-(semi)definite, negative-(semi)definite
and indefinite for a matrix. Let M be a symmetric real matrix M . We have the fol-
lowing definitions, with an alternative characterization in terms of the eigenvalues λi
of M in the last column:

Definition Alternative characterization
positive-definite xTMx > 0 ∀x ∈ Rn \ {0} λi > 0 ∀i
positive-semidefinite xTMx ≥ 0 ∀x ∈ Rn \ {0} λi ≥ 0 ∀i
negative-definite xTMx < 0 ∀x ∈ Rn \ {0} λi < 0 ∀i
negative-semidefinite xTMx ≤ 0 ∀x ∈ Rn \ {0} λi ≤ 0 ∀i

A matrix M is said to be indefinite if neither of the above apply, or alternatively, if
the matrix has both positive and negative eigenvalues.

If a function u is twice differentiable, then u is convex if and only if its domain
X is convex and its Hessian D2u(x) is positive-semidefinite for all x ∈ X . Simi-
larly, u is concave if for all x ∈ X , D2u(x) is negative-semidefinite. In the case of
strict convexity or concavity, such a statement only applies one-way: if the matrix
is positive(negative)-definite and X convex, then u is strictly convex (concave), but
if u is strictly convex (concave), then D2u(x) may not be positive(negative)-definite.
For example, the function u(x, y) = x4 + y4 is strictly convex, but the Hessian is not
positive-definite in (0, 0). If D2u is indefinite everywhere, we call u saddle-shaped.

6.2 The elliptic Monge-Ampère equation

In this section, we discuss the elliptic equation, i.e.,

uxx uyy − u2
xy =

f(x, y)

g(p, q)
> 0, (x, y) ∈ X . (6.14)

We derive an explicit boundary condition and discuss the connection with optimal
mass transport (OMT) with a quadratic cost function. Subsequently, we discuss the
Legendre-Fenchel transform and how it can be used for solving the elliptic Monge-
Ampère equation. Finally we derive a relation between convex and concave solutions.



6.2. THE ELLIPTIC MONGE-AMPÈRE EQUATION 93

6.2.1 Boundary condition and optimal mass transport

The OMT problem is stated as follows. Let f : X → (0,∞) and g : Y → (0,∞)
denote (mass) densities. The total mass in X is required to be equal to the total mass
in Y: ∫

X
f(x, y) dxdy =

∫
Y
g(p, q) dp dq. (6.15)

The problem is to find a mapping γ : X → Y such that

f(x, y) = g(γ(x, y))|det(Dγ(x, y))|, (6.16)

where Dγ denotes the gradient of the mapping γ. At the same time, we minimize
the transportation cost C [γ], defined by

C [γ] =

∫
X

∣∣(x, y)T − γ(x, y)
∣∣2 f(x, y) dxdy, (6.17)

where |·| denotes the 2-norm. An important theorem by Brenier [101, p.66] states the
following (with slightly simplified conditions suitable to our purposes):

Theorem 6.3 (Brenier’s theorem). Let f(x, y), g(p, q) be bounded functions on bounded
domains X ,Y ⊂ R2. There is a unique mapping γ : X → Y that satisfies (6.16) and
minimizes (6.17). This mapping γ is the unique gradient of a convex function map-
ping the distribution f(x, y) to g(p, q).

Substitution of γ = ∇u in (6.16) yields the Monge-Ampère equation (6.1) with
implicit boundary condition (6.2). Because the map γ exists, there exists a solution
of this Monge-Ampère equation. Furthermore, the theorem states that the mapping
is the unique gradient of a convex function transforming the distribution f(x, y) into
g(p, q), therefore the solution u of the Monge-Ampère equation (6.14) with boundary
condition (6.2) is unique up to a constant.

We replace the implicit boundary condition (6.2) by the following boundary con-
dition, which is used in the numerical method:

∇u(∂X ) = ∂Y. (6.18)

To show the equivalence, we first show invertibility of the mapping ∇u.

Lemma 6.1. Let u : X → R be a strictly convex function satisfying (6.2), then the
mapping ∇u : X → Y is bijective.

Proof. Surjectivity of the mapping follows directly from (6.2). The mapping is in-
jective if ∇u(a) = ∇u(b) implies a = b. Suppose ∇u(a) = ∇u(b). The graph of a
convex function lies above its tangent planes, i.e., u(x) > u(a) +∇u(a) · (x− a) for
x 6= a [101, p.53]. If a 6= b, we have because of the strict convexity of u:

u(a) > u(b) +∇u(b) · (a− b),
u(b) > u(a) +∇u(a) · (b− a).
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Adding these two inequalities we find

(∇u(b)−∇u(a)) · (b− a) > 0.

However, ∇u(b) = ∇u(a), so we have a contradiction. Hence a = b and ∇u is
injective, and thus bijective.

Now we show that a convex solution of (6.14) subject to (6.2) maps the boundary
of X to the boundary of Y.

Lemma 6.2. Assume u ∈ C2(X ) is a convex solution of (6.14), subject to (6.2),
then ∇u(∂X ) = ∂Y.

Proof. The mapping ∇u is continuous, and thus maps open sets to open sets. Let
Int (X ) = Cl (X ) \ ∂X be the interior of X . We have ∇u(Int (X )) ⊂ Int (Y). From

Lemma 6.1 we know that∇u is bijective because u is convex, and thus (∇u)
−1

(Int (Y)) ⊂
Int (X ). We find that

Int (Y) = ∇u
(
(∇u)−1(Int (Y))

)
⊂ ∇u(Int (X )) ⊂ Int (Y) ,

and see that ∇u(Int (X )) = Int (Y). We conclude that ∇u(∂X ) = ∂Y.

The next lemma shows that the explicit boundary condition (6.18) implies the
implicit boundary condition (6.2).

Lemma 6.3. Let X and Y be simply connected, and let u be a strictly convex solution

of uxx uyy − u2
xy = f(x,y)

g(p,q) and ∇u(∂X ) = ∂Y, then u satisfies the implicit boundary

condition ∇u(X ) = Y.

Proof. ∇u is continuous and bijective, and thus a homeomorphism. ∇u maps ∂X to
∂Y. X is simply connected, and thus ∇u(X ) is simply connected. Because ∇u is
surjective, we have ∇u(Int (X )) = Int (Y).

6.2.2 The Legendre-Fenchel transform

A very useful transformation used for OMT and the Monge-Ampère equation is the
so-called Legendre-Fenchel transform. This transformation can be used to invert the
mapping∇u. First we explain why we want to find the inverse mapping. Subsequently
we show how the Legendre-Fenchel transform works.

The target domain T is defined as the support of the function G̃(p, q). In many
practical applications, the domain T is not convex. For example the intensity distri-
bution of a car’s low beam headlamp is typically not convex. But also if the support
of L(ξ, η) is convex, the domain T may not be convex. This is the case in the example
in Section 7.4.2: the target illuminance is rectangular and thus convex, but T is a
deformed rectangle that is not convex. A more extreme example is when the target
illuminance has the shape of a text. In that case, clearly T is not convex, and prob-
ably not connected either. The irregular shape of T is a problem when solving the
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Monge-Ampère equation numerically. In this thesis, we discuss two numerical solvers.
The solver in Chapter 7 requires a convex target domain. The solver in Chapter 8 may
succeed if the target domain is convex, but will certainly fail if it is not connected.
On the other hand, the numerical methods are much more forgiving to odd shapes in
the source domain: this domain is padded with zeros to a rectangular domain. These
zeros give convergence issues for the method in Chapter 8, but they do not pose a
problem for the solver in Chapter 7. The source domain represents a light source and
is typically rectangular, circular, or otherwise convex. The problem would be much
easier to solve if S were the target domain and T the source domain. This sounds at
first like wishful thinking, but it is actually a good idea. We solve the Monge-Ampère
equation with the role of source and target switched, i.e., we solve

∂2u∗

∂p2

∂2u∗

∂q2
−
(
∂2u∗

∂p∂q

)2

=
g(p, q)

f(x, y)
, (p, q) ∈ Y,(

x
y

)
= ∇yu

∗.

(6.20)

Here we introduced the notation ∇y to denote the gradient with respect to y = (p, q).
We obtain the solution u to the original Monge-Ampère equation using the Legendre-
Fenchel transform, which we introduce now.

The Legendre-Fenchel transform of u(x) is given by

u∗(y) = sup
x∈X

(x · y − u(x)) , y ∈ Y. (6.21)

From the definition of a convex/concave function, we can see that when u is strictly
convex, then for any y, the function x · y − u(x) is strictly concave in x, and thus
the supremum is unique. Assuming u(x) is differentiable, we can find the supremum
by setting the gradient to zero. In addition to ∇y, we introduce the notation ∇x to
denote the gradient with respect to x = (x, y). We find

0 = ∇x (x · y − u(x)) = y −∇xu(x). (6.22)

Now let x be such that
y = ∇xu(x), (6.23)

then u∗(y) = x · y − u(x). We find that the gradient of the Legendre transform is
given by

∇y u
∗(y) = ∇y (x · y − u(x)) = x. (6.24)

The relation (6.23) can be inverted because u is strictly convex. Let (∇xu)
−1

(y)
denote the inverse of the mapping ∇xu(x). Substituting (6.23) in (6.24) we find

∇y u
∗(y) = (∇xu)

−1
(y) for all y ∈ Y. (6.25)

Therefore the gradient of the Legendre-Fenchel transform is the inverse map of the
gradient of the original function.
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The Legendre-Fenchel transform of a strictly convex function is convex as well.
This is shown as follows using the definition of convexity (6.11). Let t ∈ [0, 1], then

u∗ (ty + (1− t)z) = sup
x∈X
{x · (ty + (1− t) z)− u(x)}

≤ sup
x∈X
{tx · y − t u(x)}+ sup

x∈X
{(1− t)x · z − (1− t)u(x)}

= t u∗(y) + (1− t)u∗(z).

(6.26)

The last thing we have to show is that if u is the solution of (6.14) with boundary
condition (6.2), then its Legendre-Fenchel transform is the solution of the the Monge-
Ampère equation (6.20). First, we slightly reformulate the Monge-Ampère equation
(6.14) to

f(x) = det
(
D2u

)
g(∇u). (6.27)

Let γ(x) = ∇xu(x), then γ−1(y) = ∇yu
∗(y). By the chain rule for mappings [102,

p.135] we have

det (Dx γ(x)) =
1

det (Dy γ−1(y))
, (6.28)

where y = γ(x) and Dx and Dy denote the gradient of the mapping with respect
to x and y, respectively. Substituting x = γ−1(y) in the Monge-Ampère equation
(6.27) we find

f(γ−1(y)) det
(
Dyγ

−1(y)
)

= g(y). (6.29)

Substituting γ−1(y) = ∇yu
∗(y) we find that u∗ is a solution of (6.20). Moreover, u∗

is convex and satisfies the implicit boundary condition, because γ satisfies the implicit
boundary condition (i.e., it maps X to Y) and is invertible.

In Chapter 7, we apply the Legendre-Fenchel transform to find a solution of a
Monge-Ampère equation of which the target domain is not convex. For this purpose,
we introduce a numerical algorithm to calculate the Legendre-Fenchel transform.

6.2.3 From convex to concave

The algorithms proposed in Chapter 7 and 8 are designed to find convex solutions
to the Monge-Ampère equation. For many practical applications, however, a concave
lens or reflector surface is preferred. An example is the street light in Chapter 7: a
concave reflector has crossing rays, therefore the optical system requires less space.
Another example is a lens of which the first surface is free-form: a concave surface
will result in a lens that has less material than a lens with a convex surface, therefore
this lens is lighter and probably cheaper.

The algorithms in Chapter 7 and 8 can be adapted to give concave solutions.
However, there is a useful relation between convex and concave solutions which can
be used to calculate concave solutions using an algorithm that calculates convex so-
lutions. This is less programming work than adapting a solver for convex solutions
to concave solutions. It can also be used to derive properties of equation (6.14) and
its solutions.
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Let H(p, q) denote a distance function to ∂Y, which equals 0 if and only if (p, q) ∈
∂Y. Then the boundary condition (6.18) is equivalent to

H (∇u(x, y)) = 0, (x, y) ∈ ∂X . (6.30)

We have the following theorem:

Theorem 6.4. Let X ⊂ R2, Y ⊂ R2, f : X → [0,∞), g : Y → (0,∞) and H : Y → R
be given such that f(x, y) ≥ 0 for (x, y) ∈ X , g(p, q) > 0 for (p, q) ∈ Y and H(p, q) = 0
if and only if (p, q) ∈ ∂Y. Let u(x, y) be the convex solution of

uxx uyy − u2
xy =

f(x, y)

g(−ux,−uy)
, (x, y) ∈ X ,

H (−ux,−uy) = 0, (x, y) ∈ ∂X ,

then v(x, y) = −u(x, y) is the concave solution of

vxx vyy − v2
xy =

f(x, y)

g(vx, vy)
, (x, y) ∈ X ,

H (vx, vy) = 0, (x, y) ∈ ∂X .

Proof. The theorem can be verified by substituting u(x, y) = −v(x, y) into the bound-
ary value problem for u.

An even stronger relation between convex and concave surfaces can be derived
when the source distribution has mirror symmetry in two lines x = a/2 and y = b/2,
i.e., f(a−x, b− y) = f(x, y), for some (a, b) ∈ R2. This applies for example when the
source distribution is uniform.

Theorem 6.5. Let X , Y, f , g and H be as in Theorem 6.4. Additionally, assume
there exists an (a, b) ∈ R2 such that

f(a− x, b− y) = f(x, y), for all (x, y) ∈ X .

Let u(x, y) be the convex solution of

uxx uyy − u2
xy =

f(x, y)

g(ux, uy)
, (x, y) ∈ X ,

H (ux, uy) = 0, (x, y) ∈ ∂X .

Then v(x, y) = −u(a− x, b− y) is the concave solution of the same problem.

Proof. First we write down the Monge-Ampère equation in the point (a − x̄, b − ȳ).
We find

det
(
D2u

)
(a− x̄, b− ȳ) =

f(a− x̄, b− ȳ)

g (ux(a− x̄, b− ȳ), uy(a− x̄, b− ȳ))
.
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Because of the symmetry of f , if (x̄, ȳ) ∈ ∂X , then (a− x̄, b− ȳ) ∈ ∂X and vice versa.
Therefore we have for the boundary condition

H (ux(a− x̄, b− ȳ), uy(a− x̄, b− ȳ)) = 0 (x̄, ȳ) ∈ ∂X .

The derivatives of v in (x̄, ȳ) are given by

vx(x̄, ȳ) = ux(a− x̄, b− ȳ),

vy(x̄, ȳ) = uy(a− x̄, b− ȳ),

vxx(x̄, ȳ) = −uxx(a− x̄, b− ȳ),

vxy(x̄, ȳ) = −uxy(a− x̄, b− ȳ),

vyy(x̄, ȳ) = −uyy(a− x̄, b− ȳ).

From these last three relations we conclude that the Hessian matrix of v is given by
D2v(x̄, ȳ) = −D2u(a−x̄, b−ȳ). As a result D2v has negative eigenvalues and thus v is
concave. Substituting these derivatives, and using the relation f(a−x, b−y) = f(x, y),
we find for the Monge-Ampère equation and the boundary condition:

det
(
D2v

)
(x̄, ȳ) =

f(x̄, ȳ)

g (vx(x̄, ȳ), vy(x̄, ȳ))
, (x̄, ȳ) ∈ X ,

H (vx(x̄, ȳ), vy(x̄, ȳ)) = 0 (x̄, ȳ) ∈ ∂X ,

and thus v is a concave solution of the Monge-Ampère equation.

In terms of the mapping m = ∇u, Theorem 6.5 can be interpreted as a double
reflection in the symmetry axes.

6.3 The hyperbolic Monge-Ampère equation

In this section, we consider solutions of (6.1) where the negative sign is chosen, i.e.,

uxx uyy − u2
xy = −f(x, y)

g(p, q)
≤ 0. (6.36)

If the right hand side is strictly negative, the equation is hyperbolic [99, p.654]. In
that case, solutions u of this equation are saddle-shaped, because the Hessian is
indefinite. In contrast to convex and concave solutions, very little is known about
solutions of (6.36). The equation is of a very different nature, and, to the best
of our knowledge, no explicit boundary condition corresponding to (6.2), or useful
existence and uniqueness results are known. Subsequently we discuss an application
of saddle shaped reflectors and lenses, namely in the construction of smooth arrays of
reflectors/lenses. We introduce a method to construct such arrays for a certain class of
target distributions, and show that in general we cannot obtain saddle surfaces from
convex surfaces in the same way we obtained concave surfaces from convex surfaces.
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6.3.1 Existence and uniqueness

Existence and uniqueness for the hyperbolic Monge-Ampère equation is not as well
established as for the elliptic Monge-Ampère equation. Also, it is not clear if the
boundary condition (6.18) applies, because its validity was proven using convexity
of the solution. One existence and uniqueness result on hyperbolic Monge-Ampère
equations is by Lewy [103] and Hartman & Wintner [104]. They give some local
existence and uniqueness results around a curve Γ ⊂ X if u, p and q are given on that
curve. This is an initial value problem, and it is not known how this is related to the
implicit boundary condition (6.2).

An example may give some insight in the problem of existence and uniqueness.
Suppose we have the hyperbolic Monge-Ampère equation given by

det
(
D2u

)
= −1, (6.37)

with source and target domain both a disc with radius 1. A solution of this equation
is given by

u(x, y) =
1

2
(x2 − y2), (6.38)

which corresponds to the mapping

∇u(x, y) = (x,−y). (6.39)

This solution is not unique. A class of solutions is given by

uα(x, y) =
1

2

[
(x cos(α) + y sin(α))2 − (−x sin(α) + y cos(α))2

]
, (6.40)

for α ∈ [0, π). It can be verified that uα is a solution of (6.37). The gradient of uα is
given by

∂uα
∂x

= cos(2α)x+ sin(2α) y, (6.41a)

∂uα
∂y

= sin(2α)x− cos(2α) y, (6.41b)

which shows that the source domain is mapped to the target domain. This is not
a proof of uniqueness or existence of solutions in general, but it shows that there
may be multiple solutions to the hyperbolic Monge-Ampère equation with boundary
condition (6.2).

In Theorem 6.5, we constructed a concave solution from a convex solution. A
logical thought is that we can construct a saddle solution from a convex solution
in a similar way. Instead of reflecting the mapping in both symmetry axes of the
source, the mapping should be reflected in only one symmetry axis. So given a
convex solution u(x, y), we construct the following mapping, where ux, uy, vx and vy
denote the derivatives of u and v with respect to x and y:

vx(x, y) = ux(a− x, y), (6.42a)

vy(x, y) = uy(a− x, y). (6.42b)
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Subsequently we construct the surface v(x, y) from the mapping. Unfortunately, this
is in general not possible, because we need for the surface v the integrability condition,
given by

∂vy
∂x

=
∂vx
∂y

. (6.43)

Differentiating (6.42a) with respect to y and (6.42b) with respect to x we find

uxy(a− x, y) = −uxy(a− x, y). (6.44)

This is only satisfied if uxy(a−x, y) = 0. Therefore, mappings constructed using this
method will not yield an integrable surface unless uxy = 0.

6.4 Combinations of convex, concave and saddle sur-
faces

In this section, we discuss surfaces constructed from combinations of convex, con-
cave and saddle-shaped solutions of (6.1) with boundary condition (6.2). We discuss
conditions for continuity and smoothness of such surfaces, and identify a class of
equations (separable target distributions) for which we can calculate convex, concave
and saddle-shaped solutions which can be combined into a single smooth surface.

6.4.1 Smooth reflector and lens arrays

Suppose we have a parallel beam of light, and we want to make an array of lenses
such that each of these lenses has the same specified intensity output. Arrays of lenses
are quite common in illumination systems. Because the light is emitted from many
different array elements instead of just one lens, it is perceived as less intense and
more comfortable to the eyes. For manufacturing purposes, it is preferable if the lens
surface is smooth.

We may solve the lens equation (5.32) for a strictly positive right hand side,
assuming a constant source emittance, using one of the numerical methods described
in Chapter 7 or Chapter 8. Then we can construct a periodic array of rectangular
convex or concave lenses. We have constructed such an array for the convex surface
given by

u(x, y) = x2 − x+ y2 − y, 0 ≤ x, y ≤ 1. (6.45)

The array is shown in Figure 6.2a. The surface of the array is continuous, but the
derivative are not continuous across the interface. It is possible to manufacture such a
surface, but a smooth surface would be preferable. If the surface u was not symmetric,
the surface would not be continuous in general.

Looking at the boundary of lens array, for example along the line x ∈ [0, 2], y = 0,
we conclude that for a smooth array, one of the lenses must be concave along the
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(a) An array consisting of only convex lens sur-
faces. (b) An array consisting of convex and concave

lens surfaces.

Figure 6.2: Two possible configurations for an array consisting of convex and concave
lens surfaces. A smooth array surface is not possible with just convex and concave
surfaces.

boundary. In a second attempt, we construct an array of lenses out of convex and
concave surfaces, given by

u(x, y) = x− x2 + y − y2, 0 ≤ x, y ≤ 1. (6.46)

The result is shown in Figure 6.2b. The lens surface is smooth along the interface, but
not continuous perpendicular to the interfaces. We conclude that we cannot construct
a smooth lens array out of convex and concave surfaces alone, we need saddle surfaces
as well. This statement is not true if u = 0 on the boundary, but this implies that
f(x, y) = 0 along the boundary. This is not the case, because we assumed a constant
source distribution. We construct a smooth lens array using convex, concave and two
type of saddle surfaces, all of the form

u(x, y) = ±
(
x2 − x

)
±
(
y2 − y

)
, 0 ≤ x, y ≤ 1, (6.47a)

u(x, y) = ±
(
x2 − x

)
∓
(
y2 − y

)
, 0 ≤ x, y ≤ 1. (6.47b)

The result is shown in Figure 6.3. We conclude that for the construction of a smooth
lens array, we need convex, concave and saddle shaped lens surfaces. Note that this
is a necessary, but not a sufficient requirement.

Next, we attempt to construct such an array for general surfaces, to check whether
this is possible as well. As example, we use some of the convex lens surfaces calculated
in the two numerical experiments in Chapter 8. We construct the concave surface
u−−(x, y) from the convex surfaces u++(x, y) according to Theorem 6.5:

u−−(x, y) = −u++(−x,−y), (x, y) ∈ [−1, 1]2. (6.48)

We do not know how to construct or calculate the saddle surface, but we will attempt
to construct the convex and concave parts of the lens array, and verify if the boundaries
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Figure 6.3: A smooth lens array, constructed from convex, concave and two different
saddle shaped surfaces.

around a saddle surface connect. We start with a convex surface, and place a concave
surface shifted 2 in the x-direction and −2 in the y-direction, such that the corners of
the surfaces touch. Subsequently we place a convex surface shifted 4 in the x-direction,
such that the corner coincides with the second concave surface. Finally we place the
fourth surface, which is concave again, and shifted 2 in the x-direction and 2 in the
y-direction, such that the corners of the fourth and third surface coincide. The results
for both lens surfaces are shown in Figure 6.4. The first test surface, corresponding to
the uniform spot, is symmetric, and the boundaries apparently connect. The distance
between the corners at (1, 1) is 5.6 · 10−4. The second surface, corresponding to the
painting, is not symmetric. The distance between the corners at (1, 1) is 0.08. This
gap can be seen in Figure 6.4b. Because of this gap, it is not possible to construct a
continuous saddle surface in the middle. However, the gap is small, which suggests
that it is possible to close the gap without changing the output distribution too much.

(a) The symmetric test surface corresponding to
the uniform spot.

(b) The asymmetric test surface corresponding
to the painting.

Figure 6.4: Construction of the convex and concave parts of a smooth lens array for
two different free-form lens surfaces.
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We calculate the size of the gap ∆ at (1, 1) by following the boundaries of the
surfaces from (1, 1) to (−1, 1) to (−1, 3) to (1, 3) and back to (1, 1). The size of the
gap is given by the sum of the height differences ∆1,∆2,∆3,∆4 of the four boundaries:

∆1 = u++(1,−1)− u++(1, 1), (6.49a)

∆2 = u−−(1, 1)− u−−(−1, 1) = u++(1,−1)− u++(−1,−1), (6.49b)

∆3 = u++(−1, 1)− u++(−1,−1), (6.49c)

∆4 = u−−(−1,−1)− u−−(1,−1) = u++(−1, 1)− u++(1, 1), (6.49d)

∆ = −2
[
u++(1, 1)− u++(−1, 1)− u++(1,−1) + u++(−1,−1)

]
. (6.49e)

A necessary condition for the existence of a saddle solution of the Monge-Ampère
equation connecting smoothly to the other surfaces, is that the gap ∆ = 0. This is
satisfied for example when the target distribution g(p, q) has mirror symmetry in one
of the directions p or q, because then the surface u will have a similar symmetry.

6.4.2 Arrays for separable target distributions

For a certain class of target distributions, called separable target distributions, we
can easily construct convex, concave and saddle solutions which can be combined into
a smooth array. These distributions are of the form g(p, q) = g1(p) g2(q), and the
Monge-Ampère equation is given by

detD2u = ± f

g1(p) g2(q)
. (6.50)

Here f is a constant, and we assume that the source domain X = [xmin, xmax] ×
[ymin, ymax], and the target domain Y = [pmin, pmax]× [qmin, qmax] are rectangles. We
define the two constants f1 and f2 such that

f1 =

∫ pmax

pmin

g1(p) dp
/

(xmax − xmin) , (6.51a)

f2 =

∫ qmax

qmin

g2(q) dq
/

(ymax − ymin) . (6.51b)

Then we have∫
X
f1 f2 dxdy =

∫ pmax

pmin

g1(p) dp

∫ qmax

qmin

g2(q) dq =

∫
Y
g1(p) g2(q) dpdq, (6.52)

and we find from the conservation of energy, given by∫
X
f dxdy =

∫
Y
g1(p) g2(q) dp dq, (6.53)

the relation
f = f1 f2, (6.54)
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where we used that f , f1 and f2 are constants. Equation (6.50) has solutions of the
form

u(x, y) = u1(x) + u2(y). (6.55)

Substituting this in (6.50) we find that uxy = 0 and

d2u1

dx2

d2u2

dy2
= ± f1

g1(p)

f2

g2(q)
. (6.56)

We have p = ∂u
∂x = du1

dx and q = ∂u
∂y = du2

dy , therefore we can solve (6.50) as two
decoupled Monge-Ampère equations in one variable:

d2u1(x)

dx2
= ± f1

g1(p)
,

d2u2(y)

dy2
= ± f2

g2(q)
. (6.57)

Both equations have a convex and a concave solution, depending on the choice of
the sign. We solve the equations as two first order equations. For example, for the
positive sign, we find u1(x) by solving

∂p(x)

∂x
=

f1

g1(p)
,

∂u1

∂x
= p(x). (6.58)

In both of the equations (6.57) we must choose a positive or a negative sign. Therefore
we find four functions p+(x), p−(x), q+(y) and q−(y). The boundary of Y gives us
the boundary conditions, thus we have

dp+

dx
=

f1

g1(p+)
, p+(xmin) = pmin, p+(xmax) = pmax, (6.59a)

dp−

dx
= − f1

g1(p−)
, p−(xmin) = pmax, p−(xmax) = pmin, (6.59b)

dq+

dy
=

f2

g2(q+)
, q+(ymin) = qmin, q+(ymax) = qmax, (6.59c)

dq−

dy
= − f2

g2(q−)
, q−(ymin) = qmax, q−(ymax) = qmin. (6.59d)

These equations can be solved as initial value problems, we can ignore the end con-
ditions: they will be automatically satisfied. This can be verified by integration. For
example, for equation (6.59a) we find∫ xmax

xmin

f1 dx =

∫ xmax

xmin

g1(p)
dp

dx
dx =

∫ p+(xmax)

pmin

g1(p) dp. (6.60)

Because g1(p) > 0, the last integral is a monotonic function of p+(xmax). Comparing
with equation (6.51a) we conclude that p+(xmax) = pmax. A similar reasoning applies
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to the equations (6.59b), (6.59c) and (6.59d). Subsequently we find u+
1 , u−1 , u+

2 and
u−2 by integrating the equations

du+
1

dx
= p+(x), u+

1 (0) = 0, (6.61a)

du−1
dx

= p−(x), u−1 (0) = 0, (6.61b)

du+
2

dy
= q+(y), u+

2 (0) = 0, (6.61c)

du−2
dy

= q−(y), u−2 (0) = 0. (6.61d)

These four functions can be combined into a periodic array, as shown in Figure 6.5b.
The surface for (x, y) ∈ [0, 2)2 is given by

u(x, y) =


u+

1 (x) + u+
2 (y), x ∈ [0, 1), y ∈ [0, 1),

u−1 (x− 1) + u+
1 (1) + u+

2 (y), x ∈ [1, 2), y ∈ [0, 1),

u+
1 (x) + u−2 (y − 1) + u+

2 (1), x ∈ [0, 1), y ∈ [1, 2),

u−1 (x− 1) + u+
1 (1) + u−2 (y − 1) + u+

2 (1), x ∈ [1, 2), y ∈ [1, 2).

(6.62)

Define Nx =
⌊
x
2

⌋
and Ny =

⌊
y
2

⌋
. The complete array for arbitrary (x, y) ∈ R2 is

given by

U(x, y) =u (x− 2Nx, y − 2Ny) +

Nx
(
u+

1 (1) + u−1 (1)
)

+Ny
(
u+

2 (1) + u−2 (1)
)
.

(6.63)

This composite surface is continuous and smooth, because by the initial and end
conditions of (6.59) and the equations (6.61), the derivatives are continuous across
the interfaces.

As an example, we solved the separable equation (6.50) with

g1(p) = cos(π p) + 1, g2(q) = 1, (6.64)

with source and target domain

X = [0, 1]
2
, Y =

[
−1

4
,

1

4

]
×
[
0,

1

3

]
. (6.65)

The resulting functions u+
1 , u−1 , u+

2 and u−2 are shown in Figure 6.5a. From these
functions we create convex, concave and saddle surfaces. Combining and translating
these surfaces we construct the smooth surface shown in Figure 6.5b.

Most target distributions are unfortunately not of the form g1(p)g2(q). A possible
approach could be to find for a given g(p, q) two target distributions g1 and g2 such
that the difference between g1(p) g2(q) and g(p, q) is as small as possible according
to a chosen measure. Alternatively, it may be possible to identify a wider range of
functions for which the saddle solutions can be calculated. This branch of research
still has many open ends.
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(a) The functions u+1 , u−1 , u+2 and u−2 .

(b) The smooth array resulting from solving the
example problem.

Figure 6.5: The solution of the example problem (6.64) with the boundary conditions
for u+

1 , u−1 , u+
2 and u−2 given by the domains (6.65).

6.5 Numerical methods

In this section, we give an overview of the literature on numerical methods for the
Monge-Ampère equation. By far most of the literature considers only the elliptic
Monge-Ampère equation with Dirichlet or Neumann boundary conditions. These
methods cannot be applied directly to reflector and lens design. It is interesting to
mention these methods because they may be adapted for different boundary condi-
tions. Literature on the hyperbolic Monge-Ampère equation is very scarce. We only
found a few authors discussing this subject.

� Oliker & Prussner One of the first articles describing a numerical method for
the Monge-Ampère equation with Dirichlet boundary conditions was published
by Oliker & Prussner in 1989 [59]. They use a finite difference scheme to solve
the equation

∂2u

∂x2

∂2u

∂y2
−
(
∂2u

∂x∂y

)2

= f(x, y), f : Ω→ [0,∞),

u(x, y) = φ(x, y), (x, y) ∈ ∂Ω,

(6.66)

on a convex domain Ω ⊂ R2, and give a convergence proof. The numerical
method is based on a geometric interpretation of the equation.

� Benamou & Brenier A popular method to solve optimal mass transport (and
thus indirectly the Monge-Ampère equation) is due to Benamou & Brenier [105].
The method solves optimal mass transport with periodic boundary conditions
by creating a continuous transformation of the source density into the target
density. The method is popular for image analysis. This method is further
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developed by Angenent, Haker & Tannenbaum [106] and Haber, Rehman &
Tannenbaum [107].

� Dean, Glowinski et al. Between 2003 and 2008, Dean & Glowinski pub-
lished several articles to solve the elliptic Monge-Ampère equation with Dirich-
let boundary conditions [108–111]. The articles apply either an augmented
Lagrangian approach or a least squares approach. An improvement on the
least-squares approach was published by Caboussat, Glowinsky & Sorensen in
2013 [112]. In Chapter 8 we introduce a numerical method for the elliptic
Monge-Ampère equation with transport boundary conditions, which is largely
inspired by the article of Caboussat et al.

� Froese, Oberman, Benamou Several articles on a monotone finite differ-
ence scheme for the elliptic Monge-Ampère equation are published by Oberman,
Froese & Benamou [11, 113–117]. They also introduce two methods to handle
transport boundary conditions [9,10,118,119]. A convergence proof for the finite
difference scheme and the implementation of the boundary condition is given.
We implemented a version of their algorithm, which is described extensively
Chapter 7. The algorithm has shown to be very reliable and fast.

� Feng & Neilan From 2009 on, Feng & Neilan introduce a numerical method
for nonlinear second order partial differential equations, which they call the
’Vanishing moment method’. Several articles are published [120–124] in which
the method is applied to, among others, the elliptic Monge-Ampère equation.

� Brenner, Neilan Brenner and Neilen recently introduced a penalty method
for the Monge-Ampère equation in dimension two [125] and three [126].

� Loeper & Rapetti Loeper and Rapetti published in 2005 a Newton-type al-
gorithm for the Monge-Ampère equation with convexity constraint [127].

� Lakkis & Pryer Lakkis and Pryer published two articles on a Galerkin finite
element method for nonlinear elliptic problems. The methods has been shown
to work for the Monge-Ampère equation with Dirichlet boundary conditions
[128,129].

� Howard In 2006, Howard published a thesis on hyperbolic Monge-Ampère equa-
tion [130]. Both theoretical and numerical results are presented. This is one of
the very few publications on hyperbolic Monge-Ampère equations.
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Chapter 7

The Wide Stencil Scheme

Recently Froese, Oberman and Benamou [9–11] published several articles introducing
a new discretization to find the convex solution of the elliptic Monge-Ampère equation,
given by

det
(
D2u(x)

)
=

f(x)

g(∇u(x))
, x ∈ X , (7.1)

subject to the explicit transport boundary condition

∇u(∂X ) = ∂Y, (7.2)

on a given source domain X ⊂ R2 with source function f : X → [0,∞) such that
X = supp (f) and convex target domain Y ⊂ R2 with target function g : Y → (0,∞)
such that Y = supp (g). The gradient of the solution ∇u represents a mapping from
X to Y. We implemented a version of their method to solve our reflector equation
(5.19) with a positive sign. In this chapter we give an overview of the algorithm. For
more details, we refer to the articles by Froese, Oberman and Benamou. First, we
give the discretization of the Monge-Ampère equation (7.1) on the interior domain
that enforces convexity. Subsequently, we give the discretization of the boundary
condition (7.2). The discretization of the Monge-Ampère equation on the interior
and the boundary gives a numerical scheme, which is known to converge [9]. This
discrete system is solved using damped Newton iteration. The numerical method is
not applicable if the target domain is not convex, but in our application the source
domain is often convex. Therefore we apply the Legendre-Fenchel transform, which
can convert the solution of the Monge-Ampère equation with the roles of source
and target switched, into the solution of the original equation. Finally we test the
algorithm for the design of several reflectors. We evaluate the results using commercial
ray tracing software.
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7.1 Discretization of the Monge-Ampère equation

Let RX = [amin, amax]×[bmin, bmax] ⊂ R2 be the smallest rectangular bounding box of
X aligned with the grid. This domain is discretized using a standard square grid. We
choose Mx,My ∈ N such that h = (amax− amin)/(Mx− 1) = (bmax− bmin)/(My − 1),
if necessary we modify the dimensions of the domain slightly such that we can use a
square grid. Each grid point is given by

xi,j =

(
xi
yj

)
=

(
amin + h(i− 1)
bmin + h(j − 1)

)
, (7.3)

for i = 1, 2, . . . ,Mx and j = 1, 2, . . . ,My. We denote the approximate solution of the
boundary value problem by

ui,j ≈ u(xi,j). (7.4)

The solution of the Monge-Ampère equation (7.1) with boundary condition (7.2)
without the convexity requirement is not unique. For stability of the numerical algo-
rithm it is essential that convexity is enforced [117]. Benamou, Froese and Oberman
introduced a numerical scheme for the interior that ensures convexity of the solution
and is provably convergent. The scheme is based on a convergence result by Barles
and Souganidis [9, 131]. A requirement in their convergence proof is monotonicity of
the scheme. A monotone scheme is defined as follows. Let F i,j(u) = 0 be the finite
difference equation at xi,j . The scheme is called monotone if the following inequalities
are satisfied [113]:

∂F i,j

∂ui,j
≥ 0,

∂F i,j

∂uk,l
≤ 0 for (i, j) 6= (k, l). (7.5)

A standard finite difference scheme for the Monge-Ampère equation is not monotone
because, among other reasons, the discretization of the mixed second derivative uxy
is not monotone [114]. Also, a standard finite difference scheme does not enforce
convexity.

Therefore, an alternative representation of det
(
D2u

)
is introduced. The represen-

tation is based on the observation that det
(
D2u

)
= λminλmax, where λmin ≤ λmax are

the smallest and largest eigenvalue of the matrix D2u, respectively. These eigenvalues
correspond to the eigenvectors v̂min and v̂max, normalized with respect to the vector
2-norm. These vectors are orthogonal because D2u is symmetric and real. Let V be
the set of all orthonormal bases of R2. The determinant of the Hessian for any base
(v̂1, v̂2) ∈ V is given by

∂2u

∂v2
1

∂2u

∂v2
2

−
(

∂2u

∂v1∂v2

)2

= det
(
[v̂1 v̂2]T

(
D2u

)
[v̂1 v̂2]

)
= det

(
D2u

)
. (7.6)

Here ∂
∂vi

denotes the directional derivative in the direction v̂i. The determinant of
the Hessian is thus independent of the direction of differentiation. On the other hand,



7.1. DISCRETIZATION OF THE MONGE-AMPÈRE EQUATION 111

we have by the Raleigh-Ritz quotient [132, p.176]

det
(
D2u

)
= λminλmax =(

v̂Tmin(D2u)v̂min

) (
v̂Tmax(D2u)v̂max

)
=

∂2u

∂v2
min

∂2u

∂v2
max

.
(7.7)

Thus, when the basis (v̂1, v̂2) in Equation (7.6) is the set of eigenvectors, the mixed
derivative vanishes. This is exactly what we want, because by verifying (7.5) we can
see that the standard discretization of the mixed derivative is not monotone. The
square of the mixed derivative is nonnegative, so when the mixed derivative vanishes,

a minimum of ∂2u
∂v2

1

∂2u
∂v2

2
is achieved. We can find the eigenvectors by minimizing the

product of the second order derivatives over all directions:

det
(
D2u

)
= min

(v̂1,v̂2)∈V

∂2u

∂v2
1

∂2u

∂v2
2

. (7.8)

We use this to rewrite the Monge-Ampère equation (7.1) as follows:

min
(v̂1,v̂2)∈V

∂2u

∂v2
1

∂2u

∂v2
2

=
f(x)

g(∇u(x))
. (7.9)

Subsequently, we modify this equation to admit only convex solutions u. The function
u is convex if and only if both of the eigenvalues of D2u are positive for all x ∈ X .
For that reason, we introduce the operators

(z)+ = max(z, 0), (z)− = min(z, 0), (7.10)

see also Figure 7.1a. We modify (7.9) to

min
(v̂1,v̂2)∈V

{(
∂2u

∂v2
1

)+(
∂2u

∂v2
2

)+
}

=
f(x)

g(∇u(x))
. (7.11)

If the right hand side is positive, the new formulation only allows convex u. However,
if the right hand side is 0, any function that is not convex can be a solution to (7.11).
To prevent this, we add the negative part of the second order derivatives:

min
(v̂1,v̂2)∈V

{(
∂2u

∂v2
1

)+(
∂2u

∂v2
2

)+

+

(
∂2u

∂v2
1

)−
+

(
∂2u

∂v2
2

)−}
=

f(x)

g(∇u(x))
. (7.12)

Now, if D2u has a negative eigenvalue, the left hand side is negative and therefore
not a solution to (7.12). If both eigenvalues are positive, the equation is equivalent
to (7.9).

Equation (7.12) is discretized using a finite number of directions V ⊂ V. The
directional resolution is called ∆θ, and is defined as the largest angle between two
direction vectors. We use the 17-point stencil shown in Figure 7.2a. The directional
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Figure 7.1: The functions (z)+, (z)−, (z)+
δ and (z)−δ .

resolution ∆θ is smallest if the grid is square, hence the choice for a square grid.
The second order derivatives in the different directions are discretized using standard
central differences:

Dvvui,j =
1

hv
2 (u(xi,j − v̂hv) + u(xi,j + v̂hv)− 2u(xi,j)) . (7.13)

Here hv is the distance to the neighboring points on the line x = xi,j + s v̂, s ∈ R.

Adjacent to the boundary, some directions in the stencil are missing, as shown in
Figure 7.2b. The missing points are replaced by interpolated points on the boundary.
Suppose, for example, we need to calculate the second order difference Dv̂v̂ui,2 for v̂ =
(1, 2)T /

√
5. Using second order Taylor series around u(xi, y2) we find the following

approximation

Dv̂v̂ui,2 =
2ui− 1

2 ,1
− 3ui,2 + ui+1,4

3
4 h

2
v

, (7.14)

where ui− 1
2 ,1

is calculated using quadratic interpolation:

ui− 1
2 ,1

=
1

8

(
3ui−1,1 + 6ui,1 − ui+1,1

)
. (7.15)

Substitution in (7.14) yields

Dv̂v̂ui,2 =
3ui−1,1 + 6ui,1 − ui+1,1 + 4ui+1,4 − 12ui,2

3h2
v

. (7.16)

This approximation is second order accurate, but by verifying (7.5) (the approxima-
tion is applied with a minus sign) we find that monotonicity of the scheme is lost
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(a) In the interior

(b) Near the boundary j = 1

Figure 7.2: The 17-point stencil

because of the minus sign before ui+1,1 [114, p.227]. Alternatively, we could use lin-
ear interpolation, but as no convergence problems were encountered, we chose for the
more accurate interpolation.

To ensure monotonicity, we introduce the following operators for δ > 0:

(z)+
δ = max(z, δ), (z)−δ = min(z, δ), (7.17)

as shown in Figure 7.1b. The left hand side of (7.12) is modified as follows

det+
δ

(
D2u

)
= min

(v̂1,v̂2)∈V

{(
∂2u

∂v2
1

)+

δ

(
∂2u

∂v2
2

)+

δ

+

(
∂2u

∂v2
1

)−
δ

+

(
∂2u

∂v2
2

)−
δ

}
. (7.18)

The gradient in the right hand side of (7.1) is approximated using the proper linear
combination of ∂u

∂v1
and ∂u

∂v2
, where (v̂1, v̂2) is the basis for which the minimum was

achieved in the discretization of determinant of the Hessian. We denote this gradient
by Gvui,j . Finally, we have the following discretization for the interior domain

F i,j =
f(xi, yj)

g (Gvui,j)
−

min
(v̂1,v̂2)∈V

{
(Dv̂1v̂1

ui,j)
+
δ (Dv̂2v̂2

ui,j)
+
δ + (Dv̂1v̂1

ui,j)
−
δ + (Dv̂2v̂2

ui,j)
−
δ

}
.

(7.19)

Monotonicity of (7.19) is verified in Appendix A. Here we find that the discretization
(7.19) is monotone when δ ≥ 3hK

2 , where K is the maximum of the Lipschitz constants
in the variables p and q of f(x, y)/g(p, q). When the stencil is restricted to the
horizontal, vertical and diagonal directions (i.e., a 9 point stencil), we need δ ≥ hK√

2
.

7.2 Discretization of the boundary condition

The boundary condition (7.2) is implemented by creating a nonlinear equation for each
grid point at the boundary of X . Let H(y) be the signed distance to the boundary
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of Y, defined to be negative for points inside Y, then H(y) = 0 if and only if y ∈ ∂Y.
By the supporting hyperplane theorem (Theorem 6.1, [100, p.51]) and the convexity
of Y, there is for each point z ∈ ∂Y a supporting line. Let N (z) be the set of outward
unit normals of lines supporting z ∈ ∂Y. The signed distance function is a convex
function, and can be written in terms of the supporting lines to Y, as shown in the
following lemma:

Lemma 7.1. Let Y be a convex set. Let SY be the set of 2-tuples of boundary points
and unit direction vectors, directed outward from Y, corresponding to the supporting
lines of Y. The signed distance of a point y ∈ R2 to the boundary ∂Y, negative inside
Y, is given by

H(y) = max
(z,n̂)∈SY

(y − z) · n̂. (7.20)

Proof. First we consider points y ∈ Y. A supporting line contains only boundary
points of Y and points outside Y. Therefore the distance of y to the boundary is
the minimum over the distances to all of the supporting lines, see Figure 7.3a. The
distance of the point y to the line (z, n̂) ∈ SY is given by (z − y) · n̂. Thus, the
distance to the boundary for y ∈ Y is given by

dist (y ∈ Y, ∂Y) = min
(z,n̂)∈SY

(z − y) · n̂ (7.21)

and thus the negative distance is given by (7.20).

(a) The distance of y to the boundary
equals the distance to the nearest sup-
porting line.

(b) The distance of y to ∂Y equals the radius of the
largest circle around y not intersecting with Int (Y).
The distance to the nearest supporting line does not
apply here, as illustrated by the dotted supporting line.

Figure 7.3: Characterization of a convex set using supporting lines.

Now suppose y /∈ Y. Let BR(y) be the open disc with center y and radius R, as
shown in Figure 7.3b. Choose R to be the largest value such that BR(y)∩Int (Y) = ∅,
as illustrated in 7.3b. Then R is the distance of y to ∂Y. According to the separating
hyperplane theorem [100, p.46], there is a line that has an empty intersection with
both Int (Y) and BR(y) with Int (Y) on one side of the line and BR(y) on the other
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side. Because BR(y) and Int (Y) touch, and BR(y) is strictly convex, this line is
unique and it is the supporting line of both Y and Cl (BR(y)). Let (z, n̂) ∈ SY
represent this line. We conclude

R = (y − z) · n̂. (7.22)

This is also the (z, n̂) ∈ SY maximizing (y − z) · n̂, because all the other supporting
lines in SY either intersect BR(y) (such as the dotted line in 7.3b) and have therefore
a smaller distance to y, or do not separate Y and y, in which case (y − z) · n̂ < 0.
Thus, the distance of y to ∂Y is given by (7.20).

We rewrite (7.20) for better computational efficiency. The supporting line corre-
sponding to the 2-tuple (z0, n̂) ∈ SY is given by z from the equation

(z − z0) · n̂ = 0. (7.23)

The half-plane containing Int (Y) is given by (z − z0) · n̂ < 0, therefore we have for
z ∈ ∂Y:

(z − z0) · n̂ ≤ 0. (7.24)

From (7.23) and (7.24) we conclude that for (z0, n̂) ∈ SY we can define

H∗(n̂) := z0 · n̂ = max
z∈∂Y

z · n̂. (7.25)

Substituting this relation in (7.20) we conclude

H(y) = max
n̂∈S1

y · n̂−H∗(n̂). (7.26)

Subsequently we discretize (7.26). We use the following discretization of S1, the
normals of ∂Y:

S1
∆α =

{(
cos(k∆α)
sin(k∆α)

)
, k = 1, 2, . . . 2π/∆α

}
. (7.27)

The gradient of u must be discretized using one-sided finite differences, because we
are on the boundary of the grid. We find the discretization

H(∇u(xi,j)) ≈ max
(n1,n2)T∈S1

∆α

{
n1

(
ui,j − ui−1,j

h
[i = Mx] +

ui+1,j − ui,j
h

[i = 1]

)
+

n2

(
ui,j − ui,j−1

h
[j = My] +

ui,j+1 − ui,j
h

[j = 1]

)
−H∗(n1, n2)

}
.

(7.28)

Here [. . .] denotes Iverson notation: if the statement between the brackets it true, it
has value 1, otherwise it has value 0. The above discretization is correct, but not
monotone. In [9] it is shown that, because of the convexity of u, for any x ∈ ∂X with
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unit outward normal n̂X , the maximum in (7.26) can be restricted to vectors n̂Y ∈ S1

such that n̂X · n̂Y > 0. This is used to create the following monotone scheme:

H(∇u(xi,j)) ≈ max
(n1,n2)T∈S1

∆α

{
max{n1, 0}

ui,j − ui−1,j

h
+ min{n1, 0}

ui+1,j − ui,j
h

+

max{n2, 0}
ui,j − ui,j−1

h
+ min{n2, 0}

ui,j+1 − ui,j
h

−H∗(n1, n2)
∣∣∣ n̂X (xi,j) · (n1, n2)T > 0

}
,

(7.29)

where n̂X (xi,j) is the normal of X at xi,j . The maxima and minima between the curly
braces guarantee we avoid ghost points (i.e., points outside the grid). For example,
when i = 1, then n̂X (xi,j) = (−1, 0), and only normals (n1, n2) with n1 ≤ 0 are
used. Therefore the derivative containing u0,j and u−1,j is always multiplied with 0.
However, we found that a first-order discretization of the derivatives at the boundary
causes a relatively large error compared to the interior of the solution, therefore we
replaced the first-order differences with second-order differences:

H(∇u(xi,j)) ≈

max
(n1,n2)T∈S1

∆α

{
max{n1, 0}

3ui,j − 4ui−1,j + ui−2,j

2h
+

min{n1, 0}
−3ui,j + 4ui+1,j − ui+2,j

2h
+

max{n2, 0}
3ui,j − 4ui,j−1 + ui,j−2

2h
+

min{n2, 0}
−3ui,j + 4ui,j+1 − ui,j+2

2h

−H∗(n1, n2)
∣∣∣ n̂X (xi,j) · (n1, n2)T > 0

}
=: Hh,∆α[u]i,j .

(7.30)

This scheme is not monotone, but has a higher accuracy at the boundary. On purpose
we kept the form of (7.30) similar to (7.29), so we can easily switch between the
monotone and the accurate implementation.

The equation (7.1) with boundary condition (7.2) contains only first and second
order derivatives of u. So if u(x, y) is a solution, then u(x, y) + C is also a solution
for any constant C. Therefore, we solve instead the equation

det
(
D2u(x)

)
=

f(x)

g(∇u(x))
+ wanchoru(x0), (7.31)

for some anchor point x0 ∈ X and some wanchor > 0, which must be positive to ensure
monotonicity of the scheme. In the numerical experiments we decided to use the grid
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point with indices

i =

⌊
Mx

3

⌋
, j =

⌊
My

3

⌋
, (7.32)

which is an arbitrary choice. This new formulation has a unique solution with u(x0) =
0. Other values for u(x0) would not allow a solution, as (7.1) only has a solution if the
integrability condition (6.15) is satisfied. The equation wanchoru(x0) = 0 is added to
each equation in the discretized system. We chose the value wanchor = 4, because we
found experimentally that this value minimizes the condition number of the Jacobi-
matrix of the nonlinear system.

The numerical scheme, given by (7.19) and (7.30) and the anchor equation, con-
verges to the unique viscosity solution, as shown in [9]. The system is solved using
damped Newton iteration. Denote by N(u) = 0 this system, and let µ be the damp-
ing factor with initial value µ = 1. The next iterant is calculated according to un+1 =
un+µ s, where s is the descent direction. When |N(un+1)|1 ≥ |N(un)|1, µ is halved
iteratively until |N(un+1)|1 < |N(un)|1, so the norm always decreases. We start
the iteration with an initial guess u0. As an initial guess, we use a convex quadratic
function of which the gradient maps RX to a bounding box [cmin, cmax]× [dmin, dmax]
of Y:

u0
i,j =

1

2

cmax − cmin

amax − amin
x2
i +

cmin amax − cmax amin

amax − amin
xi+

1

2

dmax − dmin

bmax − bmin
y2
j +

dmin bmax − dmax bmin

bmax − bmin
yj − ur.

(7.33)

The value ur is chosen such that u(x0) = 0.

7.3 Mapping inversion

The discretization used to solve the Monge-Ampère equation fails when the target
domain is not convex, because the signed distance function H(y) is only valid for
convex Y. The source domain, on the other hand, which is in our case the light
emitting area, is typically convex. Therefore we often switch the roles of source and
target. This is used in the numerical examples of the street light and the painting in
Section 7.4. Solving the inverted boundary value problem yields a surface u∗(p, q).
We find the reflector of the original problem by taking the Legendre-Fenchel transform
of u∗ [101, p.57], i.e.,

u(x, y) = max
(p,q)∈Y

{x p+ y q − u∗(p, q)} . (7.34)

The relation between mapping inversion and the Legendre-Fenchel tranform is also
discussed in Subsection 6.2.2. Because the function u∗(p, q) was calculated on a grid,
we approximate u(xi, yj) by taking a maximum of

F i,jk,l = F (xi, yj , pk, ql), F (x, y, p, q) = x p+ y q − u∗(p, q), (7.35)
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over (pk, ql). This is called the discrete Legendre-Fenchel transform. The maximum
can be found by simply calculating all values of F i,jk,l for each i, j, k and l. This method
is simple and robust, but slow for large grid sizes. A faster algorithm is constructed
as follows. Because u∗ is convex, F (x, y, p, q) is concave in p and q, and we can find
the maximum using a grid search. We start at a grid point (k, l) and move to a
neighbouring point (k′, l′) if the value of F i,jk′,l′ is larger than F i,jk,l . This is repeated
until we cannot find such a neighbouring point anymore. For the next values of (i, j),
the last maximum (k, l) is used as a starting point, because it is most likely very close
to the next maximum. This makes the method very efficient. Unfortunately, the
global maximum is not always found because the calculated u∗ is not always perfectly
convex if f = 0. This turned out not to be a problem in practice, because when f = 0,
no light is involved for that part of the reflector.

Another algorithm to calculate the discrete Legendre-Fenchel transform, which we
did not use, was published by Lucet [133] in 1997. It is shown that this algorithm
performs the calculation in linear time and storage in the number of grid points. An
implementation by the author can be downloaded from http://www.netlib.org/

numeralgo/na13.
Subsequently the maximum is refined using parabolic quasi-interpolation on the

3 × 3 subgrid centered around the point found by the grid search just described (or
centered around its neighbour if the maximum is on the boundary of the grid). Let
(k̃, l̃) be the center of the subgrid. We interpolate F i,jk,l using the nine points of the
subgrid with a polynomial of the form

P (p, q) = c1 p
2 + c2 p q + c3 q

2 + c4 p+ c5 q + c6. (7.36)

We perform a least squares fit with the coefficients of this polynomial. To achieve
that, we construct the 9× 6 matrix

A =


p2
k̃−1

pk̃−1ql̃−1 · · · 1

p2
k̃

pk̃ql̃−1 · · ·
. . .

p2
k̃+1

pk̃+1ql̃+1 · · · 1

 , (7.37)

and the R9 vector b

b =
(
F i,j
k̃−1,l̃−1

, F i,j
k̃,l̃−1

, . . . , F i,j
k̃+1,l̃+1

)T
. (7.38)

The linear least squares fit is the vector of coefficients c = (c1, . . . , c6) such that

|Ac− b|22 (7.39)

is minimized. The minimizer is given by

c = (ATA)−1AT b. (7.40)
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Given the coefficients of the polynomial, we find the critical point of P (p, q) by dif-
ferentiation. The critical point occurs at

p̄ =
2c3c4 − c2c5
c22 − 4c1c3

, (7.41a)

q̄ =
2c1c5 − c2c4
c22 − 4c1c3

, (7.41b)

and is given by

Pmax =
c3c

2
4 − c2c4c5 + c1c

2
5 + c22c6 − 4c1c3c6

c22 − 4c1c3
. (7.42)

Because u∗(p, q) is convex, the critical point of F (p, q) will be a maximum. We take
Pmax as an improved approximation of the maximum if the critical point (p̄, q̄) of the
polynomial is within the rectangle [pk̃−1, pk̃+1]× [ql̃−1, ql̃+1]. If it is not, then u∗(p, q)

may not be strictly convex locally, and maxk,l

{
F i,jk,l

}
is used.

7.4 Numerical results

We test the algorithm on three cases: a convex reflector for a circular beam with
uniform intensity, a concave reflector for a lamppost with a uniform rectangular illu-
minance on the street and a convex reflector that projects a painting on a wall. For
the last two cases, the target is not convex, therefore the inverse problem is solved
and the map is inverted using the Legendre-Fenchel transform. In this section, we
denote the domain of the light source by S and the domain of the target distribution
in p,q coordinates by T , while the domain of the source distribution f used by the
Monge-Ampère solver is denoted by X and the domain of the target distribution by g
by Y. The reflectors are evaluated using the LightTools software package [8]. In this
software package we create three-dimensional models of the light sources, the reflec-
tors and, if applicable, the target plane. The systems are simulated using ray tracing:
rays are emitted randomly from the light source with a distribution proportional to
the surface emittance. The software calculates the reflection at the reflector surface,
and subsequently the distribution of the rays over the target plane or the angular
distribution by dividing the target in small rectangles (bins). The number of rays in
each bin is counted and used to estimate the illuminance or intensity. We use one
million rays in each simulation.

7.4.1 A circle with uniform intensity

The first test problem is the design of a convex reflector for constant output intensity.
We have a square light source with constant emittance M(x, y) = 1, X = [0, 1]2 and
use Mx = My = 200. Let ρ be the angle with respect to the positive y-axis. We aim
for a constant output intensity G0 > 0 for ρ ≤ π

8 and zero intensity for ρ > π
8 . As this
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target is convex, we choose f(x, y) = M(x, y) = 1 and g(p, q) = 4G0

/(
p2 + q2 + 1

)2
.

The value of G0 is chosen such that (6.15) is satisfied. The converted target function
can be seen in Figure 7.4a. The Monge-Ampère equation is solved using the damped
Newton iteration. After 14 steps the solver finds a solution with |N(u)|1/MxMy <
10−10.

The gradient map of the reflector is shown in Figure 7.4b. The reflector surface
is shown in Figure 7.4c. The surface was exported to LightTools and simulated using
ray tracing. The resulting intensity profile can be seen in Figure 7.4d. The profile
is uniform and circular as expected. It can be seen that the circle has radius π/8
indeed.

7.4.2 A street light

The second problem is the design of a reflector for street illumination. A sketch of the
lamppost is shown in Figure 7.5a. We illuminate the area (1, 8)× (−6, 6)×{−6} ∈ R3

with constant illuminance L0, which is chosen to satisfy (6.15). The light source
is a circle with radius 0.01 around the origin and uniform emittance M(x, y) = 1.
We choose a concave reflector in this setting because it bends rays more effectively
away from the light source, thus allowing a more compact optical system. We find
the concave solution from a convex solution of a related Monge-Ampère equation as
described in Section 6.2.3.

Using (5.35) with êξ = (1, 0, 0), êη = (0, 1, 0), n̂P = (0, 0, 1)T and d = 6, we find

ξ =
12 p

1− p2 − q2
, η =

12 q

1− p2 − q2
. (7.43)

Elaborating (5.42) we find

G̃(p, q) = 36

(
p2 + q2 + 1

)3
(p2 + q2 − 1)

3 L0. (7.44)

We solve the inverted problem, because T is not convex, as can be seen in Figure
7.5b. We define

f(x, y) = M(x, y), X = S, g(p, q) =
4 G̃(p, q)

(p2 + q2 + 1)
2 , Y = T , (7.45)

and solve Equation (6.20). As grid constant (for the discretization of the domain Y)
we choose Mx = 200, and because we need a square grid we choose My = 383. In 15
Newton steps, the solver iterates to a solution with |N(u)|1/MxMy < 10−10. The
gradient of the solution can be seen in Figure 7.5c. The map is inverted using the
Legendre-Fenchel transform. The inverted map is shown in Figure 7.5d. The last
map shows some irregularities at the boundary. These irregularities correspond to
parts of the inverse reflector where G̃(p, q) = 0, and therefore the maximum in (7.34)
is not well-defined. These irregularities are not a problem in practice, as no or little
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(a) Converted target function g(p, q)

(b) The square grid on (x, y) af-
ter deformation by the gradient map
(p(x, y), q(x, y)) of the reflector. Only
one-fifth of the grid lines is shown.

(c) Reflector surface (d) Intensity in the simulation

Figure 7.4: The target function, reflector and simulation results of the reflector for a
square light source and a circular, constant target intensity.
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light is involved. The final reflector can be seen in Figure 7.6a. A constant is added
to u(x, y) to lift it above z = 0. The surface is exported to LightTools and verified
by simulation using ray tracing. The simulation result is shown in Figure 7.6b. The
result shows the expected rectangular uniform illumination pattern.

7.4.3 A famous Dutch painting

For the last test, we use the Dutch painting ”Girl with a Pearl Earring”, shown in
Figure 7.7. The painting is a work by Johannes Vermeer from the 17th century. In
2006 it was elected as the most beautiful Dutch painting in an election organized by
the newspaper Trouw. The painting was also subject of a novel and a movie with the
same name [134].

We construct a convex reflector that illuminates a vertical wall with an illuminance
L(ξ, η) given by an interpolation of the summed RGB values of an image file of
the painting. The light source is a square with constant emittance M(x, y) = 1.
Again the illuminance is scaled to satisfy (6.15). The vertical wall is located parallel
to the x-z plane at distance d = 1. The painting is projected on the rectangle
(−0.665, 0.6650)× {1} × (−0.7875, 0.7875).

We use (5.35) and (5.42) with d = 1, , êξ = (1, 0, 0), êη = (0, 0, 1) and n̂P =
(0,−1, 0)T . We find

ξ = −p
q
, η =

p2 + q2 − 1

2 q
, (7.46a)

G̃(p, q) =

(
p2 + q2 + 1

)3
8q3

L(ξ(p, q), η(p, q)). (7.46b)

The target function is plotted in Figure 7.8. Again the converted target is not convex,
so we solve the inverted problem (6.20). We solved the equation on a grid with
Mx = 766 and My = 601 grid. In 21 Newton steps, the solver iterated to a solution

with
|N(u)|1
MxMy

< 10−7. The solution was inverted with the Legendre-Fenchel transform

to a 601×601 grid. The resulting gradient maps are shown in Figure 7.9 and 7.10 and
the resulting reflector is shown in Figure 7.11. Also this reflector was evaluated using
LightTools. The illuminance on the wall from the evaluation can be seen in Figure
7.12. The details of the original picture 7.7 are clearly visible. Also, the boundary of
the image is close to rectangular.
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x,ξ

y,η
z

(a) Sketch of the lamppost

(b) The converted target illuminance of the reflector
as function of p and q. Black denotes zero, the white
space around the rectangle is also zero.

(c) Gradient map of the inverse problem (d) Gradient of the reflector

Figure 7.5: The target function and gradient maps of the concave reflector for a
lamppost with uniform target illuminance.
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(a) Reflector surface

(b) Target illuminance in the simulation

Figure 7.6: Reflector and simulation result for the lamppost.
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Figure 7.7: The painting ”Girl with a Pearl Earring” by Johannes Vermeer in
grayscale.

Figure 7.8: The converted target illuminance as function of p and q. This is equal
to the function g(p, q). Black denotes zero illuminance. The rectangular painting is
strongly deformed.
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Figure 7.9: Gradient map of the inverse reflector u∗(p, q).

Figure 7.10: Gradient map of the reflector.
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Figure 7.11: The reflector surface.

Figure 7.12: The target illuminance in the simulation
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7.5 Discussion

We implemented and tested an algorithm to find a convex solution to the elliptic
Monge-Ampère equation with transport boundary condition. The algorithm is very
robust and efficient and it is currently probably the most reliable method to solve
this equation. With some manipulation of the equation, the method can be used
to find concave solutions as well. The original method is not suitable to handle
non-convex target domains. However, if the source domain is convex, this can be
circumvented using the Legendre-Fenchel transform. We introduced a method to
calculate the Legendre-Fenchel transform and increased the accuracy of the method
using interpolation.

A convergence proof exists for the numerical method for the Monge-Ampère equa-
tion described in this chapter. However, this proof does not fully apply to our imple-
mentation, because the implementation of the boundary condition is not monotone.
A similar issue arises in the discretization of the interior near the boundary as given
in Equation (7.16). In practice, we did not encounter any convergence problems. It
is probably possible to combine a high accuracy boundary implementation with prov-
able convergence using a filtered scheme, such as described in [11]. This may be a
topic of future research.

We managed to calculate surfaces for grids up to 800× 800 on a modern worksta-
tion. We observed calculation times of less than a minute up to 300× 300 grids and
up to 10 minutes for an 800× 800 grid. The time needed to calculate the Legendre-
Fenchel transform has the same order of magnitude. Smaller grids could be calculated
on a laptop as well, but for larger grids the memory was insufficient. The method is
tested for a circular beam of light with uniform intensity, a street light and a projec-
tion of a painting on a wall. The reflectors are tested using commercial ray tracing
software, with satisfying results.



Chapter 8

The Least-Squares Algorithm

In this chapter, we introduce a new numerical method to find a solution to the Monge-
Ampère equation discussed in Chapter 6. The method finds the convex solution to
the elliptic Monge-Ampère equation with transport boundary condition, given by

det
(
D2u

)
=

f(x, y)

g(∇u(x, y))
, (x, y) ∈ X , (8.1a)

∇u (∂X ) = ∂Y, (8.1b)

for a given source domain X ⊂ R2 with density function f : X → [0,∞) and a given
target domain Y ⊂ R2 with density function g : Y → (0,∞). The source and target
density functions are such that∫∫

X
f(x, y) dxdy =

∫∫
Y
g(p, q) dp dq. (8.2)

In Chapters 5 and 6 we showed that the equation governing the surface of a free-form
reflector with specified input and output intensity/illuminance is of this type. We
also showed that the gradient of the solution u maps the source domain to the target
domain.

8.1 Introduction

The main idea of the new method is to find a mapping m : X → Y, representing the
transport map ∇u of the Monge-Ampère equation. This is different from the method
presented in Chapter 7, where we calculated the surface u directly. We find this
mapping by searching for real symmetric matrices P (x, y), satisfying det(P (x, y)) =
f(x, y)/g(m(x, y)) for all (x, y) ∈ X . We require that ∇

(
mT

)
, which is defined by

∇(mT ) =

(
∂m1

∂x
∂m2

∂x
∂m1

∂y
∂m2

∂y

)
, (8.3)
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equals P (x, y). Because of the symmetry of P (x, y), this results in ∂m1

∂y = ∂m2

∂x for the
components of m, which is the condition for m to be the gradient of a function. We
also look for vectors b(x, y) ∈ ∂Y for (x, y) ∈ ∂X , and require that m(x, y) = b(x, y)
for (x, y) ∈ ∂X to account for the boundary condition. When we find this m, b
and P , there exists a function u such that ∇u = m, satisfying (8.1a) with boundary
condition (8.1b). We find m, P and b using a least-squares minimization procedure.
First we define the following spaces

V = [C2(X )]2, (8.4a)

P(m) =

{
P ∈ [C1(X )]2×2

∣∣∣∣det (P (x, y)) =
f(x, y)

g(m(x, y))
, P (x, y) = P (x, y)T

}
,

(8.4b)

B =
{
b ∈ [C(∂X )]2

∣∣ b(x, y) ∈ ∂Y
}
. (8.4c)

Let P : Q denote the Fröbenius inner product of the matrices P and Q, defined by

P : Q =
∑
i,j

(P )i,j(Q)i,j , (8.5)

The Fröbenius norm is defined as ||P || =
√
P : P , and |·| denotes the 2-norm for vec-

tors. We minimize the difference between P and ∇(mT ), and the difference between
b and m on the boundary in a least-squares sense. Therefore we define the following
functional, which is a weighted average of two least-squares differences:

J(m,P , b) = αJ1(m,P ) + (1− α) J2(m, b), (8.6a)

J1(m,P ) =
1

2

∫∫
X

∣∣∣∣∇(mT )− P
∣∣∣∣2 dxdy, (8.6b)

J2(m, b) =
1

2

∮
∂X
|m− b|2 ds, (8.6c)

on the spaces given in (8.4). The parameter 0 < α < 1 controls the weight of the first
functional compared to the second functional. The minimizer gives us the map m
which is the gradient of the convex solution u of (8.1). We calculate the minimizers
by repeatedly minimizing over the three sets separately. We start with an initial guess
m0, which will be specified shortly. Subsequently, we perform the iteration

bn+1 = arg min
b∈B

J2(mn, b), (8.7a)

P n+1 = arg min
P∈P(mn)

J1(mn,P ), (8.7b)

mn+1 = arg min
m∈V

J(m,P n+1, bn+1). (8.7c)

This procedure is continued until J(mn,P n, bn) does not significantly decrease any-
more. Finally, we calculate the solution u from the converged mapping m.
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The method in this chapter is inspired by a least-squares method developed by
Glowinski et al., in particular the algorithm described in the article by Caboussat,
Glowinski and Sorensen [112]. Their method numerically solves the Dirichlet problem
of the elliptic Monge-Ampère equation, given by

det
(
D2u

)
= f(x, y) on X , u(x, y) = h(x, y) on ∂X . (8.8)

The authors minimize the functional

J(φ,P ) =
1

2

∫∫
X

∣∣∣∣D2φ− P
∣∣∣∣2 dxdy, (8.9)

over the real symmetric matrices P such that detP = f(x, y) and functions φ satis-
fying the Dirichlet boundary condition. The minimization is performed alternatingly
over P and φ. The minimization over P with fixed φ is a nonlinear problem which
is solved pointwise for each gridpoint using Newton iteration. The minimization over
φ with fixed P comes down to solving a biharmonic equation, which is solved using
mixed finite elements. The function φ converges to the convex solution u of (8.8) [112].

Our algorithm differs from the algorithm of Glowinski et al. in three ways. First,
we have an extra term in the functional J to account for the transport boundary
condition. Secondly, we found a method to solve the minimization over P analytically,
instead of using Newton iteration. Thirdly, we use the mapping function m instead
of φ in the functional J . Minimization over m1 and m2 comes down to solving
two separate Poisson problems. This is numerically much cheaper than solving a
biharmonic equation, and the discretization has much smaller condition numbers.

We initialize our minimization by constructing an initial guess m0 which maps
the source area X to a bounding box of the target area Y. Without loss of generality
we assume the source area has a rectangular shape [amin, amax] × [bmin, bmax]. The
source density function f(x, y) may be zero on part of X . The target density function
g(p, q) must be nonzero, and we assume Y to be simply connected. Let [cmin, cmax]×
[dmin, dmax] ⊃ Y be the smallest bounding box of Y aligned with the coordinates p
and q. The initial guess is given by

m0
1 =

x− amin

amax − amin
cmax +

amax − x
amax − amin

cmin, (8.10a)

m0
2 =

y − bmin

bmax − bmin
dmax +

bmax − y
bmax − bmin

dmin. (8.10b)

In the next paragraphs, we elaborate each of the three minimizations (8.7a), (8.7b),
(8.7c) and the calculation of u from m.

8.2 Minimizing procedure for b

In this section we perform the minimization step (8.7a). We assume m fixed, and
minimize the functional J2(m, b) by varying b over B. For simplicity of notation we
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Figure 8.1: Calculation of the distance of m to a line segment (zi, zi+1). The point
mP is the projection of m on the line through zi and zi+1. In this case we find ti < 0
and the nearest point on the line segment to m is zi.

drop the indices n and n+1. The minimization can be performed point-wise, because
no derivative of b with respect to x or y appears in the functional. For each gridpoint
(x, y) ∈ ∂X we minimize

|m(x, y)− b(x, y)|2 . (8.11)

We represent the boundary of Y using points zi ∈ ∂Y, i = 1, . . . , Nb with increasing
index along the boundary, and define zNb+1 = z1. Adjacent points are connected by
line segments (zi, zi+1). The projection mP of m on the line through zi and zi+1 is
given by [102, p.30]

mP = zi + ti (zi+1 − zi), (8.12a)

ti =
(m− zi) · (zi+1 − zi)

|zi − zi+1|2
, (8.12b)

see also Figure 8.1. If ti < 0, the nearest point on the line segment (zi, zi+1) to m is
zi. If ti > 1, the nearest point is zi+1. If 0 ≤ ti ≤ 1, the nearest point is mP. We
calculate the nearest point b on all the line segments by

k = arg min
i

{
|zi + min(1,max(0, ti)) (zi+1 − zi)−m|2

}
, (8.13a)

b = zk + min(1,max(0, tk)) (zk+1 − zk). (8.13b)

Note that this procedure for the boundary is different from the boundary condition
in Chapter 7, where we calculate only the distance to the boundary as opposed to
the nearest point on the boundary. However, calculation of H(m) in Equation (7.20)
does give a good approximation of the nearest point on the boundary if we project m
on the supporting line (z, n̂) minimizing (7.20). We implemented this procedure as
well and its performance was similar to the procedure described by (8.13) for convex
target domains. When the target domain is not convex, Equation (7.20) is not valid,
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therefore we prefer (8.13). On the other hand, a signed distance function is needed
in Chapter 7, and it may not be trivial to determine whether a point is inside a
non-convex domain. Equation (7.20) efficiently provides the correct sign for a convex
target domain and is therefore a good choice in Chapter 7.

8.3 Minimizing procedure for P

In this section we perform the minimization step (8.7b). We assume m fixed and
minimize J1(m,P ) over the matrices P ∈ P(m) under the condition

det(P ) =
f(x, y)

g(m(x, y))
. (8.14)

Since the integrand of J1(m,P ) does not contain derivatives of P , the minimization
can be performed pointwise. Define

d11 =
∂m1

∂x
, d21 =

∂m1

∂y
, d12 =

∂m2

∂x
, d22 =

∂m2

∂y
, (8.15)

and

F (p11, p12, p22) =
1

2

(
(p11 − d11)2 + (p12 − d12)2

+(p12 − d21)2 + (p22 − d22)2
)
.

(8.16)

We have for each (x, y) ∈ X a quadratic minimization problem:

arg min
(p11,p12,p22)∈R3

{
F (p11, p12, p22)

∣∣∣∣ p11 p22 − p2
12 =

f(x, y)

g (m(x, y))

}
. (8.17)

Surprisingly, this problem can be solved analytically. First we show that the mini-
mization problem (8.17) indeed has a minimum.

Theorem 8.1. Let d11, d12, d21, d22 ∈ R, f ≥ 0 and g > 0. The function

F (p11, p12, p22) (8.18)

with nonlinear constraint

p11 p22 − p2
12 =

f

g
, (8.19)

has a global minimum on R3.

Proof. First assume f/g > 0. We eliminate p22 using the nonlinear constraint (8.19).
Note that p11 6= 0, otherwise we would have p11 p22 − p2

12 ≤ 0, which contradicts
f/g > 0. We find for (8.16)

F1(p11, p12) := F

(
p11, p12,

f/g + p2
12

p11

)
=

1

2

(
(p11 − d11)2 + (p12 − d12)2 + (p12 − d21)

2
+

(
f/g + p2

12

p11
− d22

)2
)
.
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Define the set

L1 =
{

(p11, p12)
∣∣∣F1 (p11, p12) ≤ F1

(√
f/g, 0

)}
.

This set is nonempty, because (
√
f/g, 0) ∈ L1. It is also bounded, because for

p11, p12 → ±∞ we find F1(p11, p12)→∞. The set is closed because F1 is continuous
on the domain R\{0}×R, and L1 is the inverse image of the set [0, F1(

√
f/g, 0)]. We

conclude that L1 is compact. By the extreme value theorem [135, p.33], the function
F1 attains a global minimum on L1. Therefore F1 has a global minimum.

If f/g = 0, we find from the nonlinear constraint (8.19) that p11 p22 ≥ 0. We
eliminate p12 by substituting either p12 =

√
p11 p22 or p12 = −√p11 p22. We define

the two functions

F+
2 (p11, p22) = F (p11,

√
p11 p22, p22),

F−2 (p11, p22) = F (p11,−
√
p11 p22, p22).

We define sublevel sets for both functions:

L+
2 =

{
(p11, p22)

∣∣F+
2 (p11, p22) ≤ F+

2 (0, 0)
}
,

L−2 =
{

(p11, p22)
∣∣F−2 (p11, p22) ≤ F−2 (0, 0)

}
.

The set L+
2 is nonempty because (0, 0) ∈ L+

2 . The function F+
2 is defined on

[0,∞)2∪(−∞, 0]2 and is continuous. The set L+
2 is bounded because for p11, p12 →∞,

F+
2 (p11, p22)→∞. The set is closed because F+

2 is continuous. Therefore L+
2 is com-

pact. By analogous reasoning, L−2 is compact. By the extreme value theorem the
functions F+

2 and F−2 attain a global minimum on L+
2 and L−2 . We conclude that F+

2

and F−2 both attain a global minimum, therefore F has a global minimum as well,
given by the smallest of the minima of F+

2 and F−2 .

We locate possible minimizers of (8.17) using the Lagrange function

Λ(p11, p12, p22, λ) =
1

2

(
(p11 − d11)2 + (p12 − d12)2+

(p12 − d21)2 + (p22 − d22)2
)

+ λ

(
p11 p22 − p2

12 −
f

g

)
.

(8.20)

Setting the partial derivatives with respect to p11, p12, p22 and λ to 0 we find the
critical points of (8.20). This gives the following equations

p11 + λ p22 = d11, (8.21a)

(1− λ) p12 = d̃12 :=
1

2
(d12 + d21) , (8.21b)

λ p11 + p22 = d22, (8.21c)

p11 p22 − p2
12 =

f

g
. (8.21d)
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The system (8.21a), (8.21b) and (8.21c) is linear in p11, p12 and p22, and may be
inverted if λ 6= ±1. Calculation of the critical points, assuming λ 6= ±1, is described
in paragraph 8.3.1. At the end of this paragraph we show that λ = 1 can only occur
if d11 = d22 and d̃12 = 0. We calculate the possible minimizers in this case using
a different method, avoiding the inversion of the linear system, in paragraph 8.3.2.
Similarly, λ = −1 is only possible if d11 = −d22. We calculate the posible minimizers
for this case in paragraph 8.3.3. A list of all the possible minimizers is given in Table
8.1.

8.3.1 Regular minimizers

In this section, we calculate the critical points of the Lagrange function (8.20), as-
suming λ 6= ±1. We write p11, p12 and p22 as function of λ using matrix inversion for
the linear system given by (8.21a), (8.21b) and (8.21c):

p11 =
λ d22 − d11

λ2 − 1
, (8.22a)

p12 =
d̃12

1− λ
, (8.22b)

p22 =
λ d11 − d22

λ2 − 1
. (8.22c)

Substitution in (8.21d) gives the quartic equation

a4λ
4 + a2λ

2 + a1λ+ a0 = 0, (8.23)

with coefficients given by

a4 = f/g ≥ 0, (8.24a)

a2 = −2 f/g − det(D̃), D̃ =

(
d11 d̃12

d̃12 d22

)
, (8.24b)

a1 = ˜||D||
2
≥ 0, (8.24c)

a0 = f/g − det(D̃). (8.24d)

We solve equation (8.23) using Ferrari’s method [136, p.32]. The idea is to rewrite
the quartic equation as two quadratic equations. Assume a4 > 0 (we discuss a4 = 0
later), and divide by a4. Rewrite the equation to(

λ2 +
a2

2 a4

)2

= −a1

a4
λ− a0

a4
+

(
a2

2 a4

)2

. (8.25)

This is possible because there is no λ3 term. Adding an arbitrary quantity y to the
left hand side under the square, and adding the resulting extra term to the right hand
side we get(

λ2 +
a2

2 a4
+ y

)2

= 2yλ2 − a1

a4
λ− a0

a4
+

(
a2

2 a4

)2

+
a2

a4
y + y2. (8.26)
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§ λ p11 p12 p22

8.3.2

d11 = d22

and

d̃12 = 0

1
d11

2

√
d2

11

4
− f

g

d11

2

1
d11

2
−

√
d2

11

4
− f

g

d11

2

1
√
f/g 0

√
f/g

1 −
√
f/g 0 −

√
f/g

8.3.3

d11 = −d22

−1 (8.63a)
d̃12

2
(8.63c)

−1 (8.64a)
d̃12

2
(8.64c)

8.3.1

a4 > 0

(8.32a)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

(8.32b)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

(8.32c)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

(8.32d)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

8.3.1

a4 = 0

(8.42a)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

(8.42b)
λ d22 − d11

λ2 − 1

d̃12

1− λ
λ d11 − d22

λ2 − 1

8.3.1
a4 = 0
and
det D̃ = 0

0 d11 d̃12 d22

Table 8.1: All possible minimizers of (8.21).
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Next we attempt to write the right hand side as a perfect square, such that we get
the following equation:(

λ2 +
a2

2 a4
+ y

)2

=

(√
2 yλ− a1

2 a4

√
2 y

)2

. (8.27)

Equating the right hand sides of (8.26) and (8.27), we find this is only possible if y is
a solution of the cubic equation

y3 + b2 y
2 + b1 y + b0 = 0, (8.28)

with coefficients

b2 =
a2

a4
, (8.29a)

b1 =
1

4

(
a2

a4

)2

− a0

a4
, (8.29b)

b0 = −1

8

(
a1

a4

)2

. (8.29c)

One solution for y is given by [137, p.179]

Q =
b22 − 3 b1

9
, R =

2 b32 − 9 b1 b2 + 27 b0
54

, (8.30a)

A = −sgn(R)
(
|R|+

√
R2 −Q3

)1/3

, (8.30b)

y = A+
Q

A
− b2

3
. (8.30c)

If Q = R = 0, then A = 0 and we have division by zero in (8.30c). In this case, it is
known that the cubic equation has a triple root given by y = − b23 . Using the value

of y given by (8.30c) or y = − b23 , we find from (8.27)

λ2 +
a2

2 a4
+ y = ±

(√
2 yλ− a1

2 a4

√
2 y

)
. (8.31)

These are two quadratic equations for λ. Solving both, we find the following four
roots of the quartic equation:

λ1 = −
√
y

2
+

√
−y

2
− a2

2 a4
+

a1

2 a4

√
2 y

, (8.32a)

λ2 = −
√
y

2
−
√
−y

2
− a2

2 a4
+

a1

2 a4

√
2 y

, (8.32b)

λ3 =

√
y

2
+

√
−y

2
− a2

2 a4
− a1

2 a4

√
2 y

, (8.32c)

λ4 =

√
y

2
−
√
−y

2
− a2

2 a4
− a1

2 a4

√
2 y

. (8.32d)
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Two problems may occur here. First, we have division by zero in (8.32) if y = 0. By
substituting y = 0 in (8.28), we find that this only happens when a1 = 0, in which
case d11 = d22 = d̃12 = 0. This is a special case which corresponds to the possibility
λ = 1, which we treat later. The second problem we may encounter is that the quartic
equation has only complex roots. The quartic equation (8.23) may have no, two or
four real roots. We present a necessary condition for the quartic equation to have no
real roots, and show that this necessary condition cannot occur in our algorithm. A
necessary condition for the quartic equation to have no real roots is as follows [138]:
Let D be the discriminant of the quartic equation, given by

D = 256 a3
4 a

3
0 − 128 a2

4 a
2
2 a

2
0 + 144 a2

4 a2 a
2
1 a0

−27 a2
4 a

4
1 + 16 a4 a

4
2 a0 − 4 a4 a

3
2 a

2
1.

(8.33)

The quartic equation has no real roots only if

D ≥ 0, (8.34)

and (
a2

a4
≥ 0

)
or

((
a2

a4

)2

− 4 a0 ≥ 0

)
. (8.35)

To simplify expressions, we define

V =
det(D̃)

f/g
, r =

˜||D||
2

f/g
≥ 0. (8.36)

Elaborating the two inequalities in (8.35) we find the condition

(V ≤ −2) or (−8 ≤ V ≤ 0) , (8.37)

which results in
V ≤ 0. (8.38)

We rewrite the discriminant, using basic but tedious algebraic manipulations, as

D = (2V − r)(2V + r)(27 r2 + 256− 192V − 60V 2 − 4V 3). (8.39)

We only consider V ≤ 0, because this is a necessary condition for the quartic equation
to have no real roots. Using V ≤ 0, we find

256− 192V − 60V 2 − 4V 3 ≥ 0. (8.40)

Furthermore, (2V − r)(2V + r) ≥ 0 only if 2V ≤ −r. So a necessary condition for
the quartic equation to have no real roots is given by 2V ≤ −r. Substituting (8.36)
and elaborating the inequality we find

0 ≤ −(d11 + d22)2. (8.41)
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This is satisfied only when d11 = −d22. This is one of the special cases, for which
we use a different method to calculate the minimizers, described in Paragraph 8.3.3.
Thus, assuming d11 6= −d22, the quartic equation has at least two real roots, and we
always find a real minimizer.

Assuming λ is real and not equal to ±1, we have a stationary point of the Lagrange
function (8.20). We calculate a possible minimizer (p11, p12, p22) using (8.22). We do
this for all real solutions λ, we discard the complex λ. This gives us at most four
vectors (p11, p12, p22). For these vectors, we calculate and compare the values of
F (p11, p12, p22) to find the global minimum.

In the case a4 = 0, i.e., when the source intensity is zero, the quartic equation
reduces to a quadratic equation. The roots are then given by

λ1 =
−a1 +

√
a2

1 − 4 a2 a0

2 a2
, (8.42a)

λ2 =
−a1 −

√
a2

1 − 4 a2 a0

2 a2
. (8.42b)

The discriminant of this quadratic equation is always non-negative. We can verify
this by substutiting (8.24) in the discriminant:

a2
1 − 4 a2 a0 =

(
d2

11 − d2
22

)2
+ 4 d̃ 2

12 (d11 + d22)
2 ≥ 0. (8.43)

Therefore the solutions λ are always real. If a4 = 0 and a2 = 0, we find from (8.24)
that a0 = 0 as well, and λ = 0 is the only solution to (8.23). Again the values of P
are calculated using (8.22).

We may wonder if it is possible to find λ = ±1 from the quartic or quadratic
equation, in which case the inversion of the linear system given by (8.22) was not
valid. Substituting λ = 1 in (8.23) using (8.24) we find

4 d̃ 2
12 + (d11 − d22)2 = 0. (8.44)

As a result, λ = 1 can only occur if d̃12 = 0 and d11 = d22. Similarly, substituting
λ = −1 in (8.23) we find

(d11 + d22)2 = 0, (8.45)

and thus λ = −1 can only occur if d11 = −d22. Therefore, we only use (8.22) if we
do not have the situation d11 = d22 and d̃12 = 0, or the situation d11 = −d22. In the
next paragraphs, we discuss how to calculate the minimizers in these two cases.

8.3.2 Minimizers if d11 = d22 and d̃12 = 0

If d11 = d22 and d̃12 = 0, we may find a solution λ = 1 in the calculation in para-
graph 8.3.1. In this case, we determine the minimum of F (p11, p12, p22) using another
method. We replace d12 and d21 by d̃12 using the relation

F (p11, p12, p22)− 1

4
(d12 − d21)2 =

1

2

(
(p11 − d11)2 + 2 (p12 − d̃12)2 + (p22 − d22)2

)
.

(8.46)
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Therefore we may also minimize the right hand side of (8.46) instead. Using d̃12 = 0
and d22 = d11, the minimization simplifies to

arg min
(p11,p12,p22)∈R3

1

2

(
(p11 − d11)2 + 2 p2

12 + (p22 − d11)2
)
, (8.47)

under the condition

p11p22 − p2
12 =

f

g
. (8.48)

From the constraint it follows that p2
12 = p11p22 − f/g. Substitution in (8.47) gives

arg min
(p11,p22)

1

2

(
(p11 − d11)2 + 2 (p11p22 − f/g) + (p22 − d11)2

)
, (8.49)

where we replaced minimization over R3 by minimization over R2 restricted to the
domain where p12 = ±

√
p11 p22 − f/g is real. The minimizer can be found in the

interior of this domain or on the boundary. We find the minimizer in the interior by
setting the derivatives with respect to p11 and p22 to 0. This yields a minimizing line:

p11 + p22 = d11. (8.50)

Next we need to know which part of this line corresponds to real values of p12.
Substituting p11 + p22 = d11 in p11 p22 − f/g ≥ 0, we find

p2
11 − d11 p11 +

f

g
≤ 0. (8.51)

This inequality has real solutions p11 if the discriminant of the quadratic equation on
the left hand side d2

11 − 4 f/g ≥ 0. Then, the part of the line corresponding to real
values of p11 is given by

d11 −
√
d2

11 − 4 f/g

2
≤ p11 ≤

d11 +
√
d2

11 − 4 f/g

2
. (8.52)

This is a minimizing line segment, and the the minimizer may not be unique. For
simplicity, we choose p11 in the middle of the line segment, and find two vectors
(p11, p12, p22) given by

p11 =
d11

2
, (8.53a)

p12 = ±

√
d2

11

4
− f

g
, (8.53b)

p22 =
d11

2
. (8.53c)
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Next, we need to find possible minimizers on the boundary of the domain where
p12 is real. This boundary is given by p12 = 0, which is an hyperbola:

p11p22 = f/g. (8.54)

Using p12 = 0 and p22 = f/g
p11

, (8.49) reduces to

arg min
p11∈R

1

2

(
(p11 − d11)

2
+

(
f

g p11
− d11

)2
)
. (8.55)

We find the critical points by differentiation with respect to p11 and subsequent mul-
tiplication with p3

11. This gives a quartic equation

p4
11 − d11 p

3
11 + f/g d11 p11 − f2/g2 = 0. (8.56)

This quartic equation can be factored into(
p2

11 − f/g
) (
p2

11 − d11p11 + f/g
)

= 0, (8.57)

and has four solutions. The first two solutions are given by

p11 = ±
√
f/g, (8.58)

are always real. The other two solutions

p11 =
d11 ±

√
d2

11 − 4 f/g

2
(8.59)

either correspond to the endpoints of the line segment defined by (8.52), or are com-
plex valued. These solutions may be ignored, because they yield the same value
of F (p11, p12, p22) as (8.53). From the first two solutions we find the following two
possible minimizers:

p11 = ±
√
f/g, (8.60a)

p12 = 0, (8.60b)

p22 = ±
√
f/g. (8.60c)

8.3.3 Minimizers if d11 = −d22

If d11 = −d22, we may find the solution λ = −1 to (8.21). In this case the calculation
in paragraph 8.3.1 is again not valid and we determine the minimizers using a different
method. We find from (8.21a) and (8.21b):

p22 = p11 − d11, (8.61a)

p12 = d̃12/2. (8.61b)
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Substituting this in (8.21d) we find

p2
11 − d11p11 − d̃2

12/4− f/g = 0. (8.62)

Solving for p11 we find two solutions:

p11 =
d11

2
+

√
d2

11 + 4 f/g + d̃2
12

2
, (8.63a)

p12 =
d̃12

2
, (8.63b)

p22 = −d11

2
+

√
d2

11 + 4 f/g + d̃2
12

2
, (8.63c)

and

p11 =
d11

2
−

√
d2

11 + 4 f/g + d̃2
12

2
, (8.64a)

p12 =
d̃12

2
, (8.64b)

p22 = −d11

2
−

√
d2

11 + 4 f/g + d̃2
12

2
, (8.64c)

which are always real. A summary of all possible critical points is given in Table 8.1.

8.4 Minimizing procedure for m

In this section, we perform the minimization step (8.7c). We assume P and b fixed
and minimize J(m,P , b) over the functions m ∈ V. For ease of notation, we drop
the indices n and n+1. In contrast to the other two minimization steps, this step can
not be performed pointwise. We minimize m using the calculus of variations. Using
the identity

||A+B||2 = ||A||2 + 2A : B + ||B||2 , (8.65)

we calculate the first variation of J with respect to m for η ∈
[
C2(X )

]2
, i.e.

δJ(m,P , b)(η) = lim
ε→0

J(m+ εη,P , b)− J(m,P , b)

ε
=

lim
ε→0

[
α

2

∫∫
X

2 (∇(mT )− P ) : ∇(ηT ) + ε
∣∣∣∣∇(ηT )

∣∣∣∣2 dxdy+

1− α
2

∮
∂X

2 (m− b) · η + ε|η|2 ds

]
=

α

∫∫
X

(∇(mT )− P ) : ∇(ηT ) dxdy + (1− α)

∮
∂X

(m− b) · η ds.

(8.66)
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The minimizer is given by

δJ(m,P , b)(η) = 0, ∀η ∈
[
C2(X )

]2
. (8.67)

Let

p1 =

(
p11

p12

)
, p2 =

(
p12

p22

)
, P = [p1 p2 ] , η =

(
η1

η2

)
, b =

(
b1
b2

)
.

We split the integrals as follows:∫∫
X

(
∇(mT )− P

)
: ∇(ηT ) dx dy =∫∫

X
(∇m1 − p1) ·∇η1 + (∇m2 − p2) ·∇η2 dx dy.

(8.68)

Using the vector-scalar product rule [102, p.144] and Gauss’s theorem [102, p.506] we
find ∫∫

X
(∇m1 − p1) ·∇η1 dxdy =∮

∂X
(∇m1 − p1) · n̂ η1 ds−

∫∫
X

(∆m1 −∇ · p1) η1 dxdy,

(8.69)

and ∫∫
X

(∇m2 − p2) ·∇η2 dxdy =∮
∂X

(∇m2 − p2) · n̂ η2 ds−
∫∫
X

(∆m2 −∇ · p2) η2 dxdy,

(8.70)

where n̂ is the unit normal vector pointing outward from X . Combining (8.69) and
(8.70) with (8.66), (8.67) and (8.68) we find∮

∂X

(
[α (∇m1 − p1) · n̂+ (1− α) (m1 − b1)] η1+

[α (∇m2 − p2) · n̂+ (1− α) (m2 − b2)] η2

)
ds

− α

∫∫
X

(∆m1 −∇ · p1) η1 + (∆m2 −∇ · p2) η2 dx dy = 0

∀η ∈
[
C2(X )

]2
.

(8.71)

Choosing η2 = 0 and using the fundamental lemma of Calculus of Variations [139,
p.185] for η1, we have almost everywhere

∆m1 =
∂p11

∂x
+
∂p12

∂y
, (x, y) ∈ X , (8.72a)

(1− α)m1 + α∇m1 · n̂ = (1− α) b1 + αp1 · n̂, (x, y) ∈ ∂X . (8.72b)
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Similarly, choosing η1 = 0 we find

∆m2 =
∂p12

∂x
+
∂p22

∂y
, (x, y) ∈ X , (8.73a)

(1− α)m2 + α∇m2 · n̂ = (1− α) b2 + αp2 · n̂, (x, y) ∈ ∂X . (8.73b)

These are two decoupled Poisson equations with Robin boundary conditions for the
two components of m [98].

We solve the Poisson equations using standard finite differences. We construct an
Nx ×Ny grid given by

xi = amin + (i− 1)hx, hx =
amax − amin

Nx − 1
, i = 1, . . . , Nx, (8.74a)

yj = bmin + (j − 1)hy, hy =
bmax − bmin

Ny − 1
, j = 1, . . . , Ny. (8.74b)

We use the following finite difference operators for the approximation of the first
order derivatives of m1 and m2. We denote by mi,j the numerical approximation of
m1(xi, yj) or m2(xi, yj):

[Dx(m)]i,j =
mi+1,j −mi−1,j

2hx
, (8.75a)

[Dy(m)]i,j =
mi,j+1 −mi,j−1

2hy
, (8.75b)

and the following approximations for the second order derivatives:

[Dxx(m)]i,j =
mi−1,j − 2mi,j +mi+1,j

h2
x

, (8.76a)

[Dyy(m)]i,j =
mi,j−1 − 2mi,j +mi,j+1

h2
y

. (8.76b)

The approximations of the second derivatives (8.76) are used for the Poisson equa-
tions, and contain points outside the domain when applied at the boundary. We
eliminate these points using the discretized Robin boundary condition with the ap-
proximation of the first derivatives (8.75a) and (8.75b). The derivatives of p11, p12 and
p22 are approximated using similar finite difference schemes, and when needed on the
boundary, using one-sided second-order schemes. The discretized Poisson equations
are solved using LU decomposition with the lu function in matlab. The decomposi-
tion only has to be calculated once and can be reused at each iteration. Therefore
the Poisson problem can be solved very efficiently.

8.5 Calculating the surface from the mapping

The minimization steps (8.7a), (8.7b) and (8.7c) are repeated until J(m,P , b) is no
longer decreasing significantly. Then we stop the iteration, and calculate the surface
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u from the mapping m, i.e., we calculate u such that ∇u = m. This u will be the
approximate solution of the Monge-Ampère equation (8.1a) with boundary condition
(8.1b). In the ideal situation, ∇(mT ) = P and thus ∂m1

∂y = ∂m2

∂x . In this case
there exists a surface u such that ∇u = m, because m is a conservative vector
field [102, p.494]. However, we will most likely not be in this ideal situation, therefore
we look for a surface which has m as gradient in a least-squares sense, i.e.,

u = arg min
ψ

1

2

∫∫
X
|∇ψ −m|2 dx dy. (8.77)

We calculate the minimizing function u using the calculus of variations. The first
variation of the functional (8.77) is given by

lim
ε→0

1

ε

(
1

2

∫∫
X
|∇ (u+ εv)−m|2 dx dy − 1

2

∫∫
X
|∇u−m|2 dxdy

)
= lim
ε→0

1

2

∫∫
X
ε |∇v|2 + 2 (∇u−m) ·∇v dxdy

=

∫∫
X

(∇u−m) ·∇v dxdy = 0, ∀v ∈ C2(X ).

(8.78)

Let n̂ denote the unit outward normal at the boundary ∂X . Using integration by
parts and Gauss’s theorem we find

0 =

∮
∂X

(∇u−m) · n̂ v ds−
∫∫
X

(∆u−∇ ·m) v dx dy, ∀v ∈ C2(X ). (8.79)

Using the fundamental lemma of the calculus of variations [140, p.185], we find

∆u = ∇ ·m (x, y) ∈ X , (8.80a)

∇u · n̂ = m · n̂ (x, y) ∈ ∂X . (8.80b)

This is a Neumann problem, and only has a solution if the compatibility condition is
satisfied. The compatibility condition is given by [141]∫∫

X
−∇ ·m dxdy +

∮
∂X
m · n̂ds = 0. (8.81)

This is Gauss’ law for m and thus the compatibility condition is satisfied. To make
the solution unique, we add the constraint

u(xmin, ymin) = 0 (8.82)

to the equations.
The numerical algorithm is summarized as follows. We discretize the source do-

main X and select points on the boundary of the target domain Y. The initial guess
is given by (8.10). Subsequently, we repeatedly perform the steps given by (8.7a),
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(8.7b) and (8.7c). The first step is a minimization over b(xi, yj), and is performed
pointwise for all grid points (xi, yj) on ∂X using (8.13). The second step is a mini-
mization over P (xi, yj), and is performed pointwise for all gridpoints by selecting the
global minimizer from Table 8.1. The third and last step is a minimization over m,
and is performed by solving two Poisson boundary value problems given by (8.72)
and (8.73). The three steps are repeated until the functional J(m,P , b) defined by
(8.6) has decreased sufficiently. Then, the surface shape u is calculated from m by
solving the Poisson problem (8.80).

8.6 Numerical results

We test the algorithm with the lens equations derived in Section 5.2. We have two
test cases. The first test case is a lens of which the first surface is flat and the second
free-form and convex, as shown in Figure 5.5a. The lens transforms a square parallel
beam of light into a uniform circular spot on a screen. The second test case is a lens
of which the first surface is free-form and convex and the second surface flat, as shown
in Figure 5.5b. This lens transforms a square uniform beam of light into a picture on
a screen. Both designs are verified using the LightTools software package [8].

8.6.1 A uniform spot

The first test case is the design of a lens of the type shown in Figure 5.5a. The light
source is a parallel beam of light with uniform emittance, i.e.,

M(x, y) =

{
1 if (x, y) ∈ [−1, 1]2,

0 otherwise.
(8.83)

The lens has refractive index 1.5, so n1 = 1.5 and n2 = 1. The screen is at a distance
d = 200 from the lens and the target is a circle with radius 50. The illuminance is
given by

L(ξ, η) =

{
L0 if ξ2 + η2 ≤ 502,

0 otherwise,
(8.84)

with L0 chosen by numerically integrating the emittance M(x, y) of the source and the
illuminance L(ξ, η) on the target such that they are equal. We use the lens equation
(5.32) with η12 = n1/n2, n1 = 1.5, n2 = 1, F given by (5.24) and illuminance-
to-intensity transformation (5.42). The expressions for ξ and η are derived using
equation (5.35) with (5.25) and (5.24). With convexity of the surface, this gives the
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following Monge-Ampère equation:

f(x, y) = M(x, y), (8.85a)

g(p, q) = L0
(d2 + ξ2 + η2)3/2

d (p2 + q2 + 1)
2

(√
(1− n2

1) (p2 + q2) + 1− n1

)2

√
(1− n2

1) (p2 + q2) + 1
, (8.85b)

det(D2u) =
f(x, y)

g(p, q)
, (8.85c)

ξ =
p dF (p, q;n1)

n1 − F (p, q;n1)
, η =

q dF (p, q;n1)

n1 − F (p, q;n1)
. (8.85d)

We define points on the boundary of the target in the target plane P by

ξk = 50 cos

(
2π k

Nb

)
, ηk = 50 sin

(
2π k

Nb

)
, k = 0, 1, . . . , Nb − 1, (8.86)

with Nb = 200. Using (5.48) we find the corresponding boundary points in p and q:

pk =
ξk

n1

√
502 + d2 − d

, qk =
ηk

n1

√
502 + d2 − d

. (8.87)

We use a 200× 200 grid. We found from various experiments that α = 0.05 is a good
choice for α. Choosing α too high or too low slows down convergence. We stopped
the algorithm after 150 iterations. The convergence history of the algorithm is shown
in Figure 8.2. The resulting mapping m(x, y) is shown in Figure 8.3.

The surface was exported to LightTools and simulated using Monte-Carlo ray
tracing. An illustration of the lens, the light source and a set of rays through the lens
is shown in Figure 8.4. This figure is a screenshot of the simulation in LightTools. We
used 1 million rays in the simulation. The target area has size 60× 60 and is divided
into 151× 151 bins. The simulation results are shown in Figure 8.5. The illuminance
is uniform as expected.

8.6.2 A painting

The second test case is the design of a lens of the type shown in Figure 5.5b, with the
first surface of the lens convex, the second surface flat and refractive index 1.5. The
light source is again a square uniform beam given by

M(x, y) =

{
1 if (x, y) ∈ [−1, 1]2,

0 otherwise.
(8.88)

The target screen is at a distance d = 100 and has surface normal (0, 0,−1). We solve

the lens equation (5.32) with G̃(p, q) given by (5.58). The refractive indices are given
by n1 = 1, n2 = 1.5 and n3 = 1. The functions ξ(p, q) and η(p, q) are given by (5.62)
and the functions p(ξ, η) and q(ξ, η) are given by (5.66).
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Figure 8.2: Values of J1 (interior) and J2 (boundary) after each iteration in the
calculation of the lens surface for the uniform spot.

Figure 8.3: The resulting mapping m(x, y) for the uniform spot.
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Figure 8.4: A screenshot of the simulation of test case 1 in LightTools, showing the
light source, the lens and a set of rays through the lens. The screen is on the far right
outside the picture.

Figure 8.5: The simulation results from the Monte-Carlo simulation in LightTools for
the uniform spot.
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(a) The target distribution. Note that the
target domain is not convex. (b) The mapping after the algorithm has con-

verged.

Figure 8.6: The target distribution and mapping for the Vermeer lens.

At the screen we project a black-and-white picture of the painting ”Girl with a
Pearl Earring” by the Dutch painter Johannes Vermeer. The picture has a width of
53.2 and a height of 63.0. The original picture contains some black, which results in
g(p, q) = 0 for some (p, q). This gives division by 0 in the Monge-Ampère equation.
Therefore we increased the minimum illuminance of the picture to be 5% of the
maximum illuminance. The deformed target distribution g(p, q) is shown in Figure
8.6a. Note that we could also have switched the source and target distribution as we
did in Chapter 7, then we would not have had to increase the minimum illuminance.
We did not do this here because we want to test the algorithm for a target distribution
that is not convex.

We discretized X on a 500× 500 grid. We discretized the boundary of the target
with 400 points. The convergence history of the algorithm is shown in Figure 8.7. We
stopped the algorithm after 100 iterations, because J1 and J2 did no longer seem to
decrease significantly. The resulting mapping is shownin Figure 8.6b. Subsequently
the lens surface was exported to LightTools. The optical performance was tested
using Monte-Carlo ray tracing with 1 million rays. The target area has size 70 × 70
and is divided into 701×701 bins. In each bin, the number or rays is counted and the
illuminance is estimated. A screenshot of the simulation is shown in Figure 8.8. The
simulation results and the original painting are shown in Figure 8.9. The painting
is reproduced in detail. The boundary of the illumination pattern is rectangular as
expected.
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Figure 8.7: Value of J1 (interior) and J2 (boundary) after each iteration for the
Vermeer test case.

Figure 8.8: A screenshot of the simulation of test case 2 in LightTools, showing the
light source, the lens and a set of rays through the lens. The screen is on the far right
outside the picture.
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(a) The simulation results from LightTools

(b) The original painting

Figure 8.9: The simulation results from LightTools of the lens for the Vermeer-
painting.

8.7 Discussion and conclusion

We developed a new method to solve the Monge-Ampère equation with the transport
boundary condition. The method builds on the work of Glowinski et al., and is an
interesting addition. We have shown that the point-wise minimization of P , which is
also present in other least-squares algorithms, can be solved analytically. Furthermore
we have shown the existence of a global minimizer.

Our new method considers the Monge-Ampère equation from a different point of
view compared to most algorithms. Instead of calculating the surface directly, we
calculate the gradient of the surface, which is also the transport map. Next to being
interesting in itself, it is also less calculation-intensive, because we avoid solving a
biharmonic equation each iteration. Instead, we solve two Poisson equations which is
computationally much cheaper.

Numerical methods for the Monge-Ampère equation with transport boundary
conditions are very scarce, the only other methods were published only recently
[9, 10, 118, 119]. The method has shown sufficient robustness to handle large con-
trast rates in the target distribution. The method can also handle non-convex target
domains.



Chapter 9

Conclusions and
Recommendations

9.1 Summary and conclusions

This thesis has two main results. First, we introduced a new method to design
rotationally symmetric collimators for LEDs that not only give a specified intensity
output distribution, but also a constant color in the far field, even though the color
of the light emitted by the LED varies with the angle of emission. This shows that
inverse methods can be used not only to design optics with a specified intensity of
illuminance output, but other properties of the output can be controlled as well. We
used this method to design TIR collimators for LED spotlights. We showed two
designs: one with two free-form surfaces and one with three free-form surfaces. For a
given light source, there is only one TIR collimator design with two free-form surfaces
satisfying the specified output intensity and constant color output. The size of the
lens part of the collimator with respect to the reflective part is determined by the
color profile of the LED. The TIR collimator design with three free surfaces offers
more design freedom: the size of the lens part can be chosen by the optical designer
within certain limitations.

We have shown in simulations that, for an infinitesimally small light source, the
collimator gives perfect color mixing. Additional research has shown that, if the light
source is larger and has angular color variation but no positional color variation, then
the color variation in the output beam of a TIR collimator with three free surfaces
designed for a point light source is still sufficiently small. If the light source has
positional color variation, however, the color variation in the output beam is still too
large. Our method may help to solve the urgent problem of color variation in LED
spotlights, but therefore it would have to be combined with a yet unknown method
to correct positional color variation and an iterative method to account for the size
of the light source. This could reduce the cost and increase the efficiency of LED
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spotlights, because with such collimators it is no longer necessary to correct color
variation in the LED itself. This would reduce the cost and increase the efficiency of
the LED and therefore reduce the cost and increase the efficiency of the LED system.

The second main result concerns the design of fully free-form reflectors and lenses.
We have derived the equations governing the surface of a free-form lens or reflector
transforming a parallel beam of light into a specified output intensity or illuminance
in the far field. We have shown that the resulting equation is a partial differential
equation of the Monge-Ampère type. In this equation we must choose the sign of
the right hand side. If the right hand side is chosen to be positive, there is a strong
relation to the problem of Optimal Mass Transport. An explicit boundary condition
can be derived and there are two solutions: a convex surface and a concave surface.
If the right hand side of the equation is chosen to be negative, however, the problem
is much more challenging and we know very little about the solutions.

We implemented and evaluated two numerical methods to find a convex solution to
the Monge-Ampère equation. The first method was only recently published. It uses a
wide stencil finite difference scheme for the interior domain and signed distance func-
tion for the boundary condition. The discretized equation is solved using a Newton
solver. The algorithm has shown to reliably solve the Monge-Ampère equation. A
drawback of the algorithm is that the target domain must be convex. We circum-
vented this problem by switching the source and target distributions in the equation
using the Legendre-Fenchel transform. For that purpose we introduced a numerical
method to calculate this transform. We calculated several example reflectors and
evaluated the reflectors using Monte-Carlo ray tracing. The simulations showed good
results.

The second numerical method we implemented is a least squares minimization
method. The method is inspired by a similar method by Glowinski et al. [112]. In
each iteration the mapping of the light from the light source to the target distribution
is modified by minimizing a functional. This functional consists of two parts: a
functional for the interior domain and a functional for the boundary. When the value
of the functional has converged to 0, it is possible to construct a lens/reflector surface
transforming the light from the parallel beam into the target distribution according to
the mapping calculated in the iterations. Compared to the other numerical method,
this method requires more iterations but less time and memory for each iteration. The
target domain does not have to be strictly convex, but if it deviates too much from
convexity convergence may stall. The method shows good convergence for smooth
target distributions, and reasonable convergence for non-smooth target distributions
(such as pictures).

The above results and methods can be used as a design tool by optical designers.
This will greatly reduce the time needed to design such optical systems. It also allows
for optical designs which would not have been possible without such method, if the
target is highly irregular (such as a text), a picture or an odd shape. This will reduce
the cost of optical systems and increase the design possibilities.
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9.2 Recommendations

This field of research is far from finished, and many new questions arose. We found
a method to correct angular color variation and meanwhile learned that we also need
a method to correct positional color variation. Furthermore, the method for angular
color variation should be embedded in an iterative method to account for the size of
the light source. However, preliminary tests have shown that this is not trivial.

Furthermore, we derived equations for lenses and reflectors and parallel beams of
light. A next step would be to derive the differential equations governing the surface
of lenses and reflectors with point light sources, and light which is first refracted or
reflected by other surfaces before reaching the free surface. Additionally, we would
like to find the equations for near-field design problems as opposed to far-field design
problems. These design problems give rise to more complicated Monge-Ampère equa-
tions, containing extra second order derivatives in addition to the term uxx uyy−u2

xy.
We would like to better understand the relation between optimal mass transport

and lens or reflector design, also for these other design problems. An interesting
point of view of this is the work of Vladimir Oliker, who derives cost functions for
reflectors with point light sources [65]. Also the concept of c-convexity, which is a
generalization of the concept of convexity, appears to be relevant in this context [101].
We recommend further study of these concepts.

The hyperbolic Monge-Ampère equation is a topic of research that appears rel-
atively unexplored. Gaining insight and solving this equation will be the next big
challenge. For the hyperbolic equation, a different approach is needed than for the
elliptic equation. Goursat’s chapter on characteristics of this equation [142] may be
useful.
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Appendix A

Monotonicity of the Wide
Stencil Scheme

The parameter δ in the wide-stencil scheme in Chapter 7 is needed to ensure that the
scheme is monotone on the interior domain. In this appendix, we determine for which
values of δ we have a monotone discretization. The wide-stencil scheme is given by
Equation (7.19):

F i,j(uk,l) =
f(xi, yj)

g (Gvui,j)
−

min
(v̂1,v̂2)∈V

{
(Dv̂1v̂1

ui,j)
+
δ (Dv̂2v̂2

ui,j)
+
δ + (Dv̂1v̂1

ui,j)
−
δ + (Dv̂2v̂2

ui,j)
−
δ

}
.

(A.1)

Suppose at gridpoint (i, j), the minimizing basis is given by (v̂1, v̂2). We introduce
the following notation:

u1,+ = u(xi,j + hvv̂1), (A.2a)

u1,− = u(xi,j − hvv̂1), (A.2b)

u2,+ = u(xi,j + hvv̂2), (A.2c)

u2,− = u(xi,j − hvv̂2). (A.2d)

When the basis is known, the scheme is given by

F i,j = F i,jf/g + F i,jδ,+ + F i,jδ,−, (A.3a)

F i,jf/g =
f(xi, yj)

g (p(u1,+, u1,−, u2,+, u2,−), q(u1,+, u1,−, u2,+, u2,−))
, (A.3b)

F i,jδ,+ = −
(
u1,+ + u1,− − 2ui,j

h2
v

)+

δ

(
u2,+ + u2,− − 2ui,j

h2
v

)+

δ

, (A.3c)

F i,jδ,− = −
(
u1,+ + u1,− − 2ui,j

h2
v

)−
δ

−
(
u2,+ + u2,− − 2ui,j

h2
v

)−
δ

. (A.3d)
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The functions p and q are linear combinations of the centered first-order finite dif-
ferences in the basis directions and thus depend on u1,+,u1,−, u2,+ and u2,−. In the
remainder of this appendix, we will omit the dependence of p and q on the neigh-
boring grid points for simplicity. The constant hv is the distance to the neighboring
grid point in the basis v = (v̂1, v̂2) as defined in Chapter 7. The conditions for
monotonicity of a scheme are given by:

∂F i,j

∂ui,j
≥ 0, (A.4a)

∂F i,j

∂uk,l
≤ 0 for (i, j) 6= (k, l), (A.4b)

as introduced earlier in Equation (7.5).
First we verify condition (A.4a). From (A.3b) we see that F i,jf/g is independent of

ui,j . For (Dv̂1,v̂1
ui,j)

+
δ in F i,jδ,+ we find, for an arbitrary basis (v̂1, v̂2):

∂

∂ui,j

(
u1,+ + u1,− − 2ui,j

h2
v

)+

δ

≤ 0, (A.5)

and likewise for (Dv̂2,v̂2
ui,j)

+
δ . As a result we have:

∂

∂ui,j

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)+

δ

(
u2,+ + u2,− − 2ui,j

h2
v

)+

δ

]
≥ 0. (A.6)

For F i,jδ,− we find

∂

∂ui,j

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)−
δ

]
≥ 0, (A.7a)

∂

∂ui,j

[
−
(
u2,+ + u2,− − 2ui,j

h2
v

)−
δ

]
≥ 0. (A.7b)

We conclude that F i,j satisfies (A.4a).
To verify inequality (A.4b), we first estimate the norm of the derivative of F i,jf/g

with respect to the neighboring grid points. We need the Lipschitz constant of
f(x, y)/g(p, q) in p and q, which is for a given x and y defined to be the smallest
K such that ∣∣∣∣ ∂∂p

(
f(x, y)

g(p, q)

)∣∣∣∣ ≤ K and

∣∣∣∣ ∂∂q
(
f(x, y)

g(p, q)

)∣∣∣∣ ≤ K. (A.8)

From this we find ∣∣∣∣ ∂∂un
(
f(xi, yj)

g(p, q)

)∣∣∣∣ ≤ K (∣∣∣∣ ∂p∂un
∣∣∣∣+

∣∣∣∣ ∂q∂un
∣∣∣∣) , (A.9)
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for each un ∈ {u1,+, u1,−, u2,+, u2,−}. We introduce the convention that un denotes,
for a given basis, one of the four neighboring grid points, and estimate the norm of
the derivative of F i,jf/g with respect to un for each basis separately.

� If the basis is aligned with the axes, i.e., v̂1 = (1, 0)T and v̂2 = (0, 1)T , we have
hv = h and

p =
ui+1,j − ui−1,j

2h
, p =

ui,j−1 − ui,j−1

2h
, (A.10)

so for each un, either p or q depends on un. We conclude∣∣∣∣ ∂p∂un
∣∣∣∣+

∣∣∣∣ ∂q∂un
∣∣∣∣ ≤ 1

2h
, (A.11)

and thus ∣∣∣∣ ∂∂un
(
f(xi, yj)

g(p, q)

)∣∣∣∣ ≤ K

2h
. (A.12)

� For the diagonal basis given by v̂1 = (1, 1)T
/√

2 and v̂2 = (1,−1)T
/√

2 we
have

p =
1

2

(
ui+1,j+1 − ui−1,j−1

2hv
+
ui+1,j−1 − ui−1,j+1

2hv

)
, (A.13a)

q =
1

2

(
ui+1,j+1 − ui−1,j−1

2hv
− ui+1,j−1 − ui−1,j+1

2hv

)
. (A.13b)

We have hv =
√

2h and thus∣∣∣∣ ∂p∂un
∣∣∣∣+

∣∣∣∣ ∂q∂un
∣∣∣∣ ≤ 1

2
√

2h
, (A.14)

resulting in ∣∣∣∣ ∂∂un
(
f(xi, yj)

g(p, q)

)∣∣∣∣ ≤ K

2
√

2h
. (A.15)

� For the extra basis directions in the 17-point stencil, we have for the basis
v̂1 = (2, 1)T

/√
5 and v̂2 = (−1, 2)T

/√
5 :

p =
1√
5

(
2
ui+2,j+1 − ui−2,j−1

2hv
− ui−1,j+2 − ui+1,j−2

2hv

)
, (A.16a)

q =
1√
5

(
ui+2,j+1 − ui−2,j−1

2hv
+ 2

ui−1,j+2 − ui+1,j−2

2hv

)
. (A.16b)

We have hv =
√

5h, therefore∣∣∣∣ ∂p∂un
∣∣∣∣+

∣∣∣∣ ∂q∂un
∣∣∣∣ ≤ 3

10h
, (A.17)

resulting in ∣∣∣∣ ∂∂un
(
f(xi, yj)

g(p, q)

)∣∣∣∣ ≤ 3

10

K

h
. (A.18)
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� For the last basis v̂1 = (1, 2)T
/√

5 and v̂2 = (2,−1)T
/√

5 we find:

p =
1√
5

(
ui+1,j+2 − ui−1,j−2

2hv
+ 2

ui+2,j−1 − ui−2,j+1

2hv

)
, (A.19a)

q =
1√
5

(
2
ui+2,j+1 − ui−2,j−1

2hv
− ui−1,j+2 − ui+1,j−2

2hv

)
. (A.19b)

We have hv =
√

5h, therefore∣∣∣∣ ∂p∂un
∣∣∣∣+

∣∣∣∣ ∂q∂un
∣∣∣∣ ≤ 3

10h
, (A.20)

and ∣∣∣∣ ∂∂un
(
f(xi, yj)

g(p, q)

)∣∣∣∣ ≤ 3

10

K

h
. (A.21)

Subsequently, we estimate the derivative with respect to un for F i,jδ,+ +F i,jδ,−. Suppose

un ∈ {u1,+, u1,−}. If (Dv̂1,v̂1
ui,j)

+
δ ≥ δ, then F i,jδ,+ depends on un, but F i,jδ,− is constant

in un. We find for F i,jδ,+:

∂

∂un

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)+

δ

(
u2,+ + u2,− − 2ui,j

h2
v

)+

δ

]
≤ − δ

h2
v

, (A.22)

and for F i,jδ,−

∂

∂un

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)−
δ

−
(
u2,+ + u2,− − 2ui,j

h2
v

)−
δ

]
= 0. (A.23)

If (Dv̂1,v̂1
ui,j)

+
δ < δ, then F i,jδ,+ does not depend on un and we find

∂

∂un

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)+

δ

(
u2,+ + u2,− − 2ui,j

h2
v

)+

δ

]
= 0, (A.24)

while for F i,jδ,− we find

∂

∂un

[
−
(
u1,+ + u1,− − 2ui,j

h2
v

)−
δ

−
(
u2,+ + u2,− − 2ui,j

h2
v

)−
δ

]
= − 1

h2
v

. (A.25)

For un ∈ {u2,+, u2,−} we find the same values with analogous conditions. The deriva-

tive of F i,jδ,+ + F i,jδ,− is either smaller than − δ
h2
v

or smaller than − 1
h2
v

. We assume that

δ < 1, therefore we estimate the derivative of F i,jδ,+ + F i,jδ,− to be negative and smaller

than − δ
h2
v

.
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Summarizing the above results on the calculation of
∂Fi,j
∂un

, we find that the deriva-

tive of F i,jf/g with respect to un is possibly positive, but not larger than K
2h , K

2
√

2h
or

3
10
K
h , depending on the basis (v̂1, v̂2). The derivative of F i,jδ,+ + F i,jδ,− is negative and

smaller than − δ
h2
v

(which also depends on the basis (v̂1, v̂2) ). We find for the three

different type of bases the following necessary conditions for monotonicity:

K

2h
− δ

h2
≤ 0⇒ δ ≥ hK

2
, (A.26a)

K

2
√

2h
− δ

2h2
≤ 0⇒ δ ≥ hK√

2
, (A.26b)

3

10

K

h
− δ

5h2
≤ 0⇒ δ ≥ 3hK

2
. (A.26c)

If the 17-point stencil is used, we therefore choose δ ≥ 3hK
2 . If a narrower stencil is

used with only horizontal, vertical and diagonal directions, we choose δ ≥ hK√
2

.
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a new compact high-gain SMS design”. In Proc. SPIE, volume 4446, pages 32–
42, 2001.
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Summary

Inverse Methods for Illumination Optics

Every luminaire contains optical components. The purpose of the optical components
is to redirect the light from the light source into the desired light output pattern. The
design of such systems is largely done by experienced engineers using known solutions
and optimization by trial and error: a design is repeatedly modified until the required
output pattern is reached. This is a slow process. Inverse methods, on the other
hand, provide an optical design directly for a specified light source and a desired
output pattern. Inverse methods can significantly speed up the design process of
optical illumination systems, and even provide designs which could realistically never
be achieved with trial and error. Due the introduction of LED lighting, there is a
renewed interest in inverse methods.

Two main results are presented in this thesis. The first result is a design method
for a rotationally symmetric LED spotlight with a uniform color output. A commonly
used LED for spotlights is the so-called white phosphor-converted LED. White phos-
phor converted LEDs often show angular color variation: the color of the emitted
light depends on the angle of emission. We introduce a new method to design an
optical system which eliminates this color variation, and at the same time provides
a specified intensity output distribution. This is achieved by combining rays with
different angles from the LED into the same output angle of the optical system. We
show that by combining two or more rays, the color variation is eliminated and the
desired intensity output distribution can be achieved. We use the method to design a
so-called TIR collimator: a type of lens commonly used to narrow the beam of light
emitted by LEDs. We evaluate the collimators using optical simulation software. The
collimators eliminate the color variation for small light sources. For larger sources
there are still some remaining artifacts.

The second main result comprises computational methods for the design of reflec-
tor and lens surfaces that transform a parallel beam of light into an arbitrary desired
output distribution using a free-form reflector or lens surface. We derive a differen-
tial equation for the surface. This differential equation is a nonlinear second order
partial differential equation of the Monge-Ampère type. The boundary condition is
implicit and also nonlinear. The equation with the boundary condition has at least



two solutions: a convex and a concave surface. Convex (and concave) solutions of
the Monge-Ampère equation are related to the problem of optimal mass transport
(OMT). Optimal mass transport is well understood and this knowledge can be used
to understand the optical design problem better. In addition to convex and concave
solutions of the Monge-Ampère equation, there may be saddle-shaped solutions as
well, but little is known about this topic and we present some first ideas.

Although the Monge-Ampère equation has a long history, the techniques to solve it
are only developed recently. We use two numerical methods to find convex and concave
solutions of the Monge-Ampère equation. The first method was recently published
by Froese, Oberman and Benamou, and successfully calculates a convex solution of
the Monge-Ampère equation with the given boundary condition. To discretize the
interior domain, the method uses finite differences on a wide stencil with a special
discretization to enforce convexity. The boundary condition is implemented using
a signed distance function. The method is provably convergent, but the domain of
the target distribution must be convex for the method to be valid. When it is not
convex, but the domain of the source distribution is convex, we interchange the roles
of the source and the target distribution and calculate a solution of this new equation.
The solution of the original equation is then calculated using the Legendre-Fenchel
transform. Concave solutions can be calculated as well using the same numerical
method by introducing minus signs on appropriate locations in the equation.

We tested this numerical method on several reflector design problems. The method
solves the Monge-Ampère equation reliably. On small grids of approximately 100×100
the equation is solved within seconds, on an 800×800 grid the calculation took around
10 minutes on a modern workstation. For larger grids, memory usage becomes an
issue.

The second method we developed ourselves and is based on the minimization of a
functional. The method uses standard finite differences. The minimization procedure
is an iterative process. Each iteration, three steps are performed: Two of these are
nonlinear minimization steps which can be performed pointwise, and the third step
involves solving two Poisson problems.

This numerical method was tested on several lens design problems. Most of the
time, the algorithm converged satisfactorily. When the domain of the target distri-
bution is not convex, the algorithm converges as well if the shape is not too different
from convex. The method has smaller memory usage and can be used on a regular
laptop to solve problems on large grids (800× 800) within several minutes.
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